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1. 


PHYSICAL  LIMNOLOGY:  INTRODUCTION 


Physical  limnology  is  the  study  of  the  motion  and  mixing  of  water  in  a  lake,  reservoir, 
wetland  or  stream.  In  this  article  I  shall  confine  my  comments  to  lakes  and  reservoirs.  A  lake 
is  a  holding  basin  for  water  v/hich  usually  enters  the  lake  via  a  set  of  streams.  Solar  radiation 
imparts  heat  at  the  surface  stabilising  the  water  column.  Evaporation,  sensible  heat  transport 
and  long  wave  radiation  at  the  surface  of  a  lake  can  either  add  to  impart  additional  heat  or,  as  is 
the  case  in  the  fall,  add  to  lead  to  a  net  cooling  causing  convection  immediately  beneath  the 
water  surface.  Wind  at  the  surface  impaits  momentum  which  leads  to  a  general  motion  in  the 
lake  and  turbulent  kinetic  energy  which  energizes  mixing  of  the  surface  layer.  Additional 
forcing  is  imparted  by  river  inflows  and  overflows  or  selective  outflows.  The  inflows  and 
outflows  may  act  to  increase  or  decrease  the  stability  of  the  water  column  depending  on  the 
temperature  structure  and  the  physical  configuration  of  this  forcing. 

In  general,  the  morion  in  a  lake  is  the  result  of  the  balance  between  all  the  disturbing  and 
restoring  forces  listed  above.  However,  due  to  the  configuration  of  the  applied  forces  the 
water  column  responses  may  be  categorised  into  the  following  flow  regimes. 

Immediately  beneath  the  water  surface  there  is  a  layer  which  is  being  actively  mixed  by  the 
acdon  of  the  wind  or  is  undergoing  stratification  due  to  solar  radiation;  this  is  called  the  diurnal 
surface  layer.  Beneath  this  surface  layer  there  is  the  subsurface  layer  which  is  the  strarified 
buffer  between  the  surface  layer  and  the  water  immediately  beneath.  The  pressure  fluctuations, 
due  to  the  turbulence  in  the  surface  layer,  excite  internal  waves  in  the  subsurface  layer  which 
break  and  sustain  an  active  level  of  tuibulence  in  the  presence  of  a  usually  strong  strarification. 
Together  the  surface  and  subsurface  layers  respond  strongly  to  the  meteorological  forcing  at  the 
time  and  grow  and  decay  depending  on  the  conditions  overhead.  The  water  beneath  the 
subsurface  layer  is  strongly  stratified  to  a  depth  of  up  to  30  meters,  below  which  the  strength 
of  stratification  rapidly  decreases.  The  strongly  stratified  region  is  called  the  metalimuion  and 
this  acts,  due  to  the  strong  stratification,  as  a  wave  guide  for  a  spectrum  of  internal  waves.  The 
stratification  is  due  to  seasonal  beating  and  the  point  where  the  stratification  gradient  peaks  is 
called  the  seasonal  thermocliue.  The  weakly  stratified  fluid  below  the  metalimuion  is  called  the 
hypolimnion  and  in  this  the  water  tends  to  remain  quiescent,  not  because  of  the  stability  of  the 
water  column,  but  rather  due  to  the  absence  of  large  forcing.  The  exception  to  this  statement 
occurs  during  strong  winds  when  the  barotiopic  forcing  becomes  strong  enough  to  initiate  a 
general  circulation  in  the  lake  as  a  whole.  Adjacent  to  the  lake  bottom  we  again  find  a  turbulent 
layer,  the  benthic  boundary  layer.  The  benthic  boundary  layer  is  energized  by  the  currents 
overhead,  internal  wave  energy  reflecting  off  the  sloping  bottom  and  internal  waves  breaking 
due  to  shoaling.  The  degree  to  which  any  of  these  features  may  be  observed  in  a  lake,  at  a 
particular  time,  depends  on  the  climate  and  the  immediate  weather  conditions. 

The  article  by  Imberger  and  Patterson  (1989)  gives  a  full  account  of  physical  linanology,  but 
emphasises  advection  and  mixing.  Huttcf  ( 1991)  gives  an  excellent  foundkion  to  the  theoiy  of 
internal  seiches  and  waves.  Imboden  and  \/iiest  (1994)  review  the  traditional  mixing  ideas  and 
compare  these  with  the  results  fiom  tracer  experiments.  A  particularly  useful  reference  on  the 
benthic  boundary  layer  may  be  found  in  GariTett «  al.  (1993),  while  Gargctt  (1989)  provides  an 
excellent  overview  of  mixing  in  the  ocean.  V/ith  respect  to  mixing,  the  reader  is  also  referred 
to  the  review  article  on  chaos  by  Ottino  (1990)  and  the  general  review  of  turbulent  mixing  in 
stratified  fluids  by  Fernando  (1991).  For  a  basic  yet  extremely  thorough  oveiv'iew  of  internal 
waves,  the  reader  is  referred  to  the  books  by  Phillips  (1977)  and  Turner  (1979).  ITie  two 
articles  by  Gregg  (1989)  and  (1993)  provide  a  very  recent  update  on  the  ideas  of  how  internal 
waves  lead  to  mixing  in  a  stratified  water  body.  Ir  this  context  the  Proceedings  of  the  tluee 
speciality  workshops  on  internal  waves  held  in  Hawaii  are  also  recommended  (Muller  & 
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Henderson,  1989,  1991,  1993).  The  relevance  of  the  physical  processes  to  ecological 
processes  is  discussed  by  Imboden  (1990). 

The  contents  of  this  article  are  a  synopsis  of  a  more  detailed  very  recent  article  (Imberger 
1994),  which  1  prepared  for  an  anniversary  volume  in  honour  of  the  limnologist  Margalef.  1 
liave  shortened  the  text,  as  the  original  article  was  written  for  a  different  audience  and  I  have 
added  some  more  technical  material,  but  no  attempt  was  made  to  alter  the  structure. 


2 .  THERMAL  CHARACTERISTICS 

The  physical  response  of  a  lake  to  a  surface  wind  stress,  a  river  inflow  or  an  outflow  via  a 
river  or  offtake  tower  is  strongly  dependent  on  the  tliermal  stratification  present  in  the  lake. 
This  thermal  stratification  may  be  predominant  in  only  the  vertical  direction,  or  it  may  be  biased 
in  the  direction  of  the  long  axis  of  the  lake  as  is  the  case  in  throughflow  reservoirs.  In  addition 
the  overall  density  stratification  caused  by  the  thermal  stratification  may  be  either  enhanced  or 
weakened  by  a  layering  in  chemical  constituents. 

The  motion  in  a  stratified  lake  is  thus  the  result  of  a  delicate  interplay  between  the  four 
dominant  disturbances  (wind,  inflow,  outflow,  differential  heating),  the  potential  energy  of  the 
resident  stratification,  the  bathymetry  of  the  lake  and  the  earth's  rotation  if  the  lake  is  large, 
lliis  interplay  between  the  disturbing  and  restoring  forces  is  reviewed  in  Imberger  (1985), 
Imberger  and  Patterson  (1989),  Imboden  and  Wriest  (1994). 

The  seasonal  variability  of  the  theimal  regimes  of  a  lake  are  now  well  documented  and  a 
great  many  papers  exist  with  examples  of  the  seasonal  variation  of  the  thermal  strulific^on  in  a 
particular  lake.  In  winter  the  lake  water  is  usually  cold  and  reasonably  homogeneous,  in  spring 
there  is  a  general  wanning  of  the  surface  waters  which  leads  to  a  peak  stratification  towards  the 
latter  half  of  summer.  During  autumn,  surface  cooling  gives  rise  to  penetrative  convection 
which  progressively  cools  and  deepens  the  surface  layer.  Strong  winds  often  assist  this 
deepening  process  until  finally  tlie  water  becomes  well  mixed. 

Numerical  models  have  been  developed  for  the  prediction  of  tlie  seasonal  thermal  cycle; 
these  are  described  in  Imberger  and  Patterson  (1989).  However,  the  models  are  not  able  to 
fuUy  bridge  the  spectral  range  of  scales  of  motion,  ftom  the  basin  scale  to  the  turbulent  large 
wave  number  motions;  this  range  spans  scales  ftom  10^  m  to  l(Hm.  The  smallest  grid  sizes 
that  have  been  used  in  estuarine  and  lake  modelling  (Stronach  et  al.  1993)  are  about  100  m  to 
500  m.  All  processes  smaller  than  this  have  been  lumped  together  and  modelled  with  different 
closure  schemes.  The  simplest  of  these  closure  schemes  is  the  assumption  of  a  constant  eddy 
excliange  coefficient  (Castdli  &  Cattani  1994).  More  sophisticated  closure  schemes  have  been 
used  in  the  geophysical  content  (Mellor  &  Yamatk  1982;  Fukushima  &  Watanabe  1990;  Zic 
1990).  These  au&ors  used  a  k-E  scheme  modified  to  account  for  the  buoyancy  uux  in  the 
turbulent  Kinetic  energy  equafion.  Such  models  appear  to  teasonably  successfully  predict  the 
bulk  properties  of  small  scale  phenomena  such  as  gravity  currents  (Fukushima  &  Watanabe 
1990;  Hiirzler  eif  al.  1994(a)  and  1994(b)),  but  even  for  such  flows  the  turbulent  properties  are 
reproduced  only  poorly. 

For  lake  simulations  as  a  whole  such  models  appear  to  completely  miss  the  point.  Field 
data  in  lakes  (Imberger  &  Ivey  1993)  and  in  the  ocean  (Gregg  et  a;.  1993;  Kudrya\'tsev  & 
Soloviev  1990)  suggests,  at  least  in  the  stratified  metalimnion,  the  water  offers  very  low 
internal  ftictional  resistance  w'ith  vertical  exchange  coefficients  for  both  momentum  and  mass 
being  close  to  molecular;  the  momentum  transport  which  does  take  place  is  dominated  by 
internal  wave  transport.  Tliis  means  that  internal  friction  is  usually  not  an  important  dynamic^ 
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consideration,  therefore  using  complicated  closure  schemes  based  on  shear  turbulence  but 
which  neglect  internal  waves,  is  of  questionable  value.  The  turbulent  transport  which  does 
exist  is,  however,  crucial  from  a  biological  point  of  view  as  it  is  this  transport,  albeit  small  and 
patchy,  which  nourishes  the  plankton  in  the  surface  layer  with  nutrients  containeu  in  the  deeper 
water,  circulates  maieriai  from  the  benthic  layer  to  the  lake  water  column  and  cycles  orgaiusms 
within  the  surface  layer  exposing  them  to  a  changing  light  climate. 

Uittenbogaard  (1988)  has  clearly  shown  that  in  order  to  correctly  describe  the  mean  fluxes 
in  the  stratified  water  column  we  must  account  for  the  energy  store  in  the  internal  wave  field. 
This  realization  has  been  discussed  for  a  considerable  time  now  in  the  oceauograpliic  literature 
(Imberger  &  Patterson  1989;  Gargett  1989;  Gregg  1989;  Gregg  etal.  1993;  Gairett  &  Munk 
1979).  We  review  this  material  in  the  following  sections  where  we  also  suggest  recipes  for  the 
inclusion  of  internal  waves  energy  as  an  integral  part  of  a  model;  to  date  there  is  no  such  model 
available. 


3.  SURFACE  LAYER 

Surface  layer  energetics  are  discussed  and  reviewed  fully  in  Imberger  and  Patterson  ( 1989). 
An  update  of  the  most  recent  ntethodology  for  estiniating  surface  exchange  coefficients  is  giveir 
in  the  article  on  gas  exchange  processes  by  MacIntyre  et  al.  (1994).  A  description  of  the 
internal  boundary  layer  may  be  found  in  Gaitatt  (1990)  and  a  general  review  on  surface  fluxes 
is  given  in  Frenzen  and  Vogel  (1992). 

The  surface  layer  is  defined  as  the  layer  of  water  extending  from  the  surface,  where  the 
waves  fonn  and  break,  down  to  a  depth  where  the  direct  influence  of  the  surface  wind  and 
surface  heat  fluxes  stops. 

Under  certain  wind  conditions  a  second  surface  layer  forms  immediately  below  the  surface 
layer;  pressure  fluctuations  in  the  surface  layer  induce  internal  waves  in  the  underlying  fluid 
which  radiate  down  into  the  water  column  causing  active  mixing  for  many  meters  below  the 
diurnal  thermocline.  We  call  this  the  subsurface  layer  (Zic  &  Imberger  1994;  Wijesekera  & 
Dillon  1991).  The  surface  and  subsurface  layer  are  important  for  the  growth  of  plankton. 
Since  plankton  grow  in  the  surface  layer  in  response  to  light,  any  coherent  motion  in  the 
surface  layer  which  sweep  plankton  through  a  cyclic  light  regime  are  most  important  Further, 
the  nutrient  supply  for  the  plankton  growth  comes  from  the  subsurface  layer  via  the  turbuletrce 
flux  sustained  by  the  intend  wave  field  there. 

Models  based  on  tfie  turbulent  kinetic  energy  equation  appear  to  work  remarkably  well 
(Spigel  et  al.  1986)  and  are  able  to  accurately  preset  the  rate  of  deepening  of  the  surface  layer 
and  also  the  mean  temperature  of  the  surface  layer  water.  This  is  true  even  though  models  of 
this  kind  completely  neglect  the  spatial  variation  of  the  turbulence  within  the  layer,  neglect  an 
explicit  description  of  the  leakage  of  internal  energy  from  the  base  of  the  thermocline,  neglect 
the  presence  of  coherent  motions,  but  at  the  same  time  contain  constant  energy  conversion 
coefficients.  The  conclusions  which  may  be  drawn  from  this  apparent  success  is  that  either  all 
the  neglected  factors  are  implicitly  accounted  for,  the  models  have  not  been  verified  over  a  wide 
enough  range  of  conditions,  or  the  neglected  factors  do  not  contribute  significantly  to  the 
deepening  of  the  surface  layer.  As  shown  below  it  is  most  likely  the  first  and  last  conclusion 
which  are  consistent  with  very  recent  observations.  It  is  important  to  note,  however,  that  the 
neglected  mechanisms,  particularly  the  presence  of  coherent  motions,  may  have  major 
implications  for  the  growth  of  plankton. 
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These  models  assume  a  constant  fraction  of  the  rate  of  the  working  of  the  wind  is 
transported  to  the  water  column.  This  suggests  that  the  turbulent  boundary  layer  immediately 
below  the  water  surface  is  in  equilibrium  and  thus  should  contain  similarity  profiles  for  all  the 
turbulent  properties.  The  dissipation  of  turbulent  kinetic  energy  is  the  variable  most  often 
measured  and  the  evidence  here  is  still  somewhat  conflicting.  Soloviev  et  al.  (1988), 
Lombardo  and  Gregg  (1989),  Imberger  (1985),  and  Shay  and  Gregg  (1984)  all  find  that 
similarity  is  essentially  present  with  £kz/u«^  being  close  to  one  and  e/B  ranging  between  0.4 
and  0.8.  Here  k  is  the  von  Karman  constant,  z  is  the  distance  from  the  surface,  B  is  the 
buoyancy  flux  and  e  is  the  rate  of  dissipation  of  turbulent  kinetic  energy.  On  the  other  hand, 
Gargett  (1989)  examined  data  from  the  north-east  Pacific  and  found  that,  for  periods  of  rapidly 
increasing  wind  speed,  e  -  z"^,  a  much  faster  decay  with  depth.  The  likely  explanation  for  the 
relatively  much  larger  dissipation  values  near  the  surface  is  Ae  presence  of  plunging  jets  due  to 
wave  breaking.  Zedel  and  Fanner  (1991)  found  that  bubbles  resulting  from  breaking  waves 
could  penetrate  down  to  13  metres  for  wind  speeds  of  about  12  ms'l.  If  we  exclude  the  area 
immediately  under  the  breaking  wave  zone  it  appears  that  similarity  is  preserved  for  times  when 
the  wind  speed  is  relatively  steady. 

The  assumption  that  the  energy  loss  due  to  internal  wave  leakage  is  captured  by  the 
dissipation  at  Ae  base  of  the  billow  layer  is  probably  poor  at  best.  Zic  and  Imberger  (1994), 
Stevens  and  Imberger  (1994),  and  Wijesekera  and  E^on  (1991)  have  presented  data  showing 
that  strong  leakage  occurs  during  the  initial  deepening  period  but  when  active  billowmg  sets  in 
energy  is  no  longer  communicated  into  the  metalimnion;  parameterization  of  this  leakage  is, 
however,  still  poorly  understood. 

During  strong  heating  periods  tlie  model  of  Spigel  et  aJ.  (1986)  assumes  a  rapid  decay  of  the 
dissipation  field.  This  seems  to  have  been  verified  by  Imberger  (1985)  and  Kudryavtsev  and 
Soloviev  (1990).  The  case  where  the  buoyancy  flux  is  roughly  in  equilibrium  with  the  wind 
has  not  received  any  attention  (see  frribeiger  &  Patterson  1989  whem  this  point  was  previously 
made). 

Langmuir  circulation  (Langmuir  1938)  has  recently  received  a  great  deal  of  attention  in  the 
oceanographic  literature.  This  follows  the  earlier  documentation  by  Weller  et  al.  (1985)  and 
Thorpe  and  Hall  (1982).  The  papers  by  Weller  and  Price  (1988),  Smith  (1992),  Osborn  et  al. 
(1992),  and  Soloviev  (1990)  all  point  to  a  consistent  picture.  Langmuir's  cells  exist  as 
opposing  vortex  rolls,  the  size  of  which  grow  under  neutral  conditions  with  wind  speed 
k^ing  a  depth  to  width  ratio  at  about  1:1.  The  dowuwelling  zone  between  two  opposing  rolls 
is  more  confined  than  the  upwelling  zone  and  is  also  the  pla^  of  a  relatively  strong  horizontal 
jet  in  the  direction  of  the  wind.  The  vertical  growth  of  the  cells  is  inhibited  when  the  base  of 
the  cell  reaches  tiie  diurnal  theimocline  and  the  aspect  ratio  can  then  grow  to  1 :3  or  1 :4.  In  the 
downward  convergent  zone  the  dissipation  is  cousiderably  larger  than  in  the  rest  of  the  cell  and 
this  may  further  explain  the  higher  dissipation  values  documented  by  Gargett  (1989).  Osborn 
et  al.  (1992)  make  the  point  that  Langmuir  circuiatioa  may  be  present,  as  evidenced  by  bubble 
plume  spaciugs,  even  though  there  is  no  surface  evidence.  The  longitudinal  structure  is 
characterised  by  points  where  the  surface  raanifestatious  converge  and  the  rolls  pair.  Fuitlier, 
Thorpe  and  Hall  (1982)  and  Soloviev  (1990)  show  that  I^angrauir  cells  are  interrupted 
longitudinally  by  temperature  gradient  sheets  which  have  a  spacing  of  many  lOO's  of  meters. 

The  physical  mechanism  responsible  for  the  formation  of  Langmuir  cells  is  believed  to  be 
the  production  of  longitudinal  vorticity  by  the  interaction  of  the  cross-wind  vorticity  of  the 
wind  shear  layer  and  the  vertical  vorticity  of  ihe  periodic  variation  due  to  the  wave  Stoke’s  drift 
(Leibovich  1977;  Leibovich  &  Radhadoishnan  1977).  This  theory  has  undergone  many 
modifications,  the  latest  being  the  inclusion  of  a  finite  tlrickness  of  the  diurnal  surface  layer  and 
realistic  boundary  conditions  of  the  water  surface.  Cox  and  Leibovich  (1993)  Iiave  shown  that 
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these  inclusions  iead  to  a  realistic  finite  estimate  for  the  scale  of  the  Langmuir  circulation. 
Thorpe  (1992)  perforaied  a  stability  analysis  of  adjacent  parallel  vortex  rolls  and  shotved  that  a 
longitudinal  instability  is  possible  which  results  in  pairing  at  length  scales  of  lOO's  of  meters; 
in  good  agreement  with  observations. 

As  evidenced  by  the  success  of  the  energy  models  (Section  3.2),  Langmuir  cells  are  of 
lesser  importance  for  the  production  and  redistribution  of  the  turbulent  kinetic  energy  or  the 
modification  of  the  entraimnent  velocity  at  the  base  of  the  surface  layer.  However,  the 
circulation  induced  by  cells  is  extremely  importance  for  the  growth  of  plankton  (Patterson 
1991)  and  the  distribution  of  bubbles  and  the  associated  gas  exchange  (MacIntyre  et  al.  1994; 
Thorpe  1984). 


4 .  MAIN  WATER  BODY 

4.1  Currents,  Eddies,  Inteirna!  Waves  and  Intrusions 

Now  let  us  turn  to  the  problem  of  understaiiding  the  transport  processes  in  the  main  body  of 
the  lake.  Before  we  can  du  this  we  must  discuss,  at  least  briefly,  the  nature  of  the  composite 
motions  in  a  stratixied  water  body.  This  is  a  vast  topic  and  we  sltall  only  give  a  brief  overview 
and  then  show  how  to  establish  a  simple  recipe  for  the  flux  of  mass  and  momentum  in  the 
water  column  between  the  surface  layer  and  the  benthic  boundary  layer. 

In  general,  motions  in  lakes  are  energized  by  the  wind  acting  on  the  lake  surface  and 
through  difierendal  cricling  at  the  surface  (Monismith  et  al.  1986).  The  monoentum  input  firom 
these  two  sources  leads  to  currents,  eddies,  intrusions  and  internal  waves;  intrusions  are 
internal  waves  with  long  periods  (Lemckert  &  imberger  1993).  Eddies  fonn  mainly  in  large 
lakes  through  the  action  of  currents,  induced  by  Kelvin  waves,  sweeping  the  water  past 
headlands.  This  gives  birth  to  large  pancake  shs^d  eddies  at  headlands  and  these  traverse  the 
lake  caxiying  with  them  mass.  Ivey  and  Maxworthy  (1992)  have  given  graphic  evidence  from 
laboratory  experiments  of  the  formafiun  and  propagstioa  of  such  eddies.  When  established  the 
currents,  edches,  intrusions  and  internal  waves  combine  to  trigger  patches  of  turbulence 
throughout  the  hike. 

This  scenario  Is  best  illusuated  by  exan:^}le.  During  the  recent  Bl'l'EX  experiment, 
thetmistor  chains  were  place  in  the  southern  part  of  Lake  Biwa.  These  chains  recoided  die 
temperature  mom  20  thermistors,  spaced  approxiaiatcly  uaifortnly  over  the  water  depth,  at  the 
measurement  site.  The  lake  has  a  depth  of  over  90  meters  and  a  surface  area  of  around  300 
km2.  and  the  array  of  chains  were  located  in  50  meters  of  water.  The  temperature  was 
sampled  at  2  second  intervais,  averaged  over  14  seconds  and  then  recorded.  The  recording 
continued  over  a  period  of  4  weeks  d<uing  which  the  weather  was  mostly  calm  and  sunny. 
However,  on  day  247  a  major  typhoon,  with  wind  speeds  up  to  25  ms'*  passed  almost  diiectly 
overhead.  A  more  minor  typhoon  was  again  experienced  on  day  252. 

The  temperature  from  the  thermistor  located  at  a  depth  of  22  m,  in  the  middle  of  the 
mecalimnion,  is  shown  in  Figure  4.1.1(a).  Between  daj  s  236  aiid  247  the  temperature  showed 
small  undulations  with  a  frequency  of  about  2  days;  otherwise  the  signal  was  relatively 
quiescent.  The  typhoon  which  passed  on  the  evening  of  day  247  induced  a  sharp  ramp-like 
increase  in  temperature  which  was  followed  by  strong  uuduladons  for  the  next  6  days  after 
which  they  decayed.  The  second  typhoon  on  day  252  further  energised  the  oscillations.  The 
signal  was  low  passed  (2  hour  cut  off)  and  the  results  are  shown  in  Figure  4.1.1(b).  The 
smoothed  signal  shows  the  Kelvin  wave  osc'Jlation  more  clearly.  Spectral  analysis  revealed 
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that  these  long  waves  had  a  period  of  41  hoi»rs  which  is  similar  to  that  previously  measure  by 
OkudaetaZ.  1994. 

A  spectrogram  was  constructed  from  the  temperature  record  shown  in  Figure  4.1.1  (a)  using 
a  2  day  window  and  a  1  hour  window  shift.  Tlus  is  shown  in  Figure  4.1.1(c).  Inspection  of 
this  spectrogram  reveals  very  clearly  the  scenario  discussed  above.  Before  the  main  typhoon 
passed  the  sits  energy  levels  were  low,  only  wealdy  correlated  with  the  phase  of  the  Kelvin 
wave  and  there  was  little  energy  above  ICH  Hz.  However,  after  the  stotm  had  excited  the  large 
Kelvin  waves,  the  internal  wave  energy  levels  became  strongly  correlated  with  the  phase  of  the 
Kelvin  wave;  energy  levels  rose  strongly  diiring  periods  of  downwelling  due  to  the  Kelvin 
wave.  At  the  same  time  energy  penetrated  to  frequencies  beyond  lO"^  Hz,  in  particular, 
immediately  after  the  storm  where  tiiere  was  substantia!  energy  to  10'^  Hz.  These  data  were 
accompanied  by  an  intense  sampling  programme  of  mictosfructute  flux  measurements;  the 
times  of  these  measurements  are  shown  at  the  base  of  Figure  4.1.1  and  these  data  are  presently 
being  analysed.  Freliminary  analysis  clearly  shows  elevated  levels  of  dissipation  of  turbulent 
kinetic  energy  during  periods  of  elevated  internal  v/ave  activity. 

The  character  of  the  motion  in  the  water  column  is  graphically  illustrated  in  Figure  4.1.2 
which  shows  the  isotherms  for  a  brief  period  immediately  after  the  passage  of  the  typhoon;  the 
water  column  was  tilled  with  a  mixture  of  long  mode  one  and  tw‘o  waves,  undular  bores,  free 
internal  waves  and  turbulence.  Ihe  turbulence  is  thus  clearly  the  result  of  the  shear  induced  by 
the  composite  motion  and  the  local  weakening  of  the  siability  of  the  v'ater  column  by  the 
stmining  due  to  mtemal  waves. 

A  major  consideration  in  this  scenario  is  the  role  internal  waves  play  in  the  distribution  of 
energy.  If  wc  have  an  internal  wave  which  has  an  energy  density  (energy  per  unit  volume  of 
water)  of  say  E  (Joules  m*^),  then  this  energy  will  only  ultimately  decay  through  the  action  of 
the  dissipation  of  turbulent  kinetic  energy  e.  Thus  we  may  write: 

^=-ep„.  (4.1.1) 


so  that  the  tune  it  takes  for  tlie  w'ave  to  decay  may  be  estimated  from : 

eoPo  ’ 


(4.1.2) 


where  eo  is  the  initial  cate  of  dissipation. 

Now  for  waves  as  shown  in  Figure  4,1. 1(a),  Eo  =  20  J  and  a  typical  dissipation  rate  was 
10*^  ra  2  s  so  that  the  tinae  taken  for  the  wave  to  decay  is  about  230  days.  This  is  a  very  long 
time!  Much  longer  than  what  is  observed  in  Hgure  4.1.1(b),  which  indicates  a  decay  time  of 
around  3  days.  This  implies  that  the  reflection  process  at  the  bouudaries  is  far  from  perfect  and 
large  dissipation  must  occur  at  the  reflecting  sites.  Further,  since  the  dissipation  processes 
involve  wave  breaking,  we  expect  a  dispersion  of  the  frequency  content  of  the  reflect  waves 
and  this  is  possibly  the  site  for  the  formation  of  the  solitary  waves  seen  in  Figure  4, 1 .2  (Kao  et 
al.  1985;  Gan  &  Ingram  1992). 

In  summary,  internal  waves  distribute  mean  kinetic  energy  very  effectively  throughout  the 
lake.  In  the  water  column  this  composite  nonlinear  wave  field  leads  to  turbulence  through  what 
appears  to  be  two  distinct  actions.  First,  shear  induced  instability  and  second,  weakening  of 
the  stability  of  the  water  column  due  to  nonlinear  internal  wave  straining.  At  the  boundaries  the 
internal  waves  again  induce  turbulence  in  two  distinct  ways.  First  the  waves  reflect  and  so 
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intensify  the  energy  density  (Phillips  1977)  and  second,  the  nearly  horizontal  internal  waves 
shoal  and  break  as  they  propagate  towards  the  shore.  I  shall  now  discuss  each  of  these  four 
mechanisms  separately. 

4.2  Shear  Flow  Turbulence 

In  order  to  understand  the  role  of  shear,  consider  the  very  simplest  conhguration — that  of  a 
uniform  mean  shear  flow  in  a  linearly  stratified  fluid.  The  problem  is  completely  specified  by 
the  parameters : 

S  ,  n2  ,  V  ,  X  ,  t  ,  q'(0)  ,  8^(0) 

s'l  s"2  m2  s‘l  m2  s'i  s  ms'^  ra , 

where  S  is  the  shear,  N2  is  the  buoyancy  frequency,  v  the  viscosity,  K  is  the  molecular 
diffusion  coefficient,  t  is  the  time,  q'(o)  is  the  initial  RMS  of  the  velocity  fluctuations  and  8g(o) 
is  the  initial  RMS  Scale  of  the  motion. 

To  conform  with  convention  we  choose  the  first  three  dimensional  numbers  as  Ri  =  N2/  s2, 
T  =  St  and  Pr  =  v  /  x.  The  Richardson  number  Ri  has  a  simple  physical  interpretation  if  one 
examines  the  energetics  of  mixing.  Suppose  we  have  a  layer  of  the  linearly  stratified  fluid  of 
thickness  6c  which  is  partially  tnixrxl  so  that  the  new  buoyancy  frequency  in  the  paten  is  N2  and 
the  new  shear  is  S2.  Thus  the  ratio  of  the  potential  energy  required  to  mix  the  water  column  to 
that  available  fiom  the  mean  kinetic  energy  released  by  the  mixing  is  given  by : 

APE  2rN^  2y 

^  %(2-P)s2  ' 


where  y  and  P  are  the  mixing  fiaction;  a  value  of  one  means  N22  =  0  and  S2  =  0. 


Now  dissipation  occurring  during  the  mixing  event  may  be  estimated  by  noting  that  the 
dissipation  per  unit  mass  must  scale,  from  as  pou^/S^,  so  thk  the  energy  lost  to  dissipation  over 
the  time  it  takes  to  mix  the  fluid  is  given  by ; 


since  the  time  scale  for  releasing  the  kinetic  energy  is  given  tc/u  (Tennekes  and  Lumley,  1972) 
and  u  the  velocity  characterising  the  larger  scale  motions  in  the  mixing  event  is  given  by 


Tnus  if  Ri  <  there  is  sufficient  energy  available  from  the  mean  kinetic  energy  field 

to  overcome  the  necessary  potential  energy  required  to  achieve  the  mixing,  but  there  must  be  an 
excess  energy  available  to  supply  the  energy  for  the  dissipation.  Stability  analysis  (Yih,  1980) 
tells  us  that  the  flow  is  stable  for  Ri  >  1/4.  Suppose  the  value  1/4  forms  the  st^ility  boundary 
then  according  to  the  above  model,  whenever  there  is  complete  mixing  of  the  fluid  column, 
S0%  of  the  kinetic  energy  is  released  to  dissipation  and  50%  is  used  to  lift  the  mixed  fluid 
parcel  resulting  in  a  change  of  potential  energy.  On  the  other  hand,  when  the  nuxing  is  only 
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partial  and  the  process  may  be  modelled  more  closely  by  taking  the  limit  p  and  y  tending 
towards  zero,  then  the  division  of  energy  is  75%  of  the  released  kinetic  energy  going  to 
dissipation  and  only  25%  of  the  released  energy  is  utilised  to  lift  the  fluid  parcel.  This  is  an 
important  result  as  most  experimental  evidence  on  mixing  efficiency  points  to  a  conversion 
ratio  close  to  the  latter  value  (Ivey  &  liuberger  1991). 


The  evolution  of  the  flow  must  also  depend  on  the  initial  conditions  imposed  as  these  are  the 
conditions  from  which  the  flow  evolves.  Thus,  miless  the  turbulence  quickly  "forgets"  the 
history  of  its  origin,  the  initial  conditions  will  be  important  in  determining  the  flow 
characteristics.  This  influence  may  be  captured  by  introducing  the  nondimensional  parameters: 


Frt(O)  = 


N1/2j  1/2(0)' 


(4.2.3) 


Ret(O) 


q'(0)8c(0) 


(4.2.4) 


Thorpe  (personal  communication)  has  shown,  using  a  linear  stability  analysis,  that  the 
linear  shear  flow  is  stable  for  all  values  of  Ri  so  if  ^  is  to  be  non-zero,  the  proQle  must  be 
unstable  to  finite  values  of  Frt(0)  and  Ret(0).  Numerical  experiments  carried  out  by  Holt  et  al. 
(1992)  starting  with  a  finite  disturbance,  show  that  provided  Ri  is  sufficiently  small,  grows 
with  time,  indicating  that  the  linear  shear  case  is  unstable  to  finite  initial  disturbances.  Ivey  et 
al.  (1994)  analysed  the  results  fiom  a  large  number  of  these  and  further  numerical  experiments 
for  the  case  where  the  Richardson  number  was  small  enough  to  cause  active  grov^  of  the 
turbulence.  Under  these  circumstance,  they  found  that  for  a  wide  range  of  Prandtl  numbers 
and  Richardson  numbers  £  0.21  the  displacement  scale  was  given  by: 

8c=8gpk.i(St)“.  (4.2.5) 

where  n  =  1.9  (0.21 -Ri)  (Ri<0.21)  .  (4.2.6) 


independent  of  the  initial  conditions  or  the  Prandtl  number  and. 


(4.2.7) 


which  we  shall  call  the  primitive  length  scale.  Comparison  between  this  prediction  and  the 
numeiical  data  used  to  derived  the  above  correlation  is  shown  in  Figure  4.2.  i. 

The  dissipation  of  turbulent  kinetic  energy  £  and  the  buoyancy  and  the  momentum  fluxes  at 
a  point  are  further  population  parameters  which  again  must  be  functions  of  the  set  of 
dimensionless  groups.  Ivey  etal.  (1994)  showed: 

2,  (4.2-8) 

e  =  8vS^{St)^"  ;  (Rj<0.21). 


B  =  g^=13vS^Ri(St)2“  ;  (Ri£0.21) 


(4.2.9) 


M  =  i?w’ =  vS[8  +  13Ri]{St)2“  (Ri<0.21)- 


(4.2.10) 


The  vertical  mass  eddy  exchange  coefficient  may  thus  be  written: 


p 


E 


(4.2.11) 


so  that  the  ratio  of  the  mass  to  the  momentum  eddy  coefficients  becomes: 

f  13  \ 

K„  (8+13RiJ  ’ 


(4.2.12) 


indicating  for  active  turbulence ,  Ri  <  0.21,  there  is  very  little  difference  between  the  mass  and 
momentum  transfer  coefficients.  This  is  of  course  not  the  case  when  Ri  becomes  large;  under 
such  circumstances  momentum  will  continue  to  be  transferred  by  the  internal  waves  (Kim  and 
Mahrt  1992),  but  the  mass  flux  ceases.  However,  under  such  circumstances  the  concept  of  a 
transfer  coefficient  is  no  longer  useful  and  it  is  better  to  calculate  the  momentum  flux  directly 
by,  say,  wave  ray  tracing  techniques  (Phillips  1977).  Further  study  is  required  for  the  ca.se 
where  Ki  is  at  first  less  than  the  edde^  value  and  is  then  suddenly  increased.  Only  empirical 
results  are  available  on  the  mass  and  momentum  transfers  during  the  ensuing  coll^se  of  the 
turbulence. 

It  is,  however,  intetesting  to  note  that  many  authors  have  developed  formulae,  especially 
for  the  mass  transfer  coefficient  (4.2.11)  in  terms  of  only  the  Richardson  number  of  the  flow 
and  these  formulae  have  been  used  with  some  success  in  describing  flows  in  estuaries,  lakes 
and  even  the  ocean  (Odd  &  Rodger  1978;  Simpson  &  Sharpies  1991).  The  fact  that  these 
formulae  appear  to  yield  useful  results  means  that,  in  the  field,  there  are  other  factors  which 
limit  the  growth  of  the  turbulent  scale  L  and  so  prevent  the  continued  growth  of  the 
turbulence.  This  conjecture  needs  a  thorou^  evaluation. 

For  practical  application  of  (4.2.11)  and  (4.2.12)  it  is  useful  to  enquire  whether  it  is 
necessary  to  track  Ae  whole  history  of  the  tud>ulent  event,  or  is  it  possible  to  take  a  local 
approach  as  suggested  by  (4.2.11)  which  does  not  depend  explicitly  on  time,  but  time  enters 
only  through  the  dissipation  e,  a  "local"  parameter. 

4.3  Some  Local  Concepts;  generalization  to  other  flow.s 

The  key  towards  a  generalisation  of  the  above  discussion  beyond  a  simple  shear  flow  is  the 
realisation  that  there  may  be  variables  of  the  turbulent  flow  itself  in  tenus  of  which  all  the  other 
characteristics  of  the  flow  may  be  described.  Further,  if  these  fimdamental  variables  are  such 
that  they  may  be  either  easily  measured  or  derived  fix>m  the  mean  flow  then  we  ate  in  a  position 
to  once  again  close  the  equations  of  motion  and  derive  the  transfer  of  mass  and  momentum. 
Again  firom  dimensional  analysis  such  parameters  exist  and  are  given  by  (Imberger  1994): 
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Again,  for  active  turbulence  this  leads  to  tlie  more  traditionul  definition  of  the  Reynolds 
number  : 


(4.3.3) 


The  Grasshof  Grt  is  defined  by  : 


(4.3.4) 


and  the  strain  Fioude  number  is  defined  by : 


where  the  strain  rate,  . 


(4.3.5) 

(4.3.6) 


Given  the  above  definitioas  it  is  now  possible  to  construct  an  activity  diagram.  This  is 
shown  in  Hgure  4.3.1  and  the  type  of  motion  is  reflected  by  the  position  of  the  data  on  this 
diagram.  Ivey  et  al.  (1994)  used  these  parameters  to  derive  general  relationships  for  the 
various  turbulent  quantities.  These  are  reproduced  in  table  4.3.1.  The  special  case  of  shear 
driven  turbulence  in  a  linearly  stratified  fiuid  discussed  above  is  given  by  the  Fq  =  1/2  Ri~l^. 
Thus  for  a  value  of  the  Richardson  number  of  0.21,  Frt  =1.1  again  indicating  that  for  the 
stationary  state  the  value  of  the  Froude  number  is  near  one  and  the  mixing  efficiency  is  a 
maximum  (Ivey  &  imberger  1991). 
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The  exact  nature  by  which  the  internal  waves  interact  among  themselves  and  with  the 
turbulence  is  at  this  stage  not  clear;  the  activity  diagram,  first  advocated  by  Gibson  (1986),  is, 
however,  a  convenient  tool  to  parameterise  the  turbulent  fluxes  under  a  wide  range  of 
conditions.  As  mentioned  earlier  a  major  mechanism,  in  addition  to  the  enhanced  shear 
produced  by  the  internal  waves,  is  the  reduction  of  the  local  stability  due  to  internal  wave 
straining.  In  Figure  4.3.2  we  .show  results  from  Javam  et  al.  (1994),  who  compiled  the  flow 
due  to  two  internal  wave  rays  crossing  and  interacting.  Clearly  visible  is  the  build  up  of  a 
small  region  in  the  middle  of  the  crossing  where  there  is  extensive  vertic.-tl  stietching  of  tlie 
isopycnals;  laboratoiy'  experiments  carried  out  by  Teoh  et  at.  (1994)  using  similar 
configuration  with  approximately  the  same  Reynolds  and  Froude  number  showed  that  the 
legions  of  stretching  are  also  the  points  where  turbulent  spots  arc  formed.  Clearly,  internal 
wave.s  can  thus  produced  turbulence  by  focussing  the  shear  or  by  decreasing  the  stability  by 
stretching  the  isopycnals;  one  increases  the  disturbance  force  and  the  other  decreases  the 
stability.  Both  lead  to  the  formation  of  turbulent  spots  where  mass  and  momentum  transport 
takes  place. 

4.4  Estimating  the  Values  of  e  and 

The  biggest  difficulty  in  the  closure  question  for  a  lake  is  thus  no  longer  estimating  the 
mixing  efficiency,  but  rather  finding  the  distribution  and  intensity  of  the  mixing  patches. 
Turbulence  in  the  field  involves  many  instability  mechanisms  other  tlian  the  simple  linear  shear 
flow  discussed  above.  Turbulence  may  be  generated  within  a  stratified  fluid  by  two  or  more 
waves  interacting  (wave-wave  instability),  internal  waves  being  trapped  by  the  background 
shear  (critical  layer  absorption),  heavier  fluid  being  somehow  moved  above  lighter  fluid 
(convective  instability),  or  internal  waves  breaking  by  shoaling  or  shear  steepening  (wave 
breaking)  (see  Phillips  (1977)  and  Turner  (1979)  for  further  details). 


A  number  of  methods  of  increasing  complexity  suggest  themselves  for  estimating  the 
dissipation  e  in  the  main  fluid  body  and  thus  the  patch  intensity  and  distribution: 


a)  The  simplest  assumption  is  to  assume  that  the  overall  water  body  under  consideration  is 
in  equilibrium  with  the  external  forcing  and  there  are  no  patches.  All  the  energy 
introduced  by  the  wind,  not  utilized  to  mix  the  surface  layer,  is  distributed  by  tlie  intern^ 
wave  field  into  the  metalimnion  and  hypolinmion  where  it  is  ultimately  converted  to 
dissipation  and  buoyancy  flux.  This  approach  was  suggested  by  Imberger  et  al.  (1978) 
and  is  successfully  operating  in  the  numerical  model  DliHElESM;  in  that  model  the  energy 
input  from  the  inflowing  river  and  the  outflow  are  also  added.  The  weakness  of  this 
algorithm  is  that  we  do  not  know,  a  priori,  what  fraction  of  the  total  internal  wave  energy 
is  dissipated  at  the  boundaries,  and  what  is  dissipated  internally,  nor  is  the  assumption  of 
continuous  dissipation  representative  of  field  evidence. 


b)  In  the  ocean  the  internal  wave  spectrum  is  in  equilibrium  and  the  flux  of  energy  from 

l^trcrA  GOal^C  tr\  crr^oll  c^ol^c  ic  iv\t4J>T>o/vF</>n  thic 

assumption  it  is  passible  to  relate  the  dissipation  to  the  shear  at  a  10  m  scale  and  the 
actual  buoyancy  frequency.  Gregg  (1989)  suggested  the  formula: 


e  =  7xlO-ioM'-\(42- 


(4.4.1) 
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where  Nq  =  0.0052  s‘^  Sio  is  the  shear  observed  at  10  m  scale  and  S^gm  ~  ^ 

(N  /  No)^.  This  formula  cannot  be  expected  to  work  in  lakes  or  estuaries  since  there  is 
no  equilibriuiii  internal  wave  spectnun,  but  appec  .s  to  yield  excellent  lesults  in  the  ocean. 

c)  In  general,  we  must  resort  to  numerical  calculations  of  the  large  scale  internal  wave  field 
and  use  the  cascade  mechanism  to  route  the  energy  down  to  small  scales.  In  a  separate 
model  we  may  calculate  the  spectrum  of  free  internal  waves;  this  can  be  done  by 
propagating  the  waves  after  they  have  formed,  allowing  them  to  interact,  energizing  them 
from  the  larger  field  con:^)uted  in  the  first  model,  and  accounting  for  all  reflections  and 
frequency  transformations.  Given  this  information  it  is  possible  to  use  wave-wave 
interaction  theory  to  calculate  the  energy  flux  moving  to  smaller  scales  and  then  equate 
this  to  the  dissip^on.  Such  a  naodel  is  presently  not  available,  but  is  being  constructed 
by  the  author  and  his  colleagues. 

Let  us  now  turn  to  the  other  variable  the  tength  scale  required  to  determine  the  efficiency 
of  mixing.  Again  there  are  a  number  of  ways  of  approaching  the  estimation  of  this  variable. 

a)  Oceanographers  have  noted  that  most  energetic  mixing  episodes  have  the  property  that 
Frt  is  close  to  one.  There  are  good  reason  why  this  should  be  so  (Imberger  &  Ivey 
1991).  Detailed  documentation  of  a  collapsing  intrusioc  was  recently  given  by  Lemckei 
&  Imberger  (1994)  who  show  that  as  an  intrusion  travelled  throu^  a  lake  Frt  “  1>  but 
the  Reynolds  number  Ret  became  progressively  smaller  until  viscosity  finally  damped  all 
turbulence.  If  this  is  the  case,  tlien  Rf  =  0.23  and  we  may  calculate  the  buoyancy  flux 
directly  from  turbulent  kinetic  energy  budget  (Ivey  &  Imberger  1991).  A  very  simple 
model  thus  follows.  It  may  be  assun^  th^  the  di^pafion  is  given  from  above  and  the 
buoyancy  flux  is  used  to  c^culate  the  mass  and  momentum  transport  over  the  time  step. 
A  simple  scheme  would  be  to  ignore  the  tXiUapse  process  and  only  account  for  the  active 
transport  periods. 

b)  One  could  assume  that  the  mixing  in  tlie  lake,  when  active,  is  modelled  by  simple  shear 
flow.  If  this  is  the  case  then  Kp  follows  directly  fiom  e  and  R;  through  (4.2. 11)  without 
the  knowledge  of  Cq  .  The  dissipafion  e  follows,  however,  directly  and  is  given  by  3.2 
gl/2  s-3^.  Once  the  decay  equations  have  been  found  it  will  be  possible  to  also  noodel 
episodes  where  the  Ri  suddenly  increases  fiom  a  low  to  a  higher  >4lue. 

5.  BENTHIC  BOUNDARY  LAYER  AND  GRAVITY  CURKENT 
5.1  The  Benthic  Boundary  Layer 

In  Section  4. 1  we  saw  that  a  great  deal  of  energy  supplied  by  the  wind  to  the  internal  wave 
field  is  lost  not  internally  in  the  water  column,  but  rather  at  the  boundary,  implying  we  should 
see  active  turbulence  adjacent  to  the  lake  bottom.  This  is  further  suppoi^  by  the  observation 
that  in  both  the  ocean  and  in  lakes  the  basin  scale  average  veitic^  exchange  coefficient  is 
around  10^  m^  s'i  (Imteigei  &  Patterson  1989;  Garrett  1991;  Hondzo  etal.  1991)  whereas 
microstructure  observations  would  suggest  a  value  between  10^  and  lO*^  m^  s'U  (Gregg  et  al. 
1993;  Imberger  &  Ivey  1991)  again  indicating  that  there  must  be  other  flux  paths  by  which 
mass  is  transported  vertically  through  the  lake.  Such  a  conclusion  has  inqx>itant  consequences 
for  the  biologist  since  if  the  dominant  flux  path  is  along  the  benthic  boundary  layer  and  then 
into  the  main  water  body  horizontally  via  intrusions  then  particles  will  be  periodically  recycled 
through  the  benthic  boundaiy  layer.  In  other  words  particles  will  experience  a  cycling  through 
water  of  low  and  high  oxygen  content. 
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Many  observations  have  been  made  documenting  the  occuiienoe  of  turbulence  at  the  lake 
bottom  {for  example  Imberger  &  Ivey  1991;  Ivey  &  Boyce  1982;  Thorpe  et  al.  1990). 
Excellent  reviews  exist  for  the  analogous  problem  in  the  ocean. 

5.2  Sources  of  Energy 

If  the  benthic  boundary  layer  is  to  remain  turbulent  then  there  must  be  a  source  of  turbulent 
kinetic  energy  which  overcomes  the  dissipation.  Originally,  Aimi  (1978)  and  Munk,  (1966) 
postulated  thm  ocean  currents  sweeping  the  water  over  a  rough  bottom,  could  be  one  source. 
Long  internal  Kelvin  waves  may  be  dissipated  by  such  action;  their  peric^  is  much  longer  than 
tbs  diiiB  it  takes  to  establish  the  turbulence  in  the  layer.  At  present  no  experimental  data 
appear  to  exist  in  lakes  for  the  developinent  of  such  stress  driven  layers. 

A  more  likely  source  of  energy  for  the  maintenance  of  turbulence  in  the  benthic  boundary 
layer  is  the  smaller  internal  waves.  Two  mechanisms  may  be  cited  as  possible  sources.  First, 
wave  reflection  leading  to  energy  intensification  and  then  turbulence  and  second,  internal  wave 
breaking  due  to  shoaling.  A  very  clear  explanation  of  tlie  fiist  mechanism  may  be  found  in 
Phillips  (1977)  who  discusses  tire  linear  theory  and  Thorpe  (1987)  who  provides  the  first  order 
correction  due  to  non-linearities.  The  turbulent  spots  may  form  at  or  away  fiom  the  boundary 
and  as  shown  by  Ivey  and  Nokes  (1989)  this  turbulence  is  able  to  transport  mass  vertically. 

The  secoitd  mechanism  is  usually  associated  with  large  internal  waves  shoaling  on  a  sloping 
boundary.  Such  waves  may  br^  leading  to  active  turbulence.  The  energy  remaining  is 
reflected  in  the  form  of  solitary  internal  waves  (Whitbam  1974)  and  these  then  propagate  away 
in  their  o  wn  right  (see  Figure  4.1.1).  This  is  a  vast  subject  and  the  reader  is  referred  to  the 
review  articles  by  C^u  and  Chou  (1989)  and  Boyd  (1989). 

Etiksen  (1985)  and  later  Garrett  and  Gilbert  (1988)  postulated  a  boundary  turbulence  model 
for  the  ocean  wUch  conceptually  was  most  attractive.  The  idea  was  (hat  the  spectrum  of 
waves  propagating  toward  a  boundary  is  modified  by  wave  reflection  whenever  the 
waves  encounter  a  boundary.  The  increased  energy  density,  wave  steepness  and  rate  of  strain 
are  assumed  to  push  energy  into  the  breaking  part  of  the  spectrum.  Tb^  authors  then  simply 
assumed  that  the  energy  which  went  outside  the  breaking  boundary  in  the  spectrum  was  lost  to 
turbulence.  The  experiments  discussed  by  Van  Haren  et  oL  (19^)  and  Thorpe  et  al.  (1990) 
were  an  attempt  to  verify  this  model,  however,  the  evidence  is  inconclusive. 

In  summary  a  number  of  plausible  mechanisms  exist  which  may  be  used  to  explain  the 
existence  of  a  turbulent  benthic  boundary  layer.  These  are  bottom  currents,  inter^  wave 
reflection  and  internal  wave  shoaling.  So  far,  however,  there  is  no  simple  recipe  to  predict 
either  the  thickness  of  the  benthic  boundary  layer  nor  the  dissipation  rates  within  it.  This  is  a 
top  priority  for  further  research  given  thatilie  benthic  boundary  layer  is  the  interface  between 
the  bottom  sediments  and  the  water  column  and  perhai>s,  even  more  importantly,  given  that  it  is 
most  likely  the  main  conveyer  of  fluid,  particles  and  dissolved  nraterials  between  the  deep  and 
shallow  waters. 

5.3  Boundary  Layer  Fluxes 

Given  the  existence  of  a  turbulent  benthic  boundary  layer  around  the  lake  bathymetry,  it  is 
natural  to  enquire  what  role  this  turbulent  layer  plays  with  respect  to  the  flux  paths  of  material 
throughout  die  lake.  This  problem  has  attracted  much  attention  starting  with  the  pioneering 
woik  of  I^dllips  (1970)  who  showed  that  in  linearly  stratified  fluid  a  shear  flow  dispersion 
layer  is  set  up  next  to  a  sloping  boundary.  Recent  contributions  are  discussed  fully  in  Garrett 
(1991)  and  Garrett  etal.  (1993).  The  dynamics  underlying  the  transport  of  water  through  the 
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benthic  boundary  layer  were  derived  by  Imbcrger  and  Ivey  (1993)  via  a  perturbation  analysis 
which  allowed  a  unirication  of  previous  theories,  particularly  those  of  Salmun  et  oL  (1991)  and 
Woods  (1991).  A  number  of  diffeient  scenarios  are  possible. 

First,  suppose  that  the  energy  source  for  this  turbulence  ceases  with  the  passage  of  the  group 
of  internal  waves  which  provided  the  energy.  The  turbulence  will  then  collapse,  leaving 
behind  a  volume  of  water  close  to  the  boundary  which  is  relatively  well  mixed  compared  to  the 
water  immediately  adjacent  in  the  main  body  of  the  lake.  Such  a  mixed  volume  will  then 
collapse  and  intrude  horizontally  into  the  lake,  the  speed  and  thickness  of  the  intrusion 
depending  on  the  initial  density  difference  and  volume  of  the  boundary  water  (cf  Imberger  ei  al. 
(1976)  and  Lemckeit  &  Imberger  (1994)). 

Second,  if  the  source  of  energy  remains  active  for  some  time,  but  the  energy  is  focussed 
locally  onto  a  relatively  small  part  of  the  boundary  (as  would  be  the  case  if  a  long  internal  wave 
train  continued  to  beach  there),  then  a  local  mixing  boundary  layer  will  form.  The  mixing  will 
set  up  a  horizontal  density  anomaly  between  the  fluid  in  the  boundary  layer  and  the  interior  of 
the  1^,  and  an  intrusion  will  form.  'Hiis  is  equivalent  to  stirring  locally  near  the  boundary  in  a 
stratified  water  body.  Common  experience  leads  to  the  conclusion  that  the  stirred  area  becomes 
a  source  of  intermediate  density  water  which  then  inbudes  horizontally  into  the  lake  (De  Silva 
&  Fernando  1992).  Ibe  process  is  also  analogous  to  that  induced  by  differential  mixing  at  the 
surface  layer  (Ivey  &  Maxworthy  1992). 

Third,  if  the  boundary  layer  extends  over  an  alongshore  distance  which  is  large  compared  to 
the  tliickncss  of  the  benthic  boundary  layer  then  a  continuous  flux  is  maintained.  In  su^  cases 
the  tempeiature  gradient  in  the  main  part  of  the  lake  is  imposed  on  the  boundary  via  a  tuibulenf 
boundary  layer.  In  this  layer  the  gradients  normal  to  the  bottom  are  small  due  to  the 
turbulence,  but  the  gradient  along  the  slope  is  the  same  as  in  the  interior.  By  simple  analogy 
with  the  orisiiml  solution  derived  by  PhMps  (1970)  a  density  cunent  is  est^lisb^  which  is 
driven  by  the  tendency  of  the  constant  density  surfaces  to  return  to  the  horizontal;  near  the  lake 
bottom  the  fluid  moves  up  the  slope  and  near  the  top  of  the  benthic  boundary  layer  the  fluid 
moves  downwards. 

On  the  other  hand,  if  the  stratification  in  the  lake  is  non-linear,  as  would  uotmaUy  be  the 
case  due  to  the  stronger  stratificatioa  in  the  mctalimnion  then,  since  the  shear  dispersion 
mechanism  transport  is  proportional  to  tiie  mean  Imigitudinal  temperature  gradient,  there  would 
be  a  strong  heat  transfer  near  the  level  of  the  thermocline  and  progressively  weaker  heat 
transfer  atove  and  below.  This  would  mean  that  the  boundary  layer  above  the  thermocline 
would  cool,  and  inuuediately  below  the  thermocline  it  would  warm.  Garrett  (1990),  Woods 
(1991)  and  Salmun  etal.  (1991)  showed  that  in  order  for  tiiis  flow  to  achieve  a  steady  state,  a 
convection  is  induced  in  the  boundary  layer  which  brings  warm  water  down  from  near  the 
surface  to  arrest  the  cooling  above  the  tliermocline,  and  cold  water  up  from  the  bottom  to  arrest 
the  warming  Just  below  the  thermocline. 

Imberger  and  Ivey  (1993)  derived  the  dynamics  of  this  combined  shear  dispersion  and 
convection  mechanism.  Ibe  induced  flow  dong  the  boundary  converges  at  the  tliermocline 
and  thus  vents  into  the  interior  of  the  lake,  leading  to  an  effective  basin  average  vertical 
exchange  coefficient  Kb  given  by 

Kb  =  8.3  X  10^  (X  ,  (5.3.1) 
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where  h  is  the  benthic  boundary  layer  thickness,  6  is  the  bottom  slope  angle,  A  is  the  density 
of  the  water  column,  Z  is  the  veidcd  distance,  e  is  the  dissipation  of  turbulent  kinetic  energy  in 
the  boundary  layer  and  S  is  the  lake  hydraulic  radius  (A/P)  where  A  is  the  area  of  the  lake  at 
height  Z  and  P  is  the  associated  perimeter.  Equation  (5.3.1)  appears  to  lead  to  reasonable 
estimates  of  the  bulk  vertical  transport  and  bount^ry  layer  tluclmess. 

In  large  lakes  or  the  ocean  where  the  earth's  rotation  becomes  important,  MacCready  and 
Rhines  (1993)  (see  also  the  discussion  in  Garrett  et  al.  (1993))  have  shown  that  an  Ekman 
suction  may  be  superimposed  on  the  above  flow  which  may  act  to  oppose  the  gravitation 
transport,  so  leading  to  a  zero  flux  boundary  condition. 


6.  FUTURE  DIRECTIONS 
6  A  Field  Work 

Over  the  last  10  years  our  ability  to  measure  physical  parameters  over  the  whole  range  of 
scales  (10'3  m  to  1(P  m)  has  increased  dramatic^y.  It  will  soon  become  possible  to  mount 
new  experiments  which  quantitatively  map  processes  occurring  in  a  lake.  Examples  of  such, 
much  needed,  experiments  are, 

(a)  The  quantiheation  of  the  energy  and  mass  flux  paths  throughout  the  whole  lake. 

(b)  Sources  of  energy  for  the  l»nthic  boundary'  layer  and  factors  which  determine  its 
thickness. 

(c)  Veiificatioa  of  the  mass  flux  in  the  benthic  boundary  layer. 

(d)  Energy  cascade  fiom  inlemal  waves  to  turbulent  patches. 

(e)  Lealmge  of  internal  wave  energy  from  the  base  of  the  surface  layer. 

(0  Formation  of  solitary  waves  due  to  seiche  encountering  a  changing  topography. 

(^  Formation  of  gyres  due  to  topogr^hic  constraints. 

(h)  Entiaiiunent  into  gravity  and  turbi^ty  cunents. 

(i)  Horizontal  dispersion  in  the  hypolimnion. 

(j)  Dyrnamics  of  Inngmuir  circulation. 

(k)  Mass  flux  in  the  benthic  boundary  layer  and  the  venting  in  the  thermocline;  impact  on  the 
iron,  manganese,  nutrient  and  ca^n  cycles. 

(l)  Influence  of  the  mixing  in  the  subsurface  layer  on  the  nutrient  supply  to  the  surface  layer. 

(m)  Cycling  of  plankton  by  coherent  motions  in  the  surface  layer  and  its  influence  on  the 
population  selection  of  ttu  plankton. 

(n)  The  importance  of  gyres  in  the  transportation  of  carbon  and  nutrients  from  side  arms  to 
the  main  body  of  the  lake. 

(o)  Importance  of  shear  stress  on  the  growth  of  plankton  and  other  particles  in  the  surface 
layer. 

(p)  The  role  of  the  iutennittent  tuibulcnce  in  the  interior  of  a  lake  on  the  flocculation  of 
particles. 
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6.2  Laboratory  aud  Numerical  Experiments 

The  introduction  of  particle  image  velocimetry  (PIV),  laser  induced  fluorescence  (LIV)  and 
miniature  sensors  for  temperature,  conductivity  and  velocity  measurements  mark  a  quantum 
jump  in  our  ability  to  study  fundamental  fluid  mechanical  processes  in  the  laboratory.  This 
should  see  a  renaissance  for  the  hydraulic  engineer,  but  the  signs  are  otherwise;  most  groups 
have  abandoned  theii  laboratories  at  the  encouragement  of  funding  agencies  who  see  the 
world's  solutions  in  closute  schemes  and  the  computer  screen.  Without  doubt  this  mistake 
must  be  rectified  over  the  next  few  years.  Further,  simulations  using  the  full  Navier  Stokes 
equanons  (example  Lin  et  oL  (1994)  and  Javam  et  aL  (1994))  are  now  at  the  point  where  they 
can  eflectively  complement  the  laboratory. 

The  following  are  examples  of  where  such  a  joint  approach  of  nunurical  and  experimental 
may  be  expected  to  lead  to  major  advances  in  the  very  near  futiue, 

(a)  Internal  wave-wave  interactioa. 

^)  Critical  layer  absorption 

(c)  Breaking  of  internal  solitary  waves 

(d)  Breaking  of  intemal  waves  on  die  sloping  bottom. 

(e)  Turbulence  induced  by  internal  waves  reflecting  flrom  a  sloping  bottom. 

(f)  Entrainment  into  gravity  and  turbidity  currents. 

(g)  Quantification  of  horizontal  traospoit  due  to  the  fonnation  of  gyres. 

(h)  Energy  cascade  in  an  intemal  wave  spectra  and  transfer  flora  basin  scale  seiching  to 
internal  waves. 

(i)  Energy  leakage  flora  the  base  of  the  surface  layer. 

(j)  Quaa^cation  of  cdieient  motions  in  the  surface  layer. 

6.3  Numerical  Modeiliug 

The  need  to  introduce  model  equations  is  cleaiiy  necessitated  by  the  very  large  scale  range  in 
lakes;  a  0.2  m^  the  present  full  simulation  capability  (Holt  et  al.  1992)  is  a  long  way  flora  a 
lake  with  volume  of  10^  m^.  It  is  unlikely  that  such  volumes  will  be  amenable  to  full  solutions 
even  with  massively  parallel  computers.  We  may  expect,  therefore,  continued  strong 
development  of  models  which  c^rture  the  major  processes  active  in  a  lake,  yet  nm  fast  enough 
that  meaningful  simulations  can  Iw  completed. 

The  major  need  appears  to  be  how  to  account  for  the  energy  store  in  the  internal  wave  field 
and  tlien  how  to  dissi]^  this  energ}'  so  as  to  propeily  apportion  a  certain  amount  to  increasing 
the  potential  energy  of  the  water  colunm.  The  following  is  a  concept  of  how  this  may  be 
achieved.  First,  the  basin  scale  motions  should  be  computed  with  a  model  such  as  described 
by  CasuUi  and  rnttani  (1994).  Such  models  can  now  deal  relatively  comfortably  with  2  x  10^ 
grid  points  when  run  on  a  fast  workstation.  For  a  lake  with  dimensions  6  km  x  1  km  x  30  m 
this  means  a  resolution  of  close  to  12  m  x  12  m  x  O.OS,  fine  enough  to  resolve  all  basin  scale 
motions  together  with  intrusions  and  the  bulk  of  the  internal  wave  spectra.  Present 
development  has  as  one  of  its  objectives  to  verify  the  hydrostatic  pressure  assumption  of  each 
grid  point  and  correct  the  pressure  for  the  influence  of  the  vertical  acceleration  whra  nccessar; 

Second,  at  each  grid  point  of  the  first  model  the  directional  internal  waves  spectra  is  stored. 
At  each  time  step  tie  energy  in  the  intemal  waves  is  propagated,  reflected,  modified  due  to 
wave-wave  interaction  and  decreased  due  to  di$S!;^oa  as  appropriate.  Such  algorithms  need 
to  be  developed  but  in  principle  ate  aheady  clear  from  the  vast  literature  on  intemal  waves.  The 
net  result  would  be  an  updating  of  the  intemal  wave  spectra  at  each  grid  point  aud  at  each  time 
step.  Third,  and  this  is  still  the  area  of  greatest  unclarity,  the  energy  available  from  the  intemal 
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wave  energy  cascade  must  be  added  to  that  available  from  the  mean  shear  and  this  is  used,  as 
discussed  in  4.3,  to  calculate  the  buoyancy  flux  ard  the  Reynolds  stress.  It  may  be  expected 
that  when  complete  such  models  will  yield  detailed  descriptions  of  the  transport  in  the  and 
so  fonu  a  suitable  base  for  water  quality  process  models. 
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Figure  4.1.2.  Isotherms  for  the  period  immediately  after  the  typhoon  passed  over  Lake 
Biwa.  Ciearly  shown  are  hydraulic  jumps,  undular  bores,  mode  one  and  two  oscillations 
and  the  presence  of  high  frequency  waves. 
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4.3.1.  Activity  diagram  showing  the  relationship  between  Fit,  Ret,  Grt  and  Fig. 


Figure  4.3.2.  The  density  field  for  two  inteisecting  internal  waves  generated  locally  in  a  stratified 
fluid,  (a)  Isopycnal  from  numerical  simulation  (Javam  et  al.).  Parameters  are:  fiequency  w  ^  0.4 
rad/s,  buoyancy  frequency  N  »  1  lad/s,  flow  Reynolds  number  s  1.4  X  104;  Froude  nuniber  =  0.8  and 
1  Richardson  number  »  6.2iS.  (b)  Density  gradient  image  from  numerical  simulation,  (c)  Rainbow 

,  Schlieien  image  obtained  from  laboratory  (Tech  et  al.) 
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Figure  4.2.1.  Non  dimensionalised  length  scale  versus  non-dimensional  time  for  dijBferent 
Richardson  and  Prandtl  numbers.  Round  open  ended  circles  are  the  numerical  data,  full 
line  represents  the  empirical  fit  as  discussed  in  the  text  (after  Ivey  et  aL  1994). 
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ABSTRACT 

Labontoty  measurements  of  gravity  wave,  critical  layer  interactions  are  presented 
The  measurements  were  obtained  in  an  annular,  salt-stratified  water  tank.  A  verticai  shear  is 
added  by  rotating  a  lid  on  the  water  surface.  Internal  gravity  waives  are  generated  by  moving 
the  bottom  floor  of  the  tank  vertically.  The  gravity  waves  propagate  up  into  the  tank  and  in¬ 
teract  with  theii'  critical  level,  the  Iwel  where  the  wave  phase  speed  equals  the  mean  flow 
speed  Measurements  are  presented  for  two  categories  of  bottom-wave  forcing:  experiments 
a  single,  monochromatic  bottom  wave  and  experinoents  with  two  monochromatic  bottom 
waves. 

INTRODUCTION 

Gravity  waves  occur  naturally  in  the  ocean  and  the  atmosphere.  They  are  in^rtaiu  in 
transporting  naomentum  and  for  generating  turbulence,  thereby  pnxlucing  mixing.  One 
mexthnnism  for  the  breakdown  of  a  gravity  wave  into  turbulence  occurs  when  the  wave 
approaches  its  critical  level,  which  is  defined  as  the  level  where  the  horizontal  phase  speed  of 
the  wave  equals  the  mean  flow  speed  (Booker  and  Bretherton,  1967).  When  this  occurs,  the 
wave's  vertical  propagation  is  wave  energy  is  transfened  to  the  mean  flow,  and  tur¬ 

bulence  can  be  generated 

Most  of  our  present  understanding  of  gravity  wave,  critical  level  inteiactions  has  come 
fiom  theoretical  and  numerical  studies  (see  e.g.,  Bretherton,  1966;  Lindzen,  1981;  Fritts,  1984; 
Maslowe,  1986;  and  Dunkerton  and  Robins,  1992,  to  name  a  few).  In  addidmi,  there  have 
been  attempts  at  observational  studies  of  this  phenomenon  (e.g.,  Merrill  and  Giant,  1979). 

In  the  laboratory,  studies  of  gravity  wave,  aitical  level  interactions  under  controlled 
conditions  have  been  reported  by  Bretberton  et  al.,  1967;  Thoipe,  1973;  Koop,  1981;  Koop 
and  McGee,  1986;  and  Delisi  and  Duniraton,  1989.  In  these  expeiiments,  the  reported  results 
have  ^ically  been  qualitative  in  nature,  and  most  experiments  were  limited  by  the  physical 
dimeosioas  of  the  test  facility,  which  limited  the  duration  of  the  interactions. 

THE  EXPERIMENTAL  FACILITY 

The  experimental  facility  used  in  these  experiments  is  described  in  detail  in  Delisi  and 
Dunkerton  (1989).  Our  facility  is  a  modification  of  a  laboratoty  wave  tank  developed  by 
Plumb  and  McEwan  (1978).  A  schematic  of  the  fiicility  is  given  in  Figure  1.  The  tank  is 
annular,  with  an  outer  diameter  of  1.8  m,  an  inner  diameter  of  1.2  m,  and  a  depth  of  40  cm. 

The  bottom  floor  of  the  tank  is  moved  vertically  by  32  stepper  motors.  Each  stepper 
motor  drives  a  vertical  piston  which  moves  acrylic  plates  on  the  bottom  floor  of  the  tank.  A 


rubber  sheet  on  top  of  the  actylic  plates  acts  as  a  water  seal  and  as  a  flexible  membcane  for  the 
floor.  A  coQ^uter  controls  the  stepper  motors,  thus  driving  each  section  in  a  prescribed  way. 
In  this  manner,  we  can  ^tediy  the  modon  of  the  bottom  floor  as  one  or  mote  waves  which 
propagate  around  the  bottom  of  the  tank  with  ksiown  an^litudes,  wavelengths,  and  phase 
speeds.  la  these  experiments,  the  computer  controlled  the  floor  to  move  as  cither  a  single, 
monochromatic  wave  or  as  two  monochromatic  waves,  with  diifeient  phase  speeds.  Wave¬ 
number  two  was  used  in  all  the  experiments. 

To  perform  an  experiment,  we  dll  die  tank  with  a  known  stratified  salt  water  piodle, 
rotate  a  floating  lid  on  the  water  surface  to  create  a  vertical  shear  piodle,  then  propagate  one 
or  two  waves  on  the  bottom  door  of  the  tank  by  moving  the  floor  vcrdcally  with  the  stepper 
motors.  Flow  measurements  include  density  data  from  an  oscillatiiig  conduedvity  probe,  mean 
and  instantaneous  velocity  piodles  from  streak  photographs  of  neutrally  buoyant  particles,  35- 
nm  and  video  pictures  of  shadowgraph  flow  visualization  whicli  show  the  turbulent  regions, 
and,  in  some  instantaneous  veloddes  using  Digital  Particle  Imaging  Velocimctry  (VVlllert 
and  Ghaiib,  1991). 

Typical  initial  velocity  and  density  piodles  aie  shown  in  Figure  2.  The  velocity  piodle 
shows  a  neariy  constant  velocity  at  the  top,  where  the  lid  has  mixed  the  fluid,  and  a  nearly 
exponential  velocity  profile  beneath  the  mixed  region.  The  initial  density  profile  shows  two, 
Hneariy  stradded  density  layers.  To  minimize  the  depth  of  die  mixed  layer  generated  by  the 
rotating  hd,  we  placed  a  high-N  region  at  the  top  of  the  tank,  next  to  the  rotating  lid  The 
Btunt-Vaisala  ft^uency,  N,  for  this  layer  is  1.62  sec'*,  where  N  =  (g/p  dp/d2)'^‘‘,  g  is  the  ac- 
celeiadon  due  to  gravity,  p  is  density,  and  z  is  the  vertical  coordinate.  N  for  the  bottom  layer 
is  1.02  sec'’. 

RESULTS 

One  Wave  Results 

Several,  different  experimental  condguradons  were  investigated  using  single  wave 
forcing.  In  the  experiments  reported  here,  we  propagated  a  single  wave  on  the  bottom  with  a 
peak-to-peak  amplitude  of  4.0  cm  and  a  phase  speed  of  4.5  cra'sec.  The  movement  of  the 
bottom  door  was  not  exactly  sinusoidal,  but  was  asymmetric  to  match  the  propagating  wave¬ 
fronts  in  a  nemsheared,  lineaily  suadded  duid  This  asymmetry  in  the  forcing  function  mim¬ 
icked  the  generated  gravity  wave  and  therefore,  reduced  the  higher  harmonics  that  would  be 
generated  by  using  a  sinusoidal  wave. 

The  velocity  profiles  for  these  runs  were  obtained  by  digidziitg  instantaneous  streak 
photographs.  An  important  experimental  question  was  lo  determine  how  repeatable  conditions 
remained  from  run  to  run  when  the  experimental  conditions  were  nominally  the  same.  Figure  3 
shows  velocity  profiles  nom  two  nominally  identical  runs  at  the  same  time  during  ciiCh  run.  To 
within  the  experimental  accuracy,  die  agreement  is  quite  good,  indicating  that  the  data  are 
reproducible  firom  run  to  run. 

Videotapes  and  35  mm  photographs  of  shadowgraph  visualization  cleariy  show  regions 
of  overturning  and  turbulence  as  a  function  of  time.  An  example  of  a  35  mm  photograph  is 
shown  in  Figure  4.  This  photograph  shows  a  side  view  of  the  tank,  with  the  bottom  of  the 
mixed  layer  at  the  top  of  the  photo  and  an  overturning  region  about  mid-way  down  in  the  tank. 
A  clock  is  shown  at  the  bottom,  and  the  oscillating  conductivity  probe  is  shown  (with  its 
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si^dow)  in  the  right-most  part  of  the  picture.  The  flow  is  ftom  left  to  right.  The  overtumings 
shown  in  this  photo  have  a  wavelength  of  about  10.9  cm,  and  an  amplitude  of  about  2.1  cm. 
With  the  videotapes,  we  see  that  these  ovexuimings  begin  as  small  perturbations  which  grow 
with  time,  and  then  collapse.  Richardson  number  estimates,  obtained  ftom  the  velocity  and 
density  measurements,  along  with  the  observed  growth  and  decay,  indicate  that  the  instai^ties 
are  Kelvin-Helmholtz  (K-H)  in  nature. 

From  the  photograph  in  Figure  4  and  the  videotapes  of  the  shadowgraph  visualizations, 
we  can  determine  the  vertical  extent  of  the  breaking  regions  as  a  function  of  time.  Figure  S 
shows  the  observed  regions  of  turbulence  vs  time  after  the  start  of  the  bottom  floor  along  with 
contours  of  constant  density  fix)m  the  conductivity  probe  for  the  first  ten  wave  cycles  of  an 
experiment.  (Note  that  time  is  increasing  ftom  right  to  left  in  Hgure  5.  This  is  consistent  with 
the  photograph  in  Figure  4  in  which  the  flow  is  ftom  left  to  right)  The  overturning  regions  in 
Hgure  S  first  appear  near  the  top  of  the  tank  and  progress  downward,  toward  the  bottom 
floor,  as  time  progresses.  For  t  >  ~13  miit  most  of  the  observed  turbulence  occurs  in  mixing 
regions  in  the  bottom  half  cf  the  tank  (Delisi  atul  Dunkerton,  1989),  with  only  sporadic,  patchy 
turbulence  being  observed  in  the  top  half  of  the  tank.  The  mixing  regions  occur  once  evety 
wave  cycle. 

Hie  evolution  of  the  mean  velocity  profile  (Figure  6)  shows  that  the  initial  velocity 
profile  is  modified  by  a  velocity  ledge  which  progiesses  downward  with  ti»v.,  stmilar  to  the 
overturning  legions  (Figure  S).  The  mean  flow  modifications  shown  in  Figure  6  are  qualita¬ 
tively  similar  to  those  predicted  by  numerical  simulations  (Dunkerton  and  Robins,  1992), 
although  the  overturning  regions  in  those  simulations  are  characterized  as  convective 
overturning  rather  than  K-H.  In  our  laboratory  experiments,  the  initial  K-H  overturning  is 
observed  during  the  time  the  ledge  is  a  feature  in  the  mean  flow;  the  mixing  regions  appear  to 
occur  when  the  velocity  in  the  lower  pan  of  the  tank  is  more  nearly  constant 

Two  Wave  Results 

In  these  expaiments,  we  forced  the  bottom  with  two  waves,  one  with  a  phase  speed  of 
4.S  cm/sec,  and  the  second  with  a  phase  speed  of-  3.5  cm/sec.  Each  wave  had  a  pcak-to-peak 
amplitude  of  3.0  cm.  With  these  choices,  the  bottom  ibreing  has  a  beat  period  of  4  minutes. 

The  overturning  regions  for  this  case  are  shown  in  Hgure  7.  In  this  figure,  time  pro¬ 
gresses  ftom  left  to  right,  and  only  obsoved  regions  of  turbulence  arc  displayed.  This  figure 
shows  that  the  regions  of  turbulence  appear  to  bifurcate  around  1-13  min,  with  regions  of 
turbulence  appearing  in  the  top  and  the  tottom  regions  of  the  tank.  The  shadowgraph  visuali¬ 
zations  show  that,  at  early  times  (t  <  ~  13  min),  the  breaking  regions  are  K-H,  as  in  the  one- 
wave  case.  For  the  two-wave  case,  t  >  -13  min,  K-H  overturning  continues  at  a  depth  of 
around  17  cm  while  a  nuxing  region,  arailar  to  that  in  tlic  onc-wavc  case,  appears  in  the  lower 
portion  of  the  tank.  The  K-H  regions  in  the  upper  part  of  the  tank  appear  more  or  less 
periodically  throughout  the  lifetime  of  the  experiment  This  is  in  contrast  to  the  turbulent 
regions  in  the  bottom  of  the  tank,  which  appear'  in  packets  of  three.  The  time  interval  between 
these  packets  is  due  to  the  beating  of  the  two  bottom  waves. 

The  evolution  of  the  mean  flow  for  the  twfo-wavc  case  (not  shown),  averaged  over  one 
beat  period,  is  siniilar  to  the  one-wave  case  in  that  a  velocity  ledge  progresses  downward 
toward  the  floor  during  the  time  the  initial  K-H  overturning  is  observed.  Thereafter,  the  mean 
velocity^  is  nearly  constant  with  time. 
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FIG  1.  Schematic  drawing  of  the  expeiimental  facility.  The  s^de  view  sliows  one  of  the  32 
piston  assemblies  used  to  tnove  the  bottom  floor. 


FIG  2.  Typical  initial  (a)  velocity  and  (b)  density  profiles  before  a  two-wave  experiment  In 
the  density  profile,  circles  are  measurements  taken  during  the  filling  of  the  tank;  squares 
are  probe  samples  taken  aftci  filling  the  tank;  and  straight  lines  are  drawn  for 
comparison  to  linearity. 
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FIG  5.  Ck>ntours  of  constant  density  and  regions  of  observed  wavcbreaking  (shaded)  for  a 
one-wave  experiment.  Vertical  lines  indicate  times  of  the  wave  crest 
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FIG  6.  The  evolution  of  the  mean  flow  velocity  profile  for  a  one-wave  experiment  TTic  mean 
flow  is  the  average  over  one  wave  cycle.  Time  is  minutes  after  the  start  of  the 
experiment 


FIG  7.  Observed  regions  of  turbulence  in  a  two-wave  experinirat  Time  is  minutes  after  tbe  start  of  tbe  e; 


NONLINEAR  INTERNAL  WAVES  IN 
OBSERVATIONS  FROM  SHELVES: 
MANIFESTATIONS  OF  SOLITON-LIKE 
BEHAVIOUR 

A.  N.  SEREBRYANY 


N.N. Andreev  Acoustics  Institute,  Moscow  117036,  Russia 

1.  Abstract 

W  iiU>  bjJioaxliiig  of  noiiliiicar  iiiteniul  wav<'s  are  sliovvn  on  l  lie  liasi'  of  long-U  rm  ubserva- 
(ioiib  on  the  s(!a  shelves  of  t'onner  Soviet  Union.  Mea-simnuenls  of  intense  inlcrnal  waves 
In  cUtLeiniae  o!'  clistrihutod  teinpt'rature  sensors  on  llie  Ua.spian  Seti  and  Lite  Sea.  ol'  Japan 
are  tested  I'or  revealing  luaiiifestations  of  .soiiton's  features,  'I'he  diserepancy  between  lin- 
ciir  internal  wa.v<' dispersion  relationship  of  the  hr.st  mode  and  luoasnretl  wave  parainelers 
are  shown  to  be  caused  l),v  nonlinearity  of  observed  waves.  'I'he  observations  reveah-d  thal 
wave  propagation  speetl  e.seeeds  its  value  for  liinnir  wa\’(>s  and  depc'iids  on  amplitude. 
ItNa.mph’.s  ol  typical  solilon  innnih'stalions  such  as  wavi's  on  sharp  slep  like  iniernal  bori' 
anil  wave-predecessors  are  present<'d. 

2.  Introduction 

Stralilied  (lows  on  a  .shelf  re.sult  in  appr-aranee  of  solitary  internal  waves,  brilliant  pis'- 
noiiieuoii  ol  geophysical  hydrodynaniics.  Our  bb-years  es’perienee  of  int<‘i  nal  waves  (idd 
uijsei vations  on  (In'  s('a  shelves  ol  iormer  Sovh’l  I  nion  giv'e  giouinU  to  say  thal  solitarv 
mh'iiial  waves  are  a  pheiioiiK'Hoii  which  olU'ii  occurs  in  llie  dt  nanne  processes  ()ftjeeanic 
margiii.s.  V\e  eairied  oul  long-term  ohserval ions  during  snmnicM  seasons  on  ihe  slielw's 
the  (  a.spiaii.  Hlnek  and  Bai'cnls  .Seas,  llie  .Si'a  ol  .lapan  and  on  I  In'  I'acilie  ('oasi  of 
Kaiiiehal ka.  As  a  resnll.  a  greal  ainonnl  ol  tiala  on  inlc'inal  waves  (inelnding  internal 
solitary  waves)  under  dillereiil  oeeaiiographie  eondition.s  as  well  a.s  in  various  geo|^ia|,li 
ieal  places,  was  collected.  Kverywltere.  Iiolh  in  .sea  with  strong  liile,  and  in  praetieallv 
iiunlidal  sea.  we  observed  intense  intc'rnal  wave's,  peioh'd  in  tridiis.  or  solitarv, regular  or 
wiilionl  any  pe.M'iodieity  emerging  in  lime  and  moving  towarils  tbe  sIiok'.  1  liiee  of  tlie 
iiniiieroiis  <'.Nam])les  ol  I  bese  wave’s  re-eorels  are'  slieiwii  on  f  ig.  1  anel  f  ig.  2. 

In  man.\  ca.si's  nonlinearily  ol  obse’rve'd  inle'ii.se  wave's  is  evide’iil  (lor  exampli'  ebu'  Ui 
e  liai  ai  l eristic  noii-siiiiisejidal  shape  ol  wave'  prerlile's).  hnl  il  is  iiile'iest  ing  to  know  how 
<  lose'  these  ohservecl  wave's  are'  lei  seilileins. 


1:  iiitcnuil  (^fun^  on  I  li*'  ^lll‘ll  ol  llii'  I'ni  ifii  (  Onsl  ol  Kami'liiil  kn. 

Ill  iiili'l  U‘iii|ji'riil  ini'  pi'ulilo  iiml  <liil  lilnilnl  s<Misor  poM  lions. ii'-  wrll  ns  holloin  rclici  ol 
I  In'  pkn  cs  ol  olj.s<'i'\'a.l  ions  hi'*’  sliuu'ii. 

Solilons  liiive  soiiu'  spfciiit  IciiUin'.s  wliitli  may  l»c  olxseivc  al  I  In-  iiiocIltii  lovi'l  ol'  licKI 
('.spn  iiiioiil,  'riicw  properties  ar<'  iIh'  lollouiug;  higher  pha.s(>  speed  ri’h'.lixe  to  liin’ai  wave, 

deliiiiLe  relaliouship  het  ween  amplitiules  of  waves  and  their  ehariu  lerislie  hori/.unlal  scale.  j 

the  dependence  of  wave  speed  against  amplitude,  and  others.  Al  present  are  known  .some 

ohserva-tioiis  ol'  large-aiiiplitiule  internal  wave's  in  tlu'  ocr'aii  and  on  the  slu'he.s  in  whicli  ' 

some  sulitoii's  leaUires  have  been  revealed  ll-ll-  | 

III  t  his  paper  w<'  concent  rate  iiniinl\  on  the  results  ol  inleiinil  wa\'es  measnremenls 
on  shelves  of  I'he  Caspian  Sea  iiinl  I  he  Sea  ol  .lapaii.  In  these  experiments  the  data 
well' obtained  b,\  ineiuis  of  antennae  of  spac<'  d<‘livered  disi  ribnled  sensors.  The  antenna 

consisting  ol  d-7  rlistributed  sensors  allows  us  to  nu-a.sure  plnise  velocit  v  and  direi  tion  of  j 

propagation,  as  well  as  amplitude  lor  each  observed  wave.  'I’his  instrimieni  gives  ns  ilie 
possihility  to  obtain  hanl-to-reach  in  the  held  e.S)»eriment  data  ami  to  compare  them  with 
soliton  s  iiaraineters. 


3.  Elevation  of  linear  wave  speed 

III  oiir  pre\  ioiis  mi'asureinents  w<'  olten  observerl  one  iiii.eresting  peenliarily.  \\  hen  lom 
paring  rlispersive  relationship  ol  linear  internal  waves  with  that-  ol  Ireciuenev  and  wa\’e 
veeior  obsei  verl  I'xperimenUilly  we  noted  the  tendency  ol  ('.xperiinenlal  points  to  lay  ahove 
the  I lu'oretictii  curve  ol  the  lirsl  mode,  'i’his  leatun'  indicates  that  phase  speed  lor  the 
observed  waves  is  larger  then  spi'i'd  of  linear  wavr's.  \V'<' ean  sn])pr>se  that  two  m.dii  eauses 
'  are  responsible  lor  this  ellect,  'I’lie  lir.sl  one  is  connectr'd  with  the  situation  when  liirernal 

waves  are  travelling  with  eu-direet ional  eiirreiit  and  ron.seipient ly  the  doppler  elleei  lakes 
!  plai  e.  IJesides.  it  may  he  also  theetleel  ol  slu'ar  enrreiit  which  will  elevate  t  he  e.xpi'i  imeii 

t  .il  points  above  1  he  I  iirve.  1  he  sei  omi  reason  ol  the  observed  elevat  ion  may  be  eomieet  <‘d 
;  wiili  ilie  iioiirmeariiy  ol' I  he  vvave--, 

j  <  bet  iis  eoiisider  the  ihila  on  inlr'inal  waves  obtained  in  ihe  eoa'»lal  '/one  ol  lln-  Sea  ol 

I 

■> 


I 


I  \mii'('  'J:  lollnu'lii;^  on  slioii’  inU'i'iial  u';iv<‘s  Iraiii.s  coiisisl  iiiji  nl  wiu  i’s  ions  and 

ili'incssiun^i  lospet  l.ivcly  ancl  soparaU'tl  by  a  12  liour  iiiLci  val.  l  lus  cllct  1  l.nniccl  uiil  U)  be 
IHissiblt-  cliu'  lo  significant  cliangc  of  the  mean  llnninoclinc  position  IVoni  the  holtoiii  to 
1  he  subsurface  lny<'r. 

.lapan.  lUilortuuately  we  do  not  ha\e  data  lor  lli<‘  (•urr<‘nt.  lint  it  siionld  be  iiieutioni'd 
that  tlie  cioss  lo  sl\oi'e  curi'ent  component  in  this  j)la<'<’  is  nev’er  large  wliile  the  internal 
waves  travel  nearlv  perpi'iidicnlai  to  shore  line.  So.  lor  tin'  wa\'es  analv/.etl  in  oni-  (asi- 
We  mav  assuiiK'  the  cm  rent  factor  to  be  small.  This  ma>  help  ns  I  o  liinl  l  he  inllnence  of 
iioiilinearit\  factor  on  the  discrepancy  of  observed  data,  I'ig,  •'!  shows  nnniericallv  (iilcu- 
lateil  dispersive  curve  for  liiu'ai  internal  waves  of  tin'  lirsi  inode  and  also  the  e,\p<'ri menial 
points.  In  our  case  each  point  (orrespoiids  to  thi'  mean  value  of  piirtimeters  (peiioil  and 
length)  foi  waves  composing  clearly  sei'ii  t rains  of  inttnise  waves  selected  for  tin'  analysis, 
la'l  us  discuss  the  inea-sured  jrarameters  for  the  iuialjued  fremtency  of  2.75  circle/hour 
in  more  detail.  In  seven  cases  the  points  lay  abovr-  the  curre.  The  greatc'r  rle\iiitiini  to 
the  lelt  Iroin  the  (  urve  ptjiui.s  to  larger  elevation  of  the  observi’d  speed  abrnc  the  liiie.ir 
one.  lids  ilerialion  which  We  comieel  with  the  po.ssible  noiilinearil.v  could  lie  rested  if 
We  loinid  some  wa\  to  evaluate  the  nonlinearity  of  the  obsei'ved  waves,  .\s  mc'asnn'  vil 
nonlineality  we  take  the  I'rseH'.s  paiaineler  (paiiimetef.  i  liaracteriailig  iclation  betwei'ii 
nonlinearily  and  vlispersion  in  t  he  wave).  In  terms  v>l  Kd\  ecpiat  ion  t  he  I  rsell's  par;im('lei 
is  (  ah  nlated  as  I  /  =  (e./ -H.d where  o  and  i  are  1  he  coellicienls  of  nonlinearily  and 
dispersion  of  the  media,  A  is  t  In'  height .  ainl  h  is  the  cliaracteristie  hoi  i/ontal  wave  scale. 
V\e  I  an  compare  llx'  calcidaled  I'lsell's  |>araineters  with  vv'locilies  of  ohsei ved  waves  on 
lrei|uencv  .i.T-b  circle/lionr  (see  inset  of  I’ig.  2).  Des|>ile  the  limited  data  W('  can  notice 
the  lollowing  lenilc'iicy;  tin*  larger  the  I'l'seH’s  parameter  (i.e.  the  larger  nonlinearily  of 
the  wav  I'),  the  larger  it  s  phase  speed.  So.  onr  a.ssnmptioii  that  deviation  of  oliserved  pa 
I  a  met  CIS  o|  intense  wav  <'s  almve  dispei  sivni  curve  ol  linear  internal  w.ives  is  to  he  comiei  1 
with  tlieii  lioidiiii'aiilv  is  eonlilliled. 
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:{;  Dispcisiuii  t  iii  vc  ol  liiiciir  iiilcnial  wavos  of  Llic  (irst.  huhIc  anil  piuaiiictcis  ol' 
ilii'  i)l>sci  \'('<l  Wii\cs  (poiiils).  The  points  iiiulci'  detailed  coiisidtM'al  ion  are  sliowii  in  eircli', 
In  iid<M  relalioiisliip  lielween  Ursell's  pnranu'lers  and  ()l)S(’rve(i  pliase  velocity  are 

sllowii. 


l'i}j,i(i'e  I:  Maiiilestation  (d  the  sper'd-ainplitude  dependi'iicy  in  ol>sei  \'(‘(l  iuleiiial  waves, 
(a)-'IVaiii  ol  waves  lank-oiilered  in  In’inhts  and  velocities.  (I>)-Larf;,ei  wave  H  is  (al.diiiiv; 
np  ^vi(ll  leading  low  aiupliinde  wave  ,\.  Id  the  h'lt  (‘Xperiiiieiil al  points  and  lali  niaied 
dependency  Idr  l\d\  solilons  are  slnwvn. 


4.  The  wave  speed-amplitude  dependency 

It  is  ini eresliiif;  1o  liiid  onl  wlielliei  llie  dependeiici’  if  an,\  helween  llie  ohserv'ed  inielise 
inlernal  wave  and  the  amplitude  and  phase  spei'd  is  similar  to  ih.il  which  lakes  plaic 
ill  ca.s<'  ol  srjlilon.s.'’  Revindinn  speed-amplitude  dependeuee  in  liehl  esperiineni  is 
possible  only  loi  ihe  wa\'es  whidi  <nc  traveHin}>  under  identical  bai  kf!,i'omid  i  ondil  ions. 
Due  1.0  this  limitation  one  can  compare  only  the  waves  which  are  eKise  in  time.  .\s  a  rule 
lhe\  are  waves  |)ooh'<l  in  trains.  I'if’.  la  sliows  a  wave  train  on  the  shelf  of  llie  Caspian 
Se.i  movinj>  allow  ihermoi  line  Hanked  on  the  bottom.  The  train  i  onsisl  of  three  waves 
rank-ordered  in  heighls  (li'om  '2.2  in  to  t).H  m).  .All  the  wa\'es  are  iiio\in|t,  in  tin'  same 
direiiioii.  riie  disliiinc  between  llie  cicsis  ol  the  liisl  two  w.oes  .\  and  M  is  kiiy!,ei  llien 
tin  distance  between  crests  ol  wa.\cs  H  and  ('.  It  is  iiuhred  evideine  that  llie  waves  are 
mo\  in{;  with  dillereiil  speeds.  The  observed  speeds  are  hnverilif!,  with  <le<  reasiiif;  of  hei)j,lils 
bom  D.'JH  m/.s-  to  0.17  m/.s  (here  and  to  follow  lor  phase  S|)eed  esliiiialioiis  llie  nielliod 


I 


1' iu,ui'('  ■*);  IViiiiis  and  uav(-))ri'dc(  cNiimpli-s  ul  nii'asnit'ini'iii  >  in  llii‘S*’ii  ul  .)<i))iiii 

(a.i  )  aii<l  ill  lln'  ('as)»iaii  Sea  (li). 

uf  iduisi'  tiianglfs  aic  used).  'I'Ik-  cwinpaniioii  is  r<'v<.>aliiig  a  good  (|\iidil.iiliv<'  ivgiiviiu'iil 
lii'l v\('(ni  liiK'iir  law  ol  siicod-aiiipliUulo  d«'i><'iul('iin‘  for  l\d\  solil.oiis  and  llic  obscrvi'd 
diiia.  vhougii  real  waves  arc  iiiuving  uitli  slower  s|>«’<>ds.  l''ig.  lii  shows  aiiolliei'  I'xaiiipli' 
where  two  solilar.v  iiili'inal  waves  are  moving  on  a  sluir|)  I lieriiioehin'  elevated  aln)ve  i.lie 
liolunn  as  romiiarrsl  with  the  jns-vioiis  ociasioii.  Both  waves  are  moving  in  the  saiiii' 
dirceiiuii  too,  hut  (he  liigliei  w.ive  is  la’liiiid  the  h’adiiig  smaller  wave,  'I'lie  higher  wavi' 
lias  larger  speed  (0,17  in/.s  againsi  0,07  m/s)  and  is  ealehing  nj)  will)  ihi'  leading  lower 
wavi',  I'lhs  pair  <il  solilaiv  wavi’s  were  reiorded  altei  a  passage  ol  iniernal  hore  when  a 
si ii'iigl.iiening  of  lioKoiii  I'lirreiO  roiueide<l  with  the  direction  r>f  wave  jnopagation.  if  w<' 
lake  into  aecomil  the  r  orre<  ( ion  for  (  o-tlireetioiial  ciirri'nl  of  ().’2  ni/,s.  we  ohlain  a  good 
agii'i'inent  witli  tlmorv.  So,  lor  (he  iwamples  eonsi<lered  \v<'  can  si'c  a  clear  manilesialion 
of  speed-aniplitndi'  ch'pi'lidenev. 


5.  Wave-predecessors 

1  her<'  is  a  lealnre  which  is  ohseiaed  lor  internal  wa\'e  trains  moving  on  near  hotUjin 
t  lierinoeline.  It  has  heen  not  ie<'d  that  soiiiet  ii  ties  in  I  roll  I  ol  a  I  rail  i  is  moving  low  amplil  nde 
.soliiaiy  lending  inti'inal  wa\'e  with  lelative  high  spi'ed  (eoiiipariiig  with  ot.hei  waves  ul 
the  train),  We  will  call  this  wav«' a  wave-pretlen'ssor  heeanse,  as  a  rnle.il  is  the  liisl  wa\'e 
emerging  oil  a  calm  ihennui  line  and  .some  time  later  trains  of  intense  wa\es  or  inl.einal 
l)oii-s  apix'ar  I <j  follow  it , 

fig.  'shows  I  lie  e.\am])les  ol  the  rivortls  <d  internal  wave  trains  with  wave-jjiedei  essois. 
In  l-'ig.  .'i(  we  can  se<'  i  he  t  rain  invoB  iiig  four  wave.s  in  wliieli  all  wa\  es  e.sn-pl  t  he  lirsi 
one  aic'  raiih-ordeied  in  s|.>e<-d  and  height,  'l’ln‘  ver\  high  s|)eed  of  I  he  wave -predei  cs.soi 
dillei  s  u^re.i  1 1\  Ikiiii  tlnil  rah  niated  lor  l\d\  solilon.s.  Other  exauiph's  ol  wave  prederessol's 
.lie  shown  on  fig.  oa.h.  I'..ieh  leeoideil  gron|>  euiisisl.s  of  a  predecessor  and  lour  w.oes 


1 


(i:  'I’Ik'  results  ol'  luiiiu'iiial  lUiKlfliiijr  by  Liu  [•'i].  'IViuisfoiiiiutioii  of  slnrliug  soli- 
Ion's  |.'iU'kot  (1)  williout  (1)  <111(1  with  coiisidciiLlioii  for  slioidinp,  iunl  (lissi|)itt.ioii  t'lfcels  ('J 
.uul 

iio'olccil  ill  t.lii'  tiiiiii.  VVivvos  ill  ti  iiiii  liilvc  no  ordcriiij^  ol  aiiiplil  iidt's.  I'rcdi'ccssors  arc  al 
ii  distiuicc  ill  front  of  the  trains.  The  ix-culiarity  of  this  two  f!,roLi|>s  is  in  thcli-  siinilaril\ 
despite  the  fact  that  one  record  was  obtained  in  the  ('aspiaii  Sea  and  1  he  other  in  the 
Se,i  of  Ja|}an. 

The  leading  wave  with  relative  low  am  pi  it  iide  does  not  agree  with  Kd  \  ecpial  ion  model . 
However  Idr  belter  agreeiiieiit  betw(-en  the  model  and  obser\'ed  dala  il  is  necessary  t.o  add 
in  the  right  part  of  K(l\'  ('(puilion  .some  terms  aeeomiting  for  dissip.it ion  processes  ami 
the  inllueiiee  of  iiidined  bol  tom.  so  called  shoaling  elfeel .  1  he  inlliieme  of  I  hese  faelors 
(di.ssipal ion  due  to  hoiizonl al  turbulent  vi.seosity  and  shoaling  elleet)  on  inleimal  trains 
evolution  was  clearly  demonstrated  in  the  work  of  Liu  (o]  bx'  means  ol  nmiierical  modeling, 
for  eonditioiis  of  the  N<nv  York  Day.  Di.ssipalion  and  shoaling  elfeets.  as  Liu  showed.  Iciul 
ill  soiiK’  iiioiiR'iil  to  the  stage  when  tin'  leading  wa\<'  Ik'coiiu's  lowi'r  than  the  following 
waves.  The  r(•lative  inllueiiee  of  these  both  factors  on  train’s  l•\•ollllion  is  illustrated  Lv 
Liu  ill  I'  ig.  (i.  lakiiig  into  consideration  this  results,  we  can  tri'ai  I  he  observed  wave 
predecessor  as  .soliloii  which  has  run  ahead  and  lost  its  own  large  aiiiplil  nde  due  lo  st  rong 
dissipal  ion. 

G.  Waves  on  a  step-like  bore 

Shul  l -period  waxes  on  a  step-like  intern.d  bore  are  st  riking  e.xaniple  ol  inanilesi ai  ion  ol 
solilon-like  xvaves  m  I  he  nal  ure.  ('onsidei  bore  s  record  oblained  in  I'he  (  aspian  shell 
(I’ig.  7a).  slightly  pronounced  ihermocliiie  in  the  bottom  laxer  is  ole.erxcd  belore  the 
emergence  oi  Intel n.d  bore.  1  he  sharp  step  has  pas.sed.  lolloxved  bx  a  t  hin  laxer  ol  cold 
xvaler  emerged  near  the  botloin.  .So  a  sirong  bottom  I  h<‘i  nioeline  has  been  genei.iti'd  and 
shorl-period  waxes  were  moxing  on  il  during  a  long  time.  II  wi-  l.ike  into  considei  al  ion 
.idxeetion  due  lo  holloni  cnireiil  ol  (1.2  m/s  llien  the  obserxed  high  speed  ol  waxes  eijual 
lol).  Il  m/s  is  le.isonable  eiixJiigh.  I’he  parame'ers  ol  xvaxeson  step  like  ini  ei  iial  hore  aie 
III  a  gooxl  agreenienl  wilh  Kd\  solilolls  (sei'  I'ig.  7h). 


(I 


7:  (m)  ( 'liiiiach'i  isl.u  lu.inilchliii  ion  ol  siililoiis;  slioi  l  -|)('rioil  waves  oii  ti 

sle|)-like  liore.  Al  llie  koU.oiil  leiil|)eral  iil't'  in'olilcs  for  (lie  ililieiciil.  luoliienls  of  ln)r€‘'s 
|)iissinj>  lire  iiresciiLiHl,  (Ij)  ('iik  iilaied  iiniplil  (liorizoiiliil  seale)  rel.il  ionslii])  for 

Kil\  solil.ons  iiml  aijpropi iiU<' olis('i'\(‘i|  |)i\ram<’lers. 


7.  Conclusions 


On  l  lie  liasis  of  eoiisidert'cl  CNainples  we  lind  'lie  fealnres,  wliieli  poiiil  lo  sulil.on  iiia.racl.er 
ol  llie  olisei'verl  waves  and  );ive  {>roiiiids  for  us  to  identifv  them  with  soliluiis,  Speakinf!, 
ahoul  linding  solilun's  features  we  ari'  uiidi'rliiiiutt  the  faetoi'  of  i|ualitali\e  a,i>i'eemeiil , 
llial  may  lie  tlie  tnain  one  for  idr'iilifir  at  ion  of  soliton  in  nsd  eiiviroimient .  In  the  <pianti 
talive  compai'isoii  with  the  l\d\  ('(pialion  we  do  not  have  the  complete  anreemenl  in  all 
parameters,  lliougli  in  some  occasions  the  ajireeiuent  with  t hi'oi y  is  p^ood.  'I'liis  peculiarity 
i.s  reasonaijly  well  accouiiti’d  lor  by  the  backf;round  factors  whidi  liiuc  not  been  included 
into  l.lie  <'on.sid<'raliou  (lot  e.'cainirh'.  r'urreids.pro.simily  of  bottom  and  etc.),  .\e\erlhe 
less,  soliton  properties  in  internal  wnve.s  on  t.li<’  shelviss  are  shown  to  he  sidliciently  well 
proiioiinci'd  not  lo  be  slnulowed  by  factors  of  <‘.Nternal  eiiviroumeiil  ainl  its  variability. 
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Abstract 

Doteniiiiiiiip;  the  internal  gravity  waves  ge.nerated  by  the  two-diniensional  flew  of  a 
■stratihecl  fluid  over  an  obstacle  is  an  important  proljlein.  Recent  calculations  using  a 
fully  nonlinoar,  invi.scid  numerical  model  show  that  nonlineavities  can  substantially  modify 
the  nature  of  the  flow  flcld  in  certain  parameter  regimes  (Lamb  1994).  An  approximate 
nonlinear  spectral  model  has  been  developed  wliich  cpjalitatively  reproduce.s  the.  behaviour 
of  the  fully  nonlineai-  model.  This  model  is  used  to  <‘xplore  the  nature  of  the  nonlinear 
wave  generation  proce.ss. 


Introduction 


In  Lamb  (1994)  a  primitive  equation  numerical  model  was  used  to  investigate  two 
dimensional  stratified  flow  over  a  single  smooth  obstacle.  A  rigid  lid  was  u.sed  and  the 
fluid  had  a  nondimentiional  depth  of  one  away  from  the  obstacle.  Far-  upstream  the  flow 
had  a  coirstant  horizontal  velocity  also  noudimensionalized  to  one  and  a  constant  Imoyancy 
fr<‘ciuency  N.  Froud<^  numbers 


(1) 


l)etwe<ui  O.b  aiul  1.0  were  considered.  It  was  shown  that  in  certain  parami^ter  regimcis  large 
ainiditude  waves  could  l)e  generated  through  a  nonlineai  mechanism. 


Nonlinearities  in  tUi.s  ijroblem  ai'ist?  from  two  .sourcc^s:  i)  the  nonlineai-  terms  in  the 
governing  equatiou.s,  and  ii)  the  nonlinear  nature  of  the  lioundary  condition  over  the  obsta¬ 
cle.  Among  other  effects  the  iire.sence  of  an  ob.stacle  results  in  larger  depth  averaged  flow 
and  meiui  stratification  over  tlie  obstacU^  which  effects  wave  propagation.  Figure  1  shows 
the  mode  one  and  two  waves  for  tv/o  model  runs  witli  F  —  0.66G,  one  with  an  obstacle  and 
one  with  a  depres.sion.  The  lower  boumlaiy  is  at 


=  /i(x}  ^ 


a 

iTw^' 
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with  the  half  width  D  =  0.17  and  the  amplitude  a  —  0.12  for  the  obstacle  ami  -0.12  for  the 
depression.  The  flow  is  from  left  to  right.  The  linear  solution  (Baines  1979)  for  tin-  ob.stacle 
ca.se  is  shown  for  coinpai'ison.  Botli  iniKlel  runs  show  a  similar'  highly  nonlinear  liehaviour. 
The  nonliirearly  geirerated  waves  include  three  dominant  types,  the  gomu-ation  of  which  an- 
strongly  coupleil.  A  large  mode-one  wave,  attached  to  the  downstream  side  of  tin-  obstacle, 
osdllates  in  amplitude.  Witli  each  o.scillation  a  long  mode-out*  wave  is  generatj'd  which 
l)ropagaU's  up.streaui.  A  large  motle-iwo  wavt*  is  sd.st)  gem-rati'd.  It  propagali's  against,  the 
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flow  Init  is  advected  downstream.  D<Jwn.streani  (jf  tlie  obstacle  a  train  of  mode-two  wave.s  is 
formed  along  with  a  lee- wave  field  of  lai'ge  amplitude  mode-one  wave.s  having  an  ni)stream 
phase  speed  and  a  downstream  group  velocity.  Tlie.se  uiode-one  wave.s  break  for  obstacle 
amplitudes  well  below  the  breaking  amplitude  predicted  by  the  sti^ady-state  Long’s  model 
.solution  (Lamb  1994). 

When  tlie  linearized  equations  are  solved  (Baines  1979)  in  the  model  domain  subject 
to  the  nonlinear  lower  boundary  condition 

w  =  (1  +7i)h'(u:)  at  z  =  /i(^‘),  (3) 

(«  and  IV  arc  the  horizontal  fuul  v<*rtical  velocity  perturbations)  rather  than  the  linear  one 

w  =  h'(a;)  at  3  =  0,  (4) 

the  lichaviour  is  almost  identical  to  the  lineai-  solution. 

Tin*  similarity  of  the  obstacle  and  depre.ssion  cases,  for  which  the  deptli  averaged 
flow  ami  stratification  are  increased  and  decreased  re.s|)ectively,  together  with  the  apinoxi- 
mately  iinear  behaviour  which  occurs  when  the  uouliiiear  terms  iu  the  governing  equations 
are  switched  off,  suggest  that  it  is  the  noulinearities  iu  the  governing  eipiations  which  are 
rcspousililc  for  the  nouliueai'  wave  generation.  In  order  to  investigate  this  a  truncated 
spectral  model  has  l)eeu  developed  iu  which  the  ob.stacle  is  removed  and  forcing  terin.s, 
msec!  to  api:)roximat(’.  its  effect,  are  added  to  the  governing  equations.  This  model  qualita¬ 
tively  reproduces  the  Ijehaviour  ol)served  in  the  full  nonlinear'  irunrcrical  model.  It  has  tire 
advantages  ov(u'  the  full  nouliueai'  inodcd  of  allowing  one  to  turn  off  different  terms  (t-.g., 
forcing  of  mode-two  waves)  enalding  one  to  inve.stigate  the  cause  of  the  behaviour,  and  it 
allow.s  parameter  space  to  be  laoie  rapidly  explored. 

The  Spectral  Model 

In  the  numerical  model  used  in  Lamb  (1994)  a  forcing  term  was  used  to  cpiickly 
acc(4erat<^  the  flow  from  rest  in  order  to  mimic  au  impulsive  start.  Here,  the  forcing  term 
is  droi)ped  uml  it  is  assumed  that  initially  tin-  iso2>ycual.s  are  Hat  ami  the  velocity  fielrl  is 
iri'otational  with  an  uirstreani  flow  sireed  of  one.  In  terms  of  the  total  streamfunction  ;  -f  i/' 
the  model  equations  can  thou  be  written  a.s 

(5«) 

6(  -  -t-  J  (j/>,  b).  [6b) 

Here 

6  -■=  <ip'  (G) 

when*  y  is  tin-  gravitational  constant  and  f'o(l  +  P(^)  +  p'(x,z,t))  is  the  density.  The 
density  i)erturbation  p'  is  initially  zero  and 


J  is  the  Jacobiaii  operator 


JiQ,R)^Q^R^  -  Q,R^. 


With  a  rigid  lid  at  ^  =  1  and  a  lower  h(niiidary  at 
Ijoundaiy  conditions  are 


(8) 


--  h(x)  given  by  (2).  The  invisdd 


i/’(x,l,t)  =  0. 

(9«.) 

— V’j  =  nt  X  -  h(x), 

(96) 

tj',b  — )  0  as  X  — )  ±00. 

(9<-) 

The  first  step  in  deriving  the  spectral  model  is  to  place  the  lower  boundary  at  i  =  0 
and  re])lace  the  lower  Ijonndary  condition  (91))  with  the  linearized  lower  l)oandary  condition 


t/)(x,0,f)  =  — /t(x). 

(10) 

New  depemlent  vaiialjles 't  and  B  are  introrluced  via 

</.-■=  4'  +  )t(x)(2-l), 

(11a) 

h=B-N'^h{x){z-\). 

(116) 

The  Ijoundary  conditions  for  'I'  are 

'Kx.O.O  =  '!'{-,  1,0  =  0. 

(12) 

The  governing  equations  Ijeconie 

+  J{g/.  V"'!')  +  h'\x)<i!, 

-  (}i"'{x)  +  N^h'{x)  +  h{x)h"'{x)  -  h'{x)h''{x)^  (2  -  1) 

+  (/d(x)V'4-,-/i"'{x)4’.)(--l),  (13«) 

^  -(i  +  /i(x))b,  -  (n-/i(x))w^'f,  +  J(yl),i?) 

+  +  Ar'''/).'(x)\I',)  (2  -  1).  (131)) 

One  effect  of  the  transfonnation  has  Ijeen  to  transfer  the  forcing  from  tin*  bonndary  con¬ 
ditions  to  forcing  terms  in  the  governing  equations  (Mclntyrt'  1972). 

Thes<'  rather  comi)licated  equations  involve  a  number  of  nonlinear  terms  which  are 
(piadratic  in  h,  and  B.  Dropping  those  which  involve  h  and  are  zero  away  from  th<' 
obstacle  resvdts  in  a  much  simpler  set  of  equations,  namely 

O  rj 

Bt  ■■=  ~B,.  -  +  J('I',i?). 
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1),  (14«) 

(141)) 


These  equeitions  are  the  name  as  the  original  equations  (5)  for  i/^  and  !’  except  for  the 
forcing  term  in  the  vorticity  equation.  Liiieai'izing  (14)  gives  the  linear  proldein 


(^  ~  1),  (ISa) 

Bt  = -Ba  -  (15t) 

The  initial  conditions  for  (13),  (14)  and  (15)  are  those  of  irrotational  flow  and  flat  isopyc- 
nals.  In  terms  of  and  B  these  are 

V'4'(x,  2,0)  =  -/,."(.-)(; -1),  (1C«) 

B{x,z,0)  =  N’^hix){z-l).  (1G6) 

The  solution  of  (15j-(16)  with  the  boundary  conrlitions  (13)  recovers  the  elassit  al  linear 
solution  (e.g.,  Baines  1979). 

The  advantage  of  using  'I'  and  B  as  dependent  variables  is  that  has  liomogeneous 
boundary  conditions.  In  addition, 


=  0, 


(17) 


and,  for  the  lineai'  problem 

=  -N'^h{x  -t).  (18) 

which  becomes  zero  near  the  obstacle  for  lai'ge  time.  Thi.s  latter  equation  do(^s  not  hold 
for  the  nonlinear  prolflems.  With  a  particular  choice  of  terrtdn  following  isopycnals  as 
initial  conditions,  the  initial  condition  and,  for  the  linear  prol^lein,  the  bottom  boundary 
condition  l^ec.oine  zero. 

The  spectral  model  is  obtained  from  equations  (13)  by  setting 


^  -  V  Sin(n7r2), 

7i7r 

(19«) 

?♦— - 1 

oo 

B  =  y'  b„(x,l)siu(u7r2), 

n—  t 

{19b} 

,  ^  ^  sm(7J7rz) 

nn 

(19c) 

a„  and  b„  are  the  amplitudes  of  the  uiode-x  horizontal-velocity  and  density  wave.s.  Sid)- 
stituting  (19)  into  (13)  results  in  coupled  PDE’s  for  tin-  a,/s  and  fc„’s.  The  model  is  then 
truncated  to  M  modes  by  eliminating  all  terms  iimilviiig  a„  and  if„  with  n  >  M.  The 
resulting  2M  coupled  nonlinear  equations  comi>rise  a  new  approximate  nonlinear  model 
wliieh  is  referred  to  as  the  spectral  model.  The  corresponding  model  based  on  ecpiations 
(14)  is  railed  the  simple  sijectral  model.  Solutions  of  th(‘  two  models  are  very  similar  (at 
least  for  the  pfuaineter  values  cruisidered).  For  F  >  0.5  wi'  set  M  —  3.  The  l)chaviour  of 
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the  first  two  modes,  which  is  of  most  interest,  is  not  significantly  different  if  more  modes 
are  inchided.  The  statement  that  inode-/j  is  not  forced  means  that  both  the  forcing  term 
proportional  to  h"'  +  N'^n'  +  hh'"  —  k'h",  is  set  to  zero  and  that  a„  and  are  initially 
zero.  In  that  case,  in  the  absence  of  noulinearities,  a„  and  b,,  would  remain  zno.  Tin* 
etpiations  for  the  a,,  and  b,,  aiv  solved  numerically  u.sing  second-order  differencing  in  tinu' 
and  .space  with  a  leapfrog  time  stepping  scheme. 


Results 

Using  obstacles  given  by  (2)  there  are  three  paiaineters  in  the  proljlem;  the-  olj.staclc 
amplitude  a,  the  ob.stacle  half  width  D,  and  the  Froude  immber  F.  Consider  the  case 
F  —  0.666,  a  =  0.12  and  D  =  0.17.  These  are  tin?  same  parameter  Vedues  used  for  the 
oljstacle  ca.se  shown  in  figure  1.  In  figui'e  2  the  s}>ectral  model  result.s  arc  compared  with 
the  numerical  model  residts  at  f  =  100.  The  mode-one  and  two  horizontal  vehx.-.ity  waves 
U]  and  aa  are  siiown.  For  the  mimerical  model  «„  is  given  by 


1  °° 


(20) 


where  u  is  the  total  horizontal  velocity.  Away  from  the  obstacle  a,i  can  1)0  identified  as 
the  niodc-n  horizontal-velocity  wave. 

The  behaviour  of  modes  one  and  two  ai'e  ciualitatively  similar  in  the  numerical  and 
spectral  models.  Upstremii  of  the.  obstacle'  (a:  <  0)  the  amplitiule  of  the  motle-one  waves 
initially  decreases  as  the  obstac'.le  is  approached,  but  then  increasi^s  dramatically.  This 
increase  is  referred  to  as  growth  of  the  rxijstreani  waves.  Linear  theory  predicts  a  xuoiioton- 
ically  decreasing  aini)litud<!  (figure  1).  Downstis^am  of  th<^  obstacU;,  liiu^ai-  theory  predicts  a 
statioiraiy  lee  wav<'  field  with  a  wavelength  of  1.79  and  aixproximately  constant  amplitude 
Ijetween  x  =  0  and  .r  s»  oO.  Both  nonlinear  models  sliow  waves  with  almost  twice  this 
wavelength.  Some  of  the  waves  are  considerably  larger  than  the  linear  waves.  Both  models 
include  a  nonlinearly  generated  train  of  large  amplitude  mode  two  waves.  There  is  (me 
large  niode-two  waves  for  each  mode-one  wave  upstreanx  of  the  obstacle. 

While  there  is  substantial  qualitative  agiecxxient  l>etwccn  the  two  xioiilineai'  models 
tlxere  are  diffei  ences.  The  waves  in  the  numerical  model  are  significantly  larger  than  those 
in  the  spectral  model,  presunxably  Ixecaixse  the  linearized  Ixouudary  condition  undert's- 
timate.s  th('  forcing  due  t(5  the  obstacle.  Ixx  addition,  the  upstream  propagating  waves 
prodncxul  Ijy  the  spectral  xnodtd  include  xx  small,  negative  cohxmiiar  distvxrljaiiee. 

Solutions  of  the  .sinxple  truncated  model  bas(;d  on  (14)  art^  remarkably  similar.  For 
tlu'  above  e.asi'  the  ])ip;g(>st  differtuice  by  t  =  100  is  that  the  last  two  upstream  px'opxxgatiug 
mode-oiK?  waves  to  have  left  the  obstacle  are  about  25%  smaller. 

When  oiil}'  the  mode-oiw^  wave  is  forced  the  behaviour  is  qvxalilativcly  similar  to  the 
base  case,  although  the  growth  of  the  upsti’eaxn  propagating  waves  is  significantly  reduced 
(Ixy  txbout  two  thirds).  lutevestingly  the  laig<  mode-two  waves  botw('(ui  x  =  0  and  .r  R:  30 
iire  virtucdly  icU'iiticxd  to  those  ixi  the  Imse  case.  When  only  tlxe  mode-two  wav<'  is  foic('d  the 


niockvoiie  waves  are  greatly  reduced  iii  amplitude  everywhere  while  the  mode-two  waves 
are  very  similar  to  the  linear  waves.  This  shows  that  the  nuide-one  forcing  is  the  key 
forcing  term  and  that  forcing  of  the  mode-two  wave  enhances  the  nonlineai'  behaviour. 

Summary 

Two  spectral  models  have  been  derived  based  on  the  idea  of  linearizing  the  lower 
boundary  condition  aiul  tran.sferriug  the  wave  forcing  from  tiie  lioundaiy  condition  to 
the  governing  equatit)ns.  The  .siinple.st  of  the  two  is  basc^l  on  (14).  These  equations  are 
identi(;al  to  the  initial  equations  (5)  with  the  addition  of  a  forcing  term  in  the  vorticity 
equation.  After  the  Fourier  Serie.s  expansion  (19)  and  the  truncation  to  a  finite  uuuiIku'  of 
mode.s  the  forcing  terms  are  zero  on  the  upper  and  lowin'  Ijoundaiies  and  have  the  effect  of 
forcing  a  finite,  uumlier  of  waves.  These  forced  waves  are  identical  to  the  waves  generated 
in  the  linear  prolilein.  The  full  spectral  model  is  more  complex  and  includes  terms  which 
model  some  of  the  effects  of  the  noidinear  iiatiu'e  of  the  lower  boundary  condition.  For 
example,  in  (13)  factors  of  1  +  h{x)  ajjpeai'  which  model  the  increased  depth  averaged  flow 
speed  and  .stratification  over  the  ob.stacle.  The  full  spectral  model  im]3roves  the  agreement 
with  the  full  nonlinear  model,  but  not  very  significantly. 

The  qualitative  features  of  the  nonlineai'  wave  generation  process  for  Froude  numbers 
Ijetween  0.5  and  1.0  aie  reproduciul  bj'  the  sjiectral  model.  Both  mode-one  and  mode-two 
waves  are  nonliueaidy  generated  when  only  the  mode-one  wav(^s  are  forced.  This  show.s  that 
nonlineai'  interactions  among  the  mode-oni'  waves  are  directly  responsible  for  the  mode- 
two  wave  generation.  This  occurs  over  the  obstacle  at  the  upstream  edge  of  the  mode-one 
lee-wave  field.  The  mode-two  waves  then  interact  with  tliii  mode-one  waves.  This  rosult.s  in 
growth  of  the  up.stream  propagating  mode-one  waves  and  also  in  a  lee- wave  train  of  mode- 
one  waves  which  are  both  larger  and  longer  than  the  .stationary,  lineai',  mode-one  leo  waves. 
These  large  mode-one  waves  reduce  the  obstacle  amplitude  riujuired  for  wave  Isreaking. 
Direct  forcing  of  the  inode -two  waves  amplifies  the  nonlinear  behaviour,  in  particular  the 
growth  of  the  upstream  pi'oi>agating  mode-one  waves,  l)ut  docs  not  qualitatively  change 
it.  The  increased  mean  flow  speed  ami  stratification  strength  over  the  oljstac.lo  is  not  of 
fundamental  importance  for  the  obstacles  and  Froude  uumbers  considered  here. 

Acknowledgement.  Thi.s  work  was  funded  by  a  grant  from  the  Natural  Sciiuiees  and 
Engineering  Research  Council  of  Canaila. 
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1.  ( -oiiiparison  of  waves  i'cneraled  by  liow  over  an  obstacle,  a  =  0.12,  (solid  curve)  aiul  a  de¬ 
pression,  a  =  -0.12.  (diishrd  curve)  for  F  =  0.666  and  I)  =  0.17  (a)  ui.  (b)  a^.  (c)  Linear  solution 
for  ubsLacle  cjise.  Lower  resolution  used  for  depression  case  results  in  unre.yolved  short  waves  for  j:  >  iiU. 


INERTIA-GRAVITY  WAVE  PROPAGATION  IN  A  JET  REGION 


M.-Pascale  Lelong  and  Timothy  J.  Dunkerton 
Northwest  Research  Associates 
Bellevue,  Washington  USA 

Intenial  gravity  waves  ai'e  a  common  feature  of  middle  atmosphere  mesoscale  flows;  they 
are  known  to  play  an  important  role  in  transporting  momentum,  heat  and  constituents  in  the 
earth’s  atmosphere.  In  the  lower  stratosphere  and  upper  troposphere,  near-inertial  waves 
dominate  the  gravity  wave  spectrum.  These  inertia-gravity  waves  (henceforth  IGW)  dis¬ 
tinguish  themselves  from  high  frequency  gravity  waves  by  their  short  vertical  wavelength 
(~l-2  km),  large  horizontal  scale  (~2(K)-1000  km)  and  long  jjeriods  (several  hours  or  more). 
Whereas  the  high-frequency  part  of  the  gravity  wave  spectrum  tends  to  saturate  principally 
via  convective  instability,  it  is  believed  that  IGW  undergo  breakdown  via  Kelvin-Helraholtz 
instability.  The  relative  importance  of  the  ensuing  mixing,  however,  remains  to  be  estab¬ 
lished. 

Here,  we  present  the  results  of  some  high-resolution,  three-dimensional  numerical  simu¬ 
lations  designed  to  address  the  issue  of  mixing  efficiency  following  the  breakdown  of  IGW. 

The  numerical  model  is  a  tluec-dimcnsioual,  pseudo  spectral  code  for  the  Navicr-Stokes 
equations  with  the  Boussinesq  approximation.  Boundary  conditions  arc  triply-])criudic.  The 
time-stepping  is  imrformed  with  a  second  order  Adams-Bashforth  algorithm.  A  third  or¬ 
der  Adams-Basliforth  version  has  also  been  implemented.  The  computational  domain  has 
horizontal  dimensions  of  l(XK]A;m  and  vertical  dimension  of  lOkm.  A  spectral  resolution  of 
128^  wavenumbers  is  typically  used.  For  the  cases  involving  a  mean  flow,  sponge  layers 
at  the  toj3  and  bottom  domain  boundaries  are  used.  These  layers  efl'ectivcly  ensure  that 
waves  propagating  upward  will  not  reenter  the  computational  domain  through  the  bottom 
boundary. 

The  propagation  and  breakdown  of  on  IGW  is  first  examined  in  a  shear-free  environment. 
The  problem  is  then  generalized  to  investigate  the  propagation  characteristics  of  IGW  in  the 
presence  of  a  mean  zonal  jet  U {y,  z)  where  y  and  z  are  longitudinal  and  vertical  coordinates 
respectively.  Linear  as  well  as  nonlinear  cases  ai-e  considered.  The  breakdown  is  also  exam¬ 
ined  as  tin;  horizontal  orientation  of  the  wave  relative  to  the  jet  is  varied. 

This  particular  problem  constitutes  one  aspect  of  some  ongoing  research  on  the  role  of 
inertia-gravity  waves  in  stratosphere/troposphere  exchange. 
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LAGRANGIAN  COORDINATES,  GRAVITY  WAVE  SPEC  "RA,  AND  THE  DICHOTOMY 
OF  BUOYANCY  SUBRANGE  THEORY 


J,  Wcinstock 

Aeionomy  Laboratory,  NOAA 
325  Broadway 
Boulder,  CO  80303 


ABSTRACT.  It  is  shown  that  Lagrangian  coordinates  are  equivalent  to  u.se  of  particle 
propagators.  Both  account  for  nonlinear  advection  in  the  same  way.  Kelatedly,  it  is  found 
that  Stokes  drift  has  an  equivalence  to  solution  of  the  Navier-Stokes  and  immediately  reveals 
the  structure  and  significance  of  perturbation  theory  —  inluding  ()uasilinear,  weak  wave 
interactions,  and  .so-called  .strong  wave  interactions^  These  elementary  relations  are  then 
applied  to  derive  the  veitical  wavenumber  spectra  oforoad  band  of  random  gravity  waves, 
the  related  scale  dependence  of  diffusivity,  and  the  connection  of  this  spectrum  and 
diffusivity  to  buoyancy  subrange  theory. 


1 .  Introduction 


Lagrangian  coordinates  provide  a  convenient  and  general  tool  for  understanding 
and  calculating  the  nonlinear  behavior  of  gravity  waves  (c.g.,  Andrews  and  McIntyre,  1978; 
Weinstock,  1976;  Allen  and  Joseph,  1989) --  including  gravity  wave  saturation  and  spectra. 
The  first  part  of  our  article  concerns  such  coordinates.  The  purpose  is  to  show  that 
Lagrangian  coordinates  are  entirely  equivalent  to  particle  propagators,  and,  relutedly,  that 
Stokes  drift  has  an  equivalence  with  solution  of  the  Navicr-Stokes  equation  and  immediately 
reveals  the  stmeture  and  significance  of  perturbation  theory  --  including  quusilincar  theory, 
weak  wave  interactions  and  the  so-called  strong  wave  interactions.  Much  of  this  discussion 
appears  in  a  recent  book  (Weinstock,  1993)  to  which  we  refer  for  proofs  of  some  relations. 
One  motivation  for  stressing  the  relationship  between  Stokes  drift  and  solutions  of  the 
Navicr-Stokes  equation  is  to  take  advantage  of  recent  interest  of  the  former  to  help  explain 
our  previous  work  with  the  latter.  Tlic  other  motivatiun  is  that  the  former  provides  a 
simplification  of  the  latter. 

The  second  part  of  our  paper  is  to  use  these  Lagrangian  considerations  to  calculate 
the  spectrum  of  a  broad  band  of  random  gravity  waves,  the  related  scale  dependence  of 
diffusivity,  and  the  connection  of  this  spectrum  and  diffusivity  to  buoyancy  subrange 
theory.  Emphasized  is  that  the  scale  dependence  of  the  diffusivity  is  more  than  a  theoretical 
coifcpt  but  has  a  major  influence  on  transport  in  stably  stratified  turbulence.  Also 
emphasized  is  how  this  scale  may  help  resolve  a  defect  of  buoyancy  subrange  theory. 

2.  Loigrangian  Coordinates  and  Particle  Propagators 


To  demon.strate  the  equivalence  between  Lagrangian  coordinates  and  particle 
propagators,  and  how  they  help  solve  the  Navier-Stokes  equation,  we  begin  with  that 
equation  in  the  familiar  form: 


du 

—  •+•  u  •  V  u  =  - 
di  ~  ~~ 


Yp 


qp2 


Po  + 


— 

Po  + 

p' 

Wm. 


(1) 


where  Ji=u(R,t)  denotes  the  total  (local)  fluid  velocity  at  po.sitiori  R  at  time  t,  p'  is  the 
pres.sure  fluctuation,  p'  is  the  particle  density  fluctuation,  p,.  is  the  average  background 
density,  g  is  the  acceleration  of  gravity, v  is  rnoleculai  vLsco.sity,  and/,  denotes  a  unit  vector 


I 


along  the  vertical  direction.  The  small  squares  around  the  p '  terms  on  the  right  side  of  ( I ) 
denote  that  these  terms  are  to  be  neglected  compared  with  the  nonlinear  advection  term, 

.  V  jj  Therefore,  advection  is  the  only  nonlinearity  to  be  considered  hereafter. 

It  is  Convenient  to  write  (I)  in  the  condensed  form 

(2) 

-vV\. 

Po  Po 


where  E  (RiO  simply  denotes  the  sum  of  all  the  terms  on  the  right  side  of  (2),  and  is  a  linear 
function  of  wave  fluctuations.  It  is  shown  in  App.  A  that  a  fomially  exact  solution  of  (2)  is 
given  as  follows: 


u(R.t)  =  jjL!iL(-i).oi+  dt,E[8L(ti-t),t|], 


at  (4) 

where  uIRlC'Oi^]  denotes  the  initial  value  of  Ji(K,t)  with  R  replaced  by  the  Lagrangian 
coordinate  8L('t)  ttt'd  the  second  term  in  (3)  is  the  t,  integral  of  E  (Rdi)  but  with  the  usual 
coordinate  R  replaced  by  the  Lagrangian  coordinate.  I1ie  Lugruttgiait  couidinate  i<t(0  >s 
defined  by  (4)  as  the  solution  of  Newtons  equation  for  tlie  motion  of  a  particle,  or  air  parcel,  SL(t) 
in  the  fluid  velocity  field  Ji.  The  (Lagrangian)  coordinate  Ri,(0  is  expressed  in  terms  of  the 
wave  velocity  field  by  cqn.  (4  ).  The  minus  I  occurs  because  the  Lagrangian  operator  is 

3/Dt  +  U'V  rather  than  3/3t  -  ll'  V  and  displaces  panicles  backward  in  time. 

What  (3)  states  is  that  the  (nonlinear)  .solution  of  the  Navier-Stokes  equation  is  given 
exactly  by  the  solution  of  the  linearized  equation  but  with  the  coordinate  E  everywhere 
replaced  by  a  Lagrangian  coordinate  Bl(0-  Since  linearized  solutions  are  often  fairly  easy 
to  obtain,  (3)  provides  a  general  means  of  extending  such  (linear)  solutions  to  nonlinear 
ones.  Conespondingly,  (3)  combined  with  (4)  implies  that  the  Lagrangian  velocity  u  [Bl(0.  ll 
is  the  basic  quantity  needed  to  solve  the  nonlinear  Navier-Stokes  equation  —  since  it 
determines  RL(t)' 

What  we  particularly  wish  to  emphasize  is  that  Lagrangian  coordinates  arc  equivalent 
to  u.se  of  a  paiticle  piopagator.  To  demonstrate  this,  we  show  that  the  Lagrangian  velocity  U  f  Bl(0-  l] 
can  he  written  as 

a  [RlCD,  l]  =  exp  (J  •  V^)  5i  (B.t)  (5) 


^  =  RLd)  -  Bl(0)  =  dt,u[RL(li).t|] 


where,  physically,  p  is  jusi  the  displacement  of  a  particle  IVom  its  initial  position.  The 
.symbol  ^  was  used  in  a  related  context  by  Andrews  and  McIntyre  (1 978).  The  super.script  + 


2 


on  Y  is  to  note  that,  in  the  case  of  incompressibility,  ^  (5)  operates  only  on  u  (R,t)  to  its 

right  and  not  on 

A  pedestrian  way  to  verify  (5)  is  to  expand  uIRlR),  l]  in  a  Taylor-McLauran  expansion 
about  El(1)  -  ‘‘•'d.  itt  the  same  tinte,  to  expand  the  exponential  of  (5)  in  a  power  series 

P  ,  V'*' 

in  2  ,  and,  afterwards,  compare  both  sides  of  (5)  tenn  by  tenn. 

It  is  the  exponential  term  (^  '  ~  )  that  is  referred  to  as  a  particle  propagator. 
According  to  (5),  this  propagator  simply  states  that  the  usual  Eulerian  coordinate  g  is 
everywhere  replaced  by  the  Lagrangian  coordinate  RlCO.  In  other  words,  the  propagator  is 
equivalent  to  (being  in)  Lagrangian  coordinates.  The  advantage  of  the  propagator  is  that 
the  transformation  (to  Lagrangian  coordinates)  is  given  in  an  explicit  mathematical  form 
whieli  readily  allows  for  mathematical  manipulations  (so  us  to  derive  nonlinear  wave 
properties  in  a  fairly  sitnple  way).  For  example,  the  straight-forward  power  series  expansion 

of  the  propagator  in  ascending  powers  of  ^  '  Y  yields  perturbation  theory,  and  immediately 
determines  Stokes  drift  and  other  results  —  as  .shown  in  the  next  section. 


3.  Stokes  Drift  and  tlie  Navier-Stokes  Equation: 


To  show  that  Stokes  drift  is  closely  related  to  a  solution  of  the  Navier-Stokes 
equation,  and,  at  the  same  time,  yields  perturbation  theory  we  take  the  .straight-forward 
power  series  expansion  of  the  exponential  propagator  (5)  as  follows: 


Ulgu(t).t]  =  l!(E,t)  +  l-Vii  +  v)Vu 

Quasilinear  Weak  wave/,.,,  v 
interaction 


(7) 


Higher  order  terms 


where  we  again  use  Ji  -  to  condense  the  notalioii.  These  ordered  2  lurnis  eonstilute 

perturbation  theory. 


Before  discussing  the  various  terms  in  (7 ),  we  note  that  u  [RL(t),  t]  -  ^R,t) 

is  the  difference  between  averaged  Lagrangian  and  liulerian  velocities,  which,  by  definition, 
is  the  Stokes  drift;  here  the  superbur  denotes  a  suitable  average  over  space  or  time. 

Tiiercfoic,  the  Stokes  driii  Jis  is  the  sum  of  all  the  ^  terms  on  the  right  side  of  (7)-  *1  ts 
given  by  " 


^  uIIUtMj  -  U(g,t)  =  [|.  V  Ji  +  u .  (^.  y]  y  w  +  ^  •  (I  •  (!■  y)  y)  y  u  -t- 
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4.  Stokes  Drift,  Perturbation  Theory,  and  Time  Secularities 


faeh  of  the  higher 

order  terms  can  be  shown  to  have  a  time  scculanty  —  the  third  term  varying  as  t,  the  fourth 

term  as  t2  and  so  on,  as,  for  example,  ‘  (s  '  (^'  Y)  Y)  Y^J^  ~  *  --  so  that  after  a  sufficient 
linie  has  elapsed  each  one  of  the  infinite  number  of  higher  order  terms  will  exceed  the  first 
and  .second  terms  in  magnitude.  What  saves  this  expansion  is  that  the  sum  of  this  infinite 


£  (-t)''/n!  =  c-' 

number  of  terms  is  itself  finite  (just  like,  for  example,  the  sum  „_()  is  finite  at 

large  t).  It  is  this 

sum  that  is  referred  to  as  "sitrong”  wave  interactions:  It  is  equivalent  to  a  re-nomialization. 
Let  us  next  see  what  strong  interactions  yields  for  the  gravity  wave  dispersion  relation  and 
for  the  vertical  wavelength  spectrum. 

5.  Strong  Interactions 

To  derive  a  nonlinear  dispersion  relation  from  ( 7)  wc  set  U  equal  to  a  Fourier  wave 

component  Wl<  exp  (ife'BL'*"  where  %  is  the  velocity  amplitude  of  the  wave,  k  its 
wavevector  and  u  its  frequency.  What  occurs  in  the  nonlinear  wave  equation  (3)  with  (4) 

is  U  [8L(t)i  t]  ®  exp  -V  I  j-yj.  ( y ^  gives  us  (^  - 

1976;  Dupree,  1966  or  1967)  i^e  AfpRoximT/c/i/ 

exp (4  Vja  «[exp(ia)4t-tjc'  D't)JiiJcexp(ik,'R.+  itoi)  (,0) 


where  ^  is  a  diffusivity  tensor  and  <0^  i!>  nonlinear  frequency  shift. 

Keturniiig  to  (12),  we  note  that  a  similar  expression  between  diffusivity  and  mean 
square  particle  displacements  was  used  in  the  theory  of  Brownian  motion  (Einstein,  1926), 
and,  afterwards,  to  describe  atmospherie  diffusmit  (Taylor.  1921).  (/O)  OJtx  Q^irr 


(0  co  +  co^-riJs-  I^lt.  (13) 

LINUAK  NONLINEAR 

Vm'f-KSiOfJ  Di'irCK'ilON  Kcw/qh 


However,  the  validity  of  (1 3)  is  limited, because  of  the 
approximation  of  neglecting  nonlinear  loss  terms,  pox  AviU'ed^  ,i)w  /nenUrteai 

/i, 

^  ..,.2  ik.+P 


(k,  +  i(if 


(to  +  to^+idJ^ 


Equating  the  real  and  imaginary  parts  of  both  sides  of  (14)  there  results 
(ui  +  =  kjN^/k^.  assuming  2k.Jl  »  1,  and  P  'k,  »  1,  with  growth  rate  P  given  by 


P  =(2H)'' -  k^dwylki(a)+a)il|  where  the  ab.solule  value  occurs  because  wc  arc  only 
concerned  with  wave  propagating  energy  upwards,  and,  therefore,  with  vertical  phase  .speeds 
tliat  arc  negative;  i.c.,  (0/k,  =  -WkJ-  >'  can  be  seen  that  the  growth  is  reduced  by  the 
nonliticur  ditfusiviiy  icnii  in  Ircqucncy  is  shifttd. 


6.  Spectral  Equation 

To  begin  with,  we  find  that  evolution  equation  for  an  upward  propagating  spectrum 
of  gravity  waves  can  be  written  as 


JiD  Ifk,?). 


D,,  I  ri(n/af'‘(\-iNp''  / 

where  F(k,,  jT)  is  the  spectrum  of  horizontal  velocity  tor  a  broad  band  of  random  gravity 
waves  andD,.,denotes  the  vertical  diffusivity  tensor  A  formal  ^dcrivatmn  of  d/)  has  ton 
given  (Wemstock,  1990). 


r(K,y)  -  0.2 f-^]  n'l/  (/6) 

__  ^  I  ^ 

.xo  ^X(  Al  v  sj'  ■  ilOL 

yA^txan/  l  ,u.«  lUXj  Ixrtkit 

ocjia-H  urvf'  ddmcjjiim^  ■  ^ 

7.  SCALE  DEPENDENT  TRANSPORT 

It  Wits  pointed  out  in  the  previous  section  that  Uie  tliflusivily  caused  by  gravity  waves, 
depends  on  tlic  scale  of  the  matter  being  dil'fused.  The  pur])osc  of  tiiis  and  iJte  next  section  is  to 
point  out  that  this  scale  dependence  has  a  major  influence  on  vertical  transport  in  .stably  smitilled 
Iluids,  and,  additionally,  provides  a  possible  explanation,  and  coirection  of  a  defect  of  buoyancy  sub¬ 
range  theory  (Lumlcy,  1964;  Wcinstock,  1978, 1985). 

We  begin  with  CL,  ,  the  veitical  element  of  diffasivity  Q  uefmed  by  (12).  For  the  case 
of  a  gravity  wave  band  wmose  velocity  is 

tk^X  ta}y'jj  --wilt'll?  iJiJt) 

is  the  Fourier  amplitude  at  height  2  of  a  gravity  wave  witli  wavcvcctor  k  and  liequency 

CO  —  the  elcmentof  (12)  can  be  shown  to  be  given  b;r(Weinstock,  1976; 

1993).  A/  ..Of  _  -j 

0  (h,7)  ^  Lco'L  O^hLfh-li  -ddL)  (n) 

'  JJ  '^hn'^h  \ 

where  h-  is  an  average  wavcvcctor  of  the  band  and  it  is  retpired  dial  s>/^ 

For  simplicity,  we  use  in  ((7)  the  separability  approximation  o'('A>,u})  =  Frlraj^/o)) 

(Garrett  and  Munk,  1975)  with  the  frequency  spectrum  normalized  to  unity  and  cxpres.sed 
as  7W-/) 

In  that  case,  die  uj'  integration  is  elementary  and  { 17)  reduces  to 

9;.,  7)  ..  flfjL  C  >±Ll>  ( >  s) 

in  the  limit  of  f7  «■  to  N,  V 

Finally,  witli  k,  restricted  to  lie  in  the  saturated,  or  equivalently,  the  strong  wave  interaction  region  of 


the  spectrum  we  substitute  (/^)  in  (/fi)  to  obtain  the  desired  diffusivity  expression 


D 


^  (^'YiQ)  Ajl? 

/^5 


where  kii  is  refened  to  as  the  bouyancy  wavenumber,  the  factor  comes  from  the 

estimate  W/22o  -  2‘fO}  sr  0.73'  in  the  free  atmosphere  and  <?  is  the 

latitudinal  angle.  Here,  the  t. vertical)  scale  of  the  mass  being  diffused  is  represented 

hy  L?  3  n  •  A 

Itcan  be  seen  in  (/^}  that  Uf  i-  increases  as  with  increasing 

--  a  fairly  rapid  increase.  This  equation  re-states  the  logical  and  widely-known  idea 
that  atmospheric  diffusivity  generally  increases  with  the  size  of  the  object  being  diffused:  Logical 
because  the  larger  the  diiTusscc  ttie  larger  the  atmospheric  fluctuations  tliat  can  diffuse  it. 

Equation  ( /  9)  also  has  the  well-known  behavior  associated  witfi  diffusion  is 

stratified  turbulence.  The  dimensionless  factor  mmtiplying  is  sometimes  reffered  to  as  the 

efficiency  factor.  This  factor  is  of  interest  in  itself  (it  has  been  measured)  and  so  we  iw-write  (/'?) 


_  0^^)  Ar'\  , ,  , 

Simxj  /  ,  it  follows  that  l^if  <  I  even  if  l-j  i.s  many  times  as  laige 

as  Uic  bouyancy  length  ~ 

Wc  consider  the  following  examples: 

EniiaiBlc.l: 

In  the  mesosphere,  t-R  5  Oo /n^  anj  /-/  ~  ,so»hat  ^^-^fora 

diffussing  mass  wliosc  vertical  .scale  is  as  large  as  7(X)()m.  Die  atomic  oxygen  layer  is  such  a  mass. 


In  the  upper  oceitn  typical  yalues  for  and  1'^  ere  Im  and  20km,  resitectively,  so  that 

Eff  -i;  0.13  for  Lj/'l,;  as  huge  as  100;  i.c.,  for  scales  100  times  tfic  buoyancy 

Icngtli,  / 

Rouglily  speaking  the  efficiency  in  (2  / )  does  not  exceed  unity  unless  Z. 
exceeds  103  in  die  upper  ocean  and  20  in  Uic  mesospliere.  Such  a  relatively  small  efficiency  is 
consistent  with  oceanic  ohsciAzadons  (e.g.  Oakey,  1982;  Gre^,  1987). 

In  sum,  strong  wave  interaction  theory  is  consistent  M'ith  obsei'vatioijs  of  b.'tli  spectra 
and  vertical  transport  in  oceans.liAnother  theory  that  predicts  a  l~/  fis*fii^uoyar.cy  subrange 
theory  (Lumley,  1964;  Wcinstock,  1978, 1985).  Wc  next  compare  the  two  thcories^din 
particular,  explain  a  seeming  inconsistency  ofiiBt  theory  with  regard  to  the  diffusion  efficiency  it 
predicts.  ^ 
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8.  BUOYANCY  SUBRANGE  THEORY  -  A  DICHOTOMY 


For  a  brief  critique  of  the  status  of  buoyancy  subrange  range  theory  we  recall  tliat  Lumley 
(1964)  predicted  E(k),  the  scalar  kinetic  energy  density  sjiecmim  of  tfaaiiii  stratified  turbulence,  to 

£-(i)  =  , 

where  w'<s  note  h  ^  ,  _  .  .  .  . 

c?(  ^  /.  5  is  the  Kolmogorov  constani^d  f  (k)  is  the  special  transfer  rate.  The  same  spectral 
variation  was  later  found  for  the  temperature  spectrum  (Weinstock,  198S).  These  predictions  ai'e 
consistent  with  observations  of  temjwrature  spectra  (c.g.,  Gregg,  1977)  and  kinetic  energy  spectra 


(e.g.,  Gargett  et  al.,  198 1 ).  Nevertheless,  (22)  differs  substantially  from  oceanic  spectra  when  k  is 
very  much  smaller  than  kR  the  so-called  weak  w'ave  interaction  region  -  (22)  varying  as  k-3  wheteas 
oceanic  spectia  vary  as  ka-2  when  VA  »  ^0  .  Relatedly,  (22)  violates  the 

underlying  locally  inertiaf condition  ixC('i^)iC(hi/Sh  <k  I  upon  which  it  f('22j]  is  based. 
Thirdly,  as  pointed  out  by  Holloway  (1989),  if  OIK  t^es  iFff  -  "  then  (22)  gives 

values  of  Eff  which  greatly  exceed  imity  when  i . . in  seeming 

disagreement  with  oceanic  measurements  of  Eff  (e.g.,  Oakey,  1982;  Gieeg,  1987).  These 
discrepancies  and  violation  were  lemoved  (Weinstock,  1978)  by  explicitly  including  a  gravity 
wave  influence  not  accounted  for  in  the  original  theory.  With  this  inclusion,  it  was  shown  that  e  (k) 


is  approximately  given  by 


Si  Cf. 


^  ^  r2  ^  ^  A  I  xOJA/hp)  jj  j 


d  15  tf/i  amsoirp^  -factor^ 

a  fid  Rf  is  the  flux  Richardson  number.  It  can  be  seen  that  this  modified  E(k)  satisries  the  locally 
inertial  condition  when  ,and, 

additionally,  when  combined  with  (22),  no  longer  varies  as  k-3  in  the  weak  wave  interaction  region 
of  iip  A  >7  2  0,  •  Furthermore,  the  diffusion  efficiency  hardly  exceeds  unity 

when  'hp/k  >.W  •  However, 

(23)  does  not  always  give  a  k-3  spectrum  in  the  buoyancy  subrange  the  k 
region  0./lc^  ^  h  kf.  for  oceans. 


To  put  this  all  togetlier,  we  have  two  buoyancy  subrange  theories;  (22)  and  (29).  The 
former  theory  always  gives  the  observed  k-s  specuum  in  the  buoyancy  subrange  but  also  implies 
much  too  large  a  diffusivity  efficiency.  The  latter  iheoiy  which  includes  gravity  waves,  implies  a 
more  reasonable  diffusivity  efficiency  but  does  not  always  give  tlie  k-3  spectrum.  We  note  that  one 
would  have  a  complete  and  inconsistent  theory  if  we  could  combine  the  correct  feature.s  of  each 
theory  --  use  (22)  for  spectra  and  use  (23)  for  diffusivity  considerations.  Such  a  possibility  may  be 
justified  by  the  fact  that  both  theories  make  the  wrongf  ul!  assumption  of  isotropy  at  k  «  *7^ 

In  actually,  at  such  small  k,  the  spectrum  is  dominated  by  gravity  waves  and  vortical  modes  and  is, 
therefore,  exuemely  ,4/v/j'or/rop^;Indeed,  (22)  resembles  what  is  expected  for  horizontal  motion  and 
spectra  whereay  (23)  more  resembles  vertical  motion  and  spectra;  i.e.,  if  we  write 

£’(*')  s  fj/f')  fj.('h)^  — - — - -  H'hei'e’  flNt>  Ei(h) - 

respectively  denote  the  horizontal  and  vertical  parts  of  E(k)  then  (22)  becomes  , 

when  Furthermore,  and  most  importantly,  (2^)  no  longer  overestimates 

the  diffusion  efficiency  since  that  efficiency  pertains  to  vertical  motion  whereas  (2f/),  and  (22), 
pertain  to  horizontal  motion  f  vvV  n  k  h/z).  A  more  fundamental  approach  to  stratified 
tuibulcncc  is  to  divide  the  spectral  b^ance  equation  into  horizontal  and  vertical  components  in  the 


manner  done  by  Riley  et  al.  <.198  J)  for  the  fluctuation  equations  and  for  the  mean  square  energies. 
That  would  be  a  formidable  problem  involving  as  it  would  wave-wave  interactions. 

Because  of  this  complication,  one  can  view  the  buoyance  and  subrange  theory  (22),  or  more 
correctly,  (2if),  as  being  nothing  less  than  remarkable  in  that  it  correctly  predicts  so  much  of  botli 
kinetic  and  potential  energy  spectra  by  an  elementary  consideration  of  buoyance.  Of  course,  we 
again  note,  one  need  have  in  mind  that,  (22)  can  pertain  only  to  horizontal  motion  and  not  to  verdcal 
motions  when  k  «  kp ,  J  t  may  be  possible  to  prove  this  a  priori  from  the  horizontal 

energy  balance  equadon. 
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Abstract 


Traditionally  internal  solitary  waves  have  been  conceived  .s  genuinely  isolated 
waves  v/hich  decay  to  zero  in  the  fai— field.  Recently,  however,  it  has  been  recognized 
that,  quite  commonly,  this  is  not  necessarily  exactly  so,  and  inteiual  solitary  waves  may 
not  be  truly  isolated,  and  instead  decay  to  non-zero  small— amplitude  oscillations  in  the 
far— field.  This  occurs  generically  whenever  the  linear  spectrum  contains  wave  phase 
speeds  which  can  resonate  with  the  solitary  wave  speed.  For  internal  solitary  waves  this 
can  occur  via  mode— mode  interactions  leading  to  the  conclusion  that  only  mode  one 
internal  solitary  waves  can  be  truly  solitary.  Analytical  methods  for  determining  the 
structure  of  these  non-local  solitary  waves  will  be  reviewed. 


§1.  Introduction 


Solitary  waves  are  traditionally  conceived  as  localized  disturbances  of  permanent 
form  and  propagating  with  constant  speed.  One  of  the  classical  prototypes  is  the 
solitarj'-wave  colution  of  the  Korteweg-de  Vries  (KdV)  equation 


u,  +  6uu 

t  X 


u  —  0 

XXI 


(1) 


given  by 


u  =  Uo(z  —  Cfji)  where 


Uofz)  =  272sech27j ,  Cq  =  472 .  (2) 

Importantly  in  the  present  context  note  that  in  the  tail  of  the  solitary  wave,  as  |  z|  -•  00, 
Ugfa:)  -v  472exp(-  27  lx|  )  .  Thus  the  KdV-solitary  wave  (2)  is  a  genuine  solitary  wave, 

with  exponential  decay  in  the  tail  regions.  Further,  the  KdV  equation  has  been  invoked 
to  describe  small-araplitude  long  water  waves  in  the  absence  of  surface  tension,  and 
more  generally  small-amplitude  long  waves  in  a  wide  variety  of  physical  systems 
involving  shallow  fluids,  including  density-stratified  fluids  (e.g.,  Beimey,  1966). 

However,  it  has  recently  been  recognized  that  so-called  solitary  waves  may  not 
be  genuinely  localized,  and  in  fact  are  accompanied  by  co-propagating  oscillatory  tails 
which  persist  with  non-zero  amplitudes  (see,  for  instance,  the  reviews  by  Boyd,  1989, 
1990,  who  has  called  these  waves  "nanopterons").  This  situation  may  occur  in  a  variety 
of  physical  situations  including  the  case  of  solitary  water  waves  in  the  presence  of 
surface  tension,  where  a  combination  of  numerical  work  by  Hunter  and  Vanden— broeck 
(1983),  Vanden— broeck  (1991)  and  Vanden— broeck  and  Dias  (1992),  and  analytical  work 
by  Amick  and  Kirchgassner  (1989),  looss  and  Kirchgassner  (1990),  Beale  (1991),  Sun 
(1991)  and  Dias  and  looss  (1993)  has  lead  to  the  following  general  picture.  In  the 
absence  of  any  surface  tension,  there  exist  solitary  water  waves  of  elevation,  which  can 
be  described  by  the  KdV-solitaxy  waves  (2)  in  the  limit  of  small  amplitude.  However 
when  the  Bond  number  t  (measuring  the  effect  of  surface  tension)  is  greater  than  1/3  , 
these  exist  solit^y  gravity-capillary  waves  of  depression,  which  can  again  be  described 
by  the  KdV— solitary  waves  (2)  in  the  limit  of  small— amplitude.  But  when  the  Bond 
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number  r  lies  between  0  and  1/3  there  exist  two  kinds  of  solitary  wave;  one  kind 
contains  waves  of  both  depression  and'  elevation  with  decaying  oscillations  in  the  tail 
region;  the  other  kind  consists- of  a  solitary  wave  core  of  elevation  accompanied  by 
non-decaying  tail  oscillations.  It  is  this  latter  non-local  solitary  wave  with  which  we 
are  concerned  here. 


The  reason  for  the  appearance  of  the  non-decaying  tail  oscillations  when 
0  <  r  <  1/3  can  be  readily  understood  on  physical  grounds  from  the  linear  spectrum. 
Solitary  water  waves  are  supercritical  when  r  =  0  ;  that  is,  their  speed  is  greater  than 
the  linear  long— wave  speed,  which  is  the  maximum  phase  speed  of  small— amplitude 
sinusoidal  waves.  Hence  it  is  not  possible  for  sinusoid^  short— wavelength  water  waves 
to  co-propagate  with  solitary  water  waves,  and  so  no  tail  oscillations  are  found.  A 
similar  situation  occurs  when  r  >  1/3  since  now  the  solitary  waves  are  subcriticial,  and 
all  small-amplitude  sinusoidal  waves  are  supercritical.  On  the  other  hand,  when  0  <  r 
<  1/3  solitary  waves  of  elevation  are  supercritical,  but  can  co-exist  with 
small-amplitude  sinusoidal  capillary  waves  with  the  same  phase  speed.  It  is  the 
existence  of  this  resonance  that  is  responsible  for  the  non-decaying  tail  oscillations, 
although  it  is  often  a  delicate  task  to  establish  that  the  amplitude  of  the  tail  oscillation 
is  in  fact  non-zero  since  the  mechanism  involved  is  intrinsically  nonlinear. 


Similar  considerations  can  be  applied  to  other  physical  systems  to  determine 
when  non-decaying  tail  oscillations  might  be  expected  to  co-exist  with  a  solitary  wave 
core.  A  simple  example  is  the  singularly— perturbed  KdV  equation 


u,  +  6uu 

i  X 


+  U 


+  £^U 


=  0, 


(3) 


which  has  been  proposed  by  Hunter  and  Scheurle  (1988)  as  a  model  for  gravity-capillary 
waves  when  t  is  just  less  than  1/3  .  Note  that  for  0  <  r  <  1/3  the  KdV  equation  (1) 
cannot  be  expected  to  be  a  valid  model  since  it  is  derived  on  the  assumption  that  only 
long  waves  are  present,  and  cannot  account  for  the  short  wavelength  oscillatory  tails. 
The  linear  spectrum  for  sinusoidal  waves  of  phase  speed  c  and  wa.enumber  A:  is 


c  =  -jfc2  +  e2it4  . 


(4) 


By  considering  the  limit  A'  -•  0  we  see  that  solitary  waves  will  be  supercritical  with 
positive  speeds.  But  then  there  will  be  a  resonance  with  small— amplitude 
short-wavelength  waves  whose  wavenumber  A  «  c*  as  e  -*  0  .  Interestingly,  in  this 
limit  f  -»  0  the  amplitude  of  the  tail  oscillations  is  exponentially  small  (but  non-zero), 
and  the  calculation  of  this  amplitude  requires  the  techniques  of  exponential  asymptotics 
(see,  for  instance,  Pomeau  et.  al.,  1988,  or  Grirnshaw  amd  Joshi,  1994)  who  use  the 
technique  of  Borel-summation  to  calculate  the  exponentially  small  quantities.  Indeed, 
it  can  be  showen  that  as  e  0  ,  the  non-local  solitary  wave  solution  of  (3)  is  given  by 


u  ~  u^{x)  +  ^exp 


a- 

2f7 


sin 


M  _ 

e 


(5) 


where  we  are  using  the  frame  of  reference  in  which  the  wave  is  stationary,  and  u  (x)  is 

the  KdV-solitary  wave  (2).  The  amplitude  and  phase  S  are  related  by  the  relation 
b  cosb  K  62.74,  so  that  (5)  defines  a  2-parameter  family  with  parameters  7  and  <5  say. 
The  expression  (5)  agrees  with  the  numerical  results  of  Boyd  (1991).  Note  that  (5)  is  a 
symmetric  non-local  solitary  wave,  and  hence  the  tail  oscillations  must  be  supported  by 
energy  sources  and  sinks  as  |i|  00 .  Here  the  group  velocity  for  waves  of  wavenumber 

A  w  is  2f2  and  hence  there  must  be  an  energy  source  as  x  —  00  and  a  sink  is 
i-HB  .  If  instead,  equation  (5)  is  solved  with  a  localized  initial  condition,  the  solution 
will  consist  of  a  solitary  wave  with  co— propagating  oscillations  to  the  right  only 
(Beiiilov  et.  al.,  1993).  Such  non-local  solitary  waves  carmot  be  exactly  steMy  since 
they  continually  lose  energy  to  this  radiation. 
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§2.  lateraai  waves 

Akylas  and  Grimshaw  (1992)  have  explored  the  implications  of  these  ideas  for 
solitary  waves  in  density^tratified  fluids  of  shallow  depth.  Here  we  summarize  their 
results,  and  then  discuss  some  conceptual  models  which  illustrate  the  basic  ideas.  First 
we  note  that  in  the  absence  of  an  underlying  rotation  the  linear  spectrum  typically 
consists  of  an  infinite  set  of  modes  for  each  of  which  the  phase  speed  of  linear  long  waves 
is  a  monotonically  decreasing  function  of  the  wavenumber  k  (see  Figure  1).  For  each 
wave  mode  of  mode  number  n  and  linear  long-wave  phase  spe^  (n  =  1,  2.  3.  ...)  it 

might  now  be  expected  that  these  exists  a  supercritical  internal  solitary  wave  (i.e.  its 
speed  is  greater  i,hau  c^)  which  in  the  small— amplitude  long— wave  limit  is  governed  by 

a  KdV  equation  (e.g.  Benney,  1966).  For  the  mode  n  =  1  ,  this  is  indeed  the  case  since 
a  solitary  wave  of  speed  greater  than  Cj  cannot  resonate  with  any  small-amplitude 

sinusoidal  wave.  However,  for  the  modes  n  >  2  there  exists  a  resonance  with 
short- waves  of  the  modes  n  —  1  ,  ...,  1  .  For  instance,  an  internal  solitary  wave  of 
mode  number  n  =  2  will  have  a  resonance  with  mode  number  1  and  wavenumber 

(see  Figure  1).  Thus  in  general  internal  solitary  waves  of  mode  number  n  >  2  are 
non-local  and  are  accompanied  by  co-propagating  sinusoidal  waves  of  mode  numbers 
less  than  n  .  Indeed,  Vanden-broeck  and  Turner  (1992)  have  confirmed  numerically 
that  mode-2  internal  solitary  waves  are  accompanied  by  mode-1  oscillatory  tails.  A 
similar  situation  occurs  for  equatorial  Rossby  solitary  waves  (Boyd,  1989)  and  in  other 
physical  systems. 


Figure  1:  A  schematic  plot  of  the  linear  spectrum  for  internal  waves. 


Akylas  and  Grimshaw  (1992)  adapt  the  Borel-suniraation  technique  of  Pomeau 
et.  al.  (1988)  (see  also  Grimshaw  and  Joshi,  1994)  to  calculate  the  amplitude  of  the 
oscillatory  tails  since  in  the  limit  of  small-amplitude  solitary  waves,  these  are 
exponentially  small.  We  shall  not  describe  the  method  here  because  of  its  complexity 
but  will  state  the  outcome.  In  the  next  section,  however,  we  will  outline  the  procedure 
for  a  conceptual  model.  To  describe  the  salient  features  of  non  -local  internal  solitary 
waves  we  first  consider  the  linear  spectrum  for  waves  of  phase  speed  c  and  wavenumber 
k .  The  modal  equations  are 


(f/;,  +  c, 


^=0,  0<r<fe, 


0  =  0,  z  =  0  ,  h  . 


( 

I 


f 


(6a) 

(6b) 


i 


Here  the  modal  function  is  4>{^)  ■,  p^z)  is  the  basic  density  field,  N^[z)  = -gp p ^  is 

the  buoyai-  y  frequency,  and  The  fluid  occupies  a  channel  of  height  h  .  In  the 
long-wave  limit  i  0  ,  these  define  an  infinite  set  of  long— wave  modes  J^z)  ,  with 

long-wave  phase  speeds  ,  n  =  1,  2,  3,  ...  .  In  general,  for  0  <  A:  <  cx3  ,  the  modal 

problem  (6a,  b)  defines  an  infinite  set  of  dispersion  curves  (see  Figure  1).  For  a  given 
long— wave  mode  of  mode  number  n  {>  2),  the  resonant  modes  and  wavenumbers  are 
obtained  from  (6a,  b)  by  fixing  c  ~  c  and  solving  for  the  wavenumbers  k  .  There 

exist  n  real  wavenumbers  ,  Aij ,  0  with  corresponding  modal  functions  d’„_j(2)  t 

...  ,  ^j(z)  ,  where  we  note  that  4>^z)  =  fj^z)  .  There  also  exist  an  infinite  set 

of  pure  imaginary  wavenumbers  which  represent  evanescent  disturbances  and  these  need 
not  be  considered  further. 

It  can  then  be  shown  that  symmetric  non-local  internal  solitary  waves  are  given 
by,  keeping  only  the  significant  dominant  terms,  and  using  a  frame  of  reference  in  which 
the  wave  is  stationary, 

t'asech2(f7a;)  +  iexp^ — 577  1^1 

Here  ip  is  the  stream  function  and  c  is  a  small  parameter  defining  the 
small— amplitude  long— wave  limit.  The  first  term  in  (7)  is  the  leading  term  in  an 
asymptotic  expansion  in  powers  of  which  defines  the  solitary  wave  core.  The 
amplitude  a  of  the  solitary  wave  is  proportional  to  72  by  a  well-known  formula 
involving  integrals  of  fj^z)  (Benney,  1966),  while  the  speed  of  the  solitary  wave  is 

asymptotically  given  by  +  eH  where  v  is  likewise  proportional  to  72  .  The  second 

term  in  (7)  is  the  leading  term  in  the  exponentially  small  tail  oscillation  for  the 
resonance  with  mode  n  -  1  .  There  are  similar  but  exponentially  smaller  terms 
corresponding  to  resonancevS  with  modes  n  -  2,  ...  1  .  The  amplitude  b  and  phase  6 
are  related  by  6  cos  ^  where  is  a  numerical  constaut.  Thus  (7)  defines  a 

two-parameter  family  of  non-local  solitary  waves  with  parameters  7  and  6 .  There  is 
an  obvious  similarity  with  the  non-local  solitary  wave  solution  (5)  of  the  singularly 
perturbed  KdV  equation  (3). 

§3.  A  model  system 

A  conceptual  model  for  non— local  internal  solitary  waves  is  a  coupled 
KdV-system.  In  the  frame  of  reference  of  a  wave  of  speed  c  ,  this  is 

—cu  +  3ti2  4-  +  {pv^^  +  quv  +  ^n)2)  =  0,  (8a) 

-(c  — A)t;+ 3^2  +  A(pa^^+ rut;  +  ■iga2)  =  q,  (8b) 

Such  systems  have  b->  :n  derived  by  Gear  and  Grimshaw  (1984)  for  strongly  interacting 
internal  wave  modes.,  but  here  we  shall  retard  the  system  (8a,  b)  as  a  quditative  modd 
for  an  internal  solitary  wave  (the  a— mod^  interacting  resonantly  with  sinusoidal  waves 
(the  v-mode).  The  system  is  energy-conserving  with  energy  density  +  iiP  and 
for  linear  stability  we  choose  A  >  0  .  It  is  convenient  to  regard  A  as  a  coupling 
parameter,  and  for  A  =  0  the  linear  spectrum  has  two  modes,  c  =  —42  (the  a— mode) 
and  c  =  A  —  42  (the  v-mode).  Without  loss  of  generality  we  choose  A  >  0  so  that 
there  is  a  potential  resonance  between  a  long -wave  a— mode,  and  a  short-wave  v-mode 

of  wavenumber  4  =  4^  =  A*  .  For  0  <  Ap2  <  1  the  spectrum  has  the  same 

qualitative  features  and  the  resonant  wavenumber  4^  =  {A/(l  —  Ap2)}i  .  Interestingly, 
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for  Xp^  >  1  there  is  no  resonance  for  the  a— mode,  and  presumably  there  is  then  a  local 
solitary  wave  solution  for  this  mode. 

First  we  consider  small— amplitude  long  waves  and  show  that  the  u— mode 
solitary  wave  is  non-local  with  an  oscillatory  tail  of  1^-mode  sinusoidal  waves.  We 
shall  confine  our  attention  here  to  symmetric  waves.  The  asymptotic  expansion  for  the 
solitary  wave  core  (w^ ,  vj  is  given  by 

n  ~  +  c*u  4- ...  ,  r)  "  c*v  +  ...  ,  c  ~  f*c  +  f'‘c  +  ...  ,  (9a) 

s  0  1  i  1  0  1 

where  =  272sech2  f7ar,  =  47^,  (9b) 


Here  t  is  a  small  parameter  characterizing  the  solitary  wave  amplitude.  This 
expansion  can  be  continued  in  powers  of  without  any  oscillatory  tail  being  detected. 
This  is  because  these  tails  are  exponentially  small  with  respect  to  f  and  hence  cannot 
be  found  by  expansions  of  the  form  (9a).  To  find  the  tail  oscillations  we  observe  that 
...  ,  and  ,  ...  ,  are  singular  in  the  complex  it-plane  at  x  =  ±iM/2e7, 

■Jr-ZiTrliey,  ...  ,  and  this  motivates  us  to  consider  the  solution  structure  near  these  points. 


Thus  let 

so  that  as 

X  —  +  2, 

]  czl  -^0 

(10) 

a^~ -|j-2^^(9-6p)(9- lOp)  4  ...  4-  0(f2), 

(Ila) 

—  4-  ...  4-  0(e2)  . 

(11b) 

Next  we  consider  the  inner  problem  in  which  u  and  v  are  functions  of  the 
complex  variable  z  through  the  transformation  (10)  .  The  equations  are  then  just  (8a, 
b)  with  X  replaced  by  z,  and  we  note  that  c  is  0(f2)  and  so  to  leading  order  the 
terms  proportional  to  c  may  be  omitted.  The  inner  problem  is  to  be  solv^  with  the 
matching  condition  that  (a  ,  a)  are  given  by  (ila.  b)  as  |r]  00  in  J?e  z  >  0  , 

/m  z  <  0,  and  the  symmetry  condition  Uiat  Im  {u  ,  v)  —  0  on  He  z  ~  0  .  We  seek  a 
solution  in  the  form  of  a  Laplace  transform 

(a  ,  a)  =  Jp  exp(-z.s)(  U{s)  ,  V{s))ds  (12) 

where  the  contour  F  runs  from  0  to  o  in  the  half-plane  l?.e  (»s)  >  0  .  solution  is 
then  sought  in  the  form 

(t/,  F)  =  (13) 

Here  =  — 2  ,  ~  0  and  more  generally  substitution  of  (13)  into  (12)  an.d 

term— by— term  evaluation  shows  that  as  |  zj  -*  00 

(a  ,  a)  ~  £  (a  ,  a  )z  " 


(14) 
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where  {u^  ,  v^)  —  {2n—  l)!(a„  .  •  I*  is  readily  verified  that  (14)  agrees  with  the 

matching  condition  (lla,  b)-  and  in  effect  tiie  Lap’ace  transform  (12)  is  a 
Borel—summation  of  the  asymptotic  series  (lla,  b).  Further,  substitution  of  (12)  and 

(13)  into  the  equations  (8a,  b)  shows  that  as  n  -• »  ,  -  ~ 

so  that  the  series  (13)  converge  only  for  |a’1  <  i  .  Here  we  recall  that  k^  is  the 

resonant  wavenumber  {A/(l  —  Ap2)}»  and  K  is  a  numerical  constant  whose  exact 
value  depends  on  A  ,  p  ,  9  and  r .  It  follows  that  {U ,  V)  have  a  pole  singularity  near 
s  —  ik  ,  where 

(.P  >  -l)ff 

iU,V]  K  2(5-  ik  )  •  (iS) 

0 

The  contour  T  must  now  be  chosen  to  avoid  the  imaginary  s-axis,  and  to  be  explicit 
we  choose  F  to  lie  in  Re  s  >  Q  .  Also  the  expression  (12)  cannot  satisfy  the  symmetry 
condition  and  must  be  amended  by  the  addition  of  a  sub-dominant  term  so  that 

(a  ,  11)  ~  J* p  exp(— 2s)(t/(s),  V'(s))<is  +  2}6(-p  ,  l)exp(~il;^z  +  iS)  .  (16) 

Here  b  ,  S  are  real  constants  to  be  determined,  and  we  note  that  |exp(— 3«^^)|  is 

smaller  than  any  power  of  as  1 2r|  -<  <»  in  Re  z>0  ,  Im  z  <  0  .  The  symmetry 
condition  is  now  applied  by  deforming  F  to  the  axis  fie  s  =  0  ,  and  deforming  the 
contour  around  the  pole  at  s  =  ik^  .  We  find  that 

bcosd  =  irK .  (17) 

The  final  step  is  to  bring  the  solution  (16)  back  to  the  real  a^-axis  using  (10).  Taking 
account  of  a  corresponding  singularity  at  a:  =  -»r/2c7  we  get,  in  a:  >  0  , 

(a,  v)  -  (a^,  v^)  +  bi-p,  1)  exp(-  {nkj2n)5m[k^x-  6)  (18) 

where  we  recall  that  («^ ,  are  given  by  (9a,  b)  and  define  the  solitary  wave  core. 

Note  the  similarity  of  this  expression  with  the  result  (7)  for  internal  solitary  waves 
obtained  by  Akylas  and  Grimshaw  (1992). 

§4.  Algebraic  tul  oscillations 

The  analysis  of  §3  was  for  small— amplitude  long  waves  and  we  showed  that  the 
tail  oscillations  are  then  exponentialiy  small  with  respet'-t  to  a  parameter  characterizing 
the  smail-amplitude  solitaiy  wave  core.  Here  we  show  that  when  the  solitary  wave  core 
is  of  finite-amplitude  the  tail  oscillations  are  algebraically  small  with  respect  to  the 
coupling  parameter  A  .  Suppose  then  that  0  <  A  <<  1 ,  and  put 

OQ  00 

(«  ,  i>)  ~  S  (tt  ,  n  )a''’  ,  t  ~  E  c  A"  (19) 

It  is  readily  seen  that 

(w,d)  =  (2;32sech2/0a: .  0)  ,  =  AP^  ,  (20) 

corresponding  to  a  a-mode  solitary  wave.  Note  that  in  compari.son  t.o  (9a,  b)  0  =  e'y  . 
Substitution  of  (19)  into  (9a)  shows  that 

-c  tt  4-  611  a  +  ii  +  t)v  +  qu  V  —  c,  u  —  0  ,  (20a) 
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(Cq  -  +  t- +  (pu^^  +  =  0  ,  (20b) 

The  general  solution  for  is 

1 

«=  Asiak^x  +  Bcosk^x  —  ■^  J  /(a:')sin^:^| x- 1' | di',  (21a) 

where  f{x)  =  P\xx  ‘ 

Here,  recalling  that  0  <  A  <<  1  ,  the  resonant  wavenumber  =  (A  —  c^)’  and  we 

note  that  we  must  now  assume  that  0<c  <A.  If  c  >A  then  there  are  no  tail 

0  0 

oscillations.  To  determine  the  constants  A  ,  B  vit  impose  a  symmetry  condition  on  v  , 
and  then  find  that,  as  [  x|  « 

n  ~  6^sin(A;^|2l  -  6),  (22a) 

where  b  cos8  =  I  =  -  f  fix)cosk  xdx  (22b) 

Next,  with  determined  vie  can  similarly  solve  (20a)  for  ,  and  find  that,  as 
I  x|  -*  00  , 

(A  -  c) 

~  -ad^ - ^  sin(i^  1  jj  -  8)  .  (23) 

Note  that  the  tail  oscillations  again  form  a  1— parameter  family  with  the  phase  8  being 
the  free  parameter,  and  the  amplitude  6  then  given  by  (22b).  But  in  contrast  to  the 
results  of  §3  the  amplitude  of  the  tail  oscillations  is  now  0(A)  when  0  is  finite,  and 
hence  only  algebraically  small. 

It  is  interesting  now  to  consider  the  limit  /?  i  0  in  (22b);  that  is,  we  put  0  —  cy 
and  let  t  -♦  0  .  The  solitary  wave  core  (20)  then  agrees  with  (9a,  b)  as  expected. 
However, 

L  =  ~ {k^q  —  6p)  +  i0^q)}J  sech2/Jx  cosfc  X  dx  ,  (24a) 

wk'^ 

and  so  L- - —  6p)exp(- 7rfcy2e7)  .  (24b) 

Although,  on  combining  (24b)  with  (22a,  b),  we  see  that  the  tail  oscillations  are  now 
exponentially  small  as  f  -•  0  ,  and  the  form  of  the  expressions  (22a)  and  (23)  agree  with 
(18),  the  constant  L  does  not  in  general  agree  with  K  .  The  reason  is  that  in  the  limit 
t  -t  0  all  terms  in  the  solitary  wave  core  expansion  {u^ ,  vj  are  needed  to  calculate  the 

tml  oscillation  amplitude,  and  a  technique  such  as  the  Borel— summation  method 
described  in  §3  is  needed. 
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Abstract 

Three-dimensional  flow  of  a  linearly  stratified  Boussinesq  fluid  is  studied  numer¬ 
ically.  The  flow  is  assumed  to  be  confined  in  a  rectangular  channel.  Near  resonance 
of  the  first  vertical  internal  wave  mode,  it  was  found  that  the  reflection  of  the 
internal  wave  at  the  side  wall  is  ’abnormal’  in  the  sense  that  reflection  angle  is 
larger  than  the  incident  angle  and  a  third  wave  perpendicular  to  the  side  wail  is 
generated.  The  waves  become  straight  cre6t€d(two-dimensionaJ)  as  this  third  wave 
becomes  longer.  The  whole  mechanism  is  similar  to  the  ’Mach  reflection’  observed 
in  the  general  stratified  fluid  in  which  the  usual  soitary  waves  are  generated.  In  the 
case  of  the  linearly  stratified  Boussinesq  fluid,  the  abnormal  reflection  occurs  even 
though  the  wave  has  a  sinusoidal  profile  and  not  a  sech"^  profile.  This  suggests  that 
the  abnormal  reflections  similar  to  the  Mach  reflection  always  occur  when  the  wave 
amplitude  is  large  enough,  irrespective  of  the  wave  profile. 


1  Introduction 

It  has  been  known  by  laboratory  experiments  that  the  three-dimensional  upstream 
waves  generated  by  an  obstacle  on  a  shallow  water  becomes  two-dimensional  with  their 
crests  perpendicular  to  the  side  wall  of  the  channel.  As  an  explanation  for  this  phe¬ 
nomenon,  ’Mach  reflection’  (Miles,  1977a,b)  has  been  proposed  (Ertekin,  1984;  Pedersen, 
1988).  Similar  two-dimensionalization  occurs  in  the  internal  waves  generated  in  the  sub- 
critical  flow  of  a  linearly  stratified  Boussinesq  fluid  (HanazaJti,  1989). 

However,  close  examinations  of  those  phenomena  have  not  been  done  experimentally 
or  numerically.  In  a  recent  paper  Hanazaki  (1994)  showed  that  the  upstream-advancing 
internal  waves  generated  by  an  obstacle  in  a  two-layer  fluid  becomes  straight-crested 
because  of  the  Mach  reflection.  In  that  case,  the  upstream  wave-profile  is  similar  to  the 
sech^  solitary  wave  even  when  the  flow  is  subcritical  and  the  theory  by  Miles  (1977a,b) 
is  qualitatively  applicable  irrespective  of  the  flow  is  near  resonance  or  subcritical.  On  the 
contrary,  internal  waves  excited  in  the  subcritical  flow  of  a  linearly  stratified  Boussinesq 
fluid  have  sinusoidal  profiles  and  it  w'as  thought  that  the  two-dimensionalization  is  the 
result  of  the  diffference  in  the  propagation  speed  of  the  lateral  modes. 

The  remaining  problem  is  to  see  what  occurs  in  the  near-resonant  flow  of  a  linccirly 
stratified  Boussinesq  fluid,  where  the  Unear  theory(dispersion  relation)  can  not  be  applied. 


For  the  same  size  of  the  obstacle,  waves  of  larger  amplitude  are  excited  in  this  system, 
compared  to  those  in  the  twodayer  fluid.  In  a  two-dimensional  flow,  similar  difference 
exists  and  the  nonlinearity  of  the  wave  is  described  only  by  the  ’strongly’  nonlinear  equa¬ 
tion  (Grimshaw  Yi,  1991).  We  will  see  that  the  Mach  reflection  and  the  subsequent 
two-dimensionalization  of  the  wave  occur  in  this  large-amlitude  wave  system. 


2  Results 

We  have  solved  the  Navier-Stokes  equation  with  the  Reynolds  number  1000  based  on 
the  topography  height.  The  linearl}'’  stratified  Boussinesq  fluid  flows  through  a  rectangular 
channel  whose  dimension  is  80J5  x  iOD  x  D{x  x  y  x  z).  The  number  of  grid  points  used 
for  the  finite-difference  computation  is  400  x  80  x  100(r  x  y  x  z).  A  circular  topography 
is  located  on  the  bottom  of  the  channel  at  {x,y,z)  =  (0,0,0).  It  has  a  horizontal  scale 
of  radius  hD  and  has  a  height  of  O.IZ).  In  this  study,  Froude  number  F  is  defined  by 
F  =  f//Ci  =  ttU/ND,  where  Ci  is  the  phase  (=group)  velocity  of  the  linear  long  wave 
of  the  first  vertical  mode  (n  =  1).  (In  the  field  of  the  linearly  stratified  Boussinesq  fluid, 
inverse  Froude  number  defined  by  K  =  NDjirV  is  often  used.)  In  this  study  the  Froude 
number  is  varied  between  0.9  and  1.4  (from  slightly  subcritical  to  supercritical). 

In  Figure  1,  we  show  the  time  development  of  the  amplitude[Aj  ( Y,  Y,  T)]  of  the  first 
vertical  internal  wave  mode  when  F  =  0.95.  Here,  Ai  was  calculated  from  the  velocity  in 
the  i-direction  assuming  that  the  physical  quantities  sucli  as  the  velocities  aa'c  the  sum  of 
the  contribution  from  the  each  vertical  internal  wave  mode.  Initially,  at  {/t/U  =  40,  the 
waves  are  curved  backward.  As  time  proceeds,  the  waves  (especially  the  foremost  waves) 
becomes  gradually  straight  crested. 

To  see  this  mechanism  more  clearly,  the  corresponding  contour  is  sliown  in  Figure  2. 
At  Ut! D  =  40,  the  far-most  end  of  the  wave  docs  not  reach  the  side  wall  of  the  channel 
and  the  waves  are  strongly  curved  backwards.  At  UilD  =  80,  the  far- most  end  of  the 
wave  reaches  the  side  wall  and  the  reflection  begins  there.  We  note  here  that  the  reflection 
angle  is  larger  than  the  incident  angle.  We  also  note  that  the  amplitude  of  the  reflected 
wave  is  smaller  than  the  incident  wave.  As  time  proceeds((/f/  D  =  120, 160,200)  there 
appears  a  third  wave  perpendicular  to  the  side  wall,  whose  length  becomes  monotonically 
larger  with  time.  This  makes  the  foremost  wave  straight-crested  or  ’two-dimensional.’  As 
the  third  wave  propagates  upstream,  the  incident  angle  becomes  smaller,  but  the  reflection 
angle  is  always  larger  than  the  incident  angle. 

The  mechanism  is  quite  similar  to  the  ’Mach  reflection'  observed  in  the  two-layer 
fluid  (Hanazaki,  1994),  where  the  waves  of  sech^-profile  are  generated.  In  the  present 
case,  a  phenomenon  similar  to  Mach  reflection  occurs  even  when  the  waves  are  sinusoidal 
and  the  Miles’  theory  for  the  solitary  waves  can  not  be  applied.  This  means  that  the 
phenomenon  similar  to  the  Mach  reflection  occurs  not  only  for  the  solitary  wave  of  secK^ 
profile  but  also  for  the  other  large- amplitude  wave  systems. 

To  see  if  the  same  phenomenon  occurs  for  other  Froude  numbers,  we  show  in  Figure 

3  the  contour  of  Ai(X,  Y,  T)  at  Ut/D  =  200  for  various  Froude  numbers.  We  see  that  it 
occurs  for  ail  the  other  near-resonant  Froude  numbers  {F  =  0.9, 1.0, 1.1).  Reflected  waves 
are  much  weaker  than  the  incident  waves  and  the  reflection  pugle  is  always  larger  than 
the  incident  angle.  On  the  contrary,  when  F  =  1.4(supercritical),  the  reflection  angle 
coincides  with  the  incident  angle.  The  amplitude  of  the  reflected  wave  is  large  and  almost 


equal  to  tlie  amplitude  of  the  incident  wave.  These  show  that  the  reflection  in  this  case 
is  the  ’normal’  reflection.  We  see  no  upstream-moving  of  the  Mach  stem  in  this  case. 


3  Conclusion 

We  found  that  the  abnormal  reflection  similar  to  the  Mach  reflection  occurs  also  in 
the  near- resonant  flow  of  a  linearly  stratified  Bousssinesq  fluid,  where  only  the  sinusoidal 
waves  are  generated.  The  abnormal  reflection  makes  the  foremost  wave  straight  crested 
or  ’two-dimensional.’  This  suggests  that  the  abnormal  reflection  occurs  always  when 
large- amplitude  waves  are  generated,  irrespective  of  the  wave  profile.  Further  theoretical 
studies  might  be  necessary  to  clarify  the  mechanism  of  this  phenomenon. 
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Figure  2.  Time  development  of  the  contours  of  the  tot  venical  mode  (n=l)  that 
corresponds  to  Figure  1  (F=0.95). 
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At  high  Reynolds  and  Froude  numbers,  lee  waves  due  to  the  horizontal  motion  of 
a  body  in  a  stratified  fluid  are  superseded  by  random  waves  generated  by  its  wake. 
The  origin  of  these  waves  lies  in  the  buoyant  collapse  of  the  large-scale  coherent 
structures  of  the  wake,  and  can  be  modelled  as  a  source  moving  at  the  velocity  of 
the  body  and  of  strength  oscillating  at  the  frequency  of  vortex  shedding.  In  the 
present  paper  two  parallel  studies  of  the  associated  wave  field  are  described.  The 
first  of  these  is  theoretical  and  considers  localized  and  extended  models  of  the  source, 
while  the  second  is  experimental  and  involves  a  vertically  oscillating  and  horizontally 
translating  sphere.  Oscillation  frequencies  both  smaller  and  larger  than  the  Brunt- 
Vaisaia  frequency  are  considered,  and  reasonably  good  agreement  between  theory 
and  experiment  is  obtained  concerning,  e.g.,  the  shape  of  the  surfaces  of  constant 
phase,  the  streamwise  evolution  of  the  wavelength,  and  the  domain  of  existence 
of  the  waves.  Calculations  are  then  presented  for  a  realistic  turbulent  wake,  and 
comparison  with  available  experimental  results  is  performed. 


1.  Introduction 

/t  body  moving  horizontally  in  a  stratified  fluid  generates  several  systems  of  internal  waves, 
each  of  which  is  associated  with  a  distinct  perturbation  of  the  basic  stratification.  In  this 
respect,  the  important  parameters  are  the  froude  number  Fr  =  UINu,  which  represents 
the  ratio  of  inertial  forces  to  buoyancy  forces,  and  the  Reynolds  number  Rv  —  l/lju, 
which  represents  the  ratio  of  inertial  forces  to  viscous  forces,  with  U  the  velocity  of  the 
body,  a  its  transverse  radius,  I  its  axial  length,  N  the  Brunt-Valsalii  frequency  and  i/  the 
kinematic  viscosity,  in  particular,  experiments  over  the  past  twenty  years  (Lin  &.  Pao 
1979;  Gilreath  &;  Brandt  1985;  Hopfinger  ei  ui.  1991;  Bonaeton  et  al.  1993;  Lin  et  al. 
1993)  have  shown  that,  at  sufficiently  high  Fi  and  Re,  lee  waves  generated  by  the  motion 
of  the  body  are  superseded  by  random  waves  generated  by  its  wake,  and  have  traced  back 
the  origin  of  these  waves  to  the  large-scale  coherent  structures  of  the  wake. 

The  modelling  of  this  phenomenon  was  discussed  by  Voisin  (19946).  la  the  Reynolds 
and  Froude  numbers  range  involved,  the  wake  is  turbulent  and  develop,',  initially  as  in  a 
homogeneous  fluid.  Coherent  structures,  in  the  form  of  vortex  loops  or  turbulent  bursts, 
a;e  released  periodically  behind  the  body  at  the  frequency  wo  of  the  near  wake  spiral 
instability;  after  a  dime.usionless  time  Ntc  «  3  they  collapse  impulsively  under  the  in¬ 
fluence  of  buoyancy,  generating  internal  waves.  As  far  as  these  waves  ace  concerned,  a 

"also  al  fiPEA/GMEl/CNRM,  Meteo-France,  42  avenue  Coriolis.  31057  Toulouse  Cedex,  France 


1 


turbulent  weike  is  thus  amenable  to  a  series  of  impulses,  of  alternating  signs  so  as  to  take 
into  account  its  geometry,  periodically  spaced  in  both  space  and  time,  and  separated  from 
one  another  by  a  distance  ttCZ/wq  and  time  x/wq.  Two  equivalent  views  of  this  series  arise 
naturally:  a  source  moving  at  velocity  U  and  emitting  impulses  at  time  intervals  x/wo; 
a  source  moving  at  velocity  U  and  of  strength  oscillating  at  the  frequency  wo  and  at  all 
its  odd  harmonics.  The  first  view  is  appropriate  at  small  axial  distances  from  the  body, 
when  the  waves  generated  by  each  collapse  have  not  yet  had  time  to  interfere;  then  each 
impulse  can  be  considered  individually.  Conversely,  the  second  view  is  appropriate  at 
large  axial  distances,  when  interference  has  taken  place;  then  the  collective  effect  of  all 
the  impulses  is  observed,  resulting  in  a  predominance  of  the  fundamental  frequency  wq. 

A  first  step  towards  assessment  of  this  interpretation  was  carried  out  by  Bonneton  et  al. 
(1993),  who  studied  each  coherent  structure  individually.  The  present  paper  investigates 
the  second,  collective,  aspect.  Specifically,  §  2  describes  a  theoretical  approach  of  internal 
waves  generated  by  the  simplest  practical  realisation  of  a.  horizontally  translating  source  of 
oscillatory  strength,  i.e.,  a  sphere  both  translating  horizontally  and  oscillating  vertically. 
Then  §  3  compares  the  re.sults  of  this  theory  with  experiments,  and  §  4  applies  them  to  a 
realistic  turbulent  wake. 


2.  Theoretical  background 

2.1.  Source  model 

In  a  homogeneous  fluid,  a  sphere  of  radius  a  moving  at  velocity  uo(<)  along  a  path  Xo(f), 
with  uo(0  =  dxo/dt,  can  be  irrodelled  either  approximately,  for  ii  >  a,  as  the  dipole 

md(x,f)  = -2xa®Uo  •  VJ(X),  (1) 

or  exactly,  for  all  lija,  as  the  surface  distribution  of  sources 

I  a 

where  x  ~  (x,  y,  z]  denotes  position,  with  r  =  |x|,  t  denotes  time,  X  =  x— Xo  is  the  position 
relative  to  the  centre  of  the  sphere,  u  =  [u,  w,  uj]  the  fluid  velocity  and  m  =  V-u  the  source 
strength  (rate  of  volume  outflow  from  the  source).  Use  of  these  models  in  a  stratified  fluid 
was  introduced  by  Miles  (1971)  and  Gorodtsov  h  Teodorovich  (1982),  respect'vely,  on  the 
assumption  that  the  Froude  number  be  large,  so  that  the  flow  around  the  sphere  is  locally 
unaffected  by  gravity.  Experiments  suggest,  however,  that  these  models  remain  valid 
even  for  moderate  values  of  Fr,  the  only  difference  being  the  replacement  of  the  far-field 
condition  R  ■;!>  a  by  the  compactness  condition  a  A,  with  A  the  wavelength  of  the 
waves  (see,  e.g.,  Voisin  1994a).  Another  approximation  implicit  in  (1)  and  (2)  is  that  the 
Reynolds  number  Re  be  moderate,  so  that  no  wake  is  formed. 

In  the  system  of  coordinates  shown  in  figure  la,  of  origin  Ox  equal  to  the  mean  position 
of  the  centre  of  the  sphere,  xi-axis  horizonial  and  directed  opposite  to  the  mean  motion, 
and  vertical  2-axis,  a  motion  composed  of  horizontal  translation  at  velocity  U  and  vertical 
oscillation  of  frequency  ljq  and  amplitude  h  corresponds  to  the  path  Xo(0  =  —Ute^  — 
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(a)  (i) 

Figure  1.  Determination  of  the  wave  field  of  a  horizontally  translating  source  of  oscillatory 
strength;  (a)  system  of  coordinates  and  (b)  graphical  solution  of  equation  (8)  for  the  parameter 
f*  =  ^/|  sin<^i|,  for  ( - )  T/|  sin<^i|  =  0.5  and  ( - )  T/|  sinipil  =  1.2. 


h  3in(a;of)ei,  where  and  are  unit  vectors  along  the  xi-  and  z-  axes,  respectively.  Small 
oscillations  /i  <  a  can  be  neglected  in  the  position  of  the  source  but  not  in  its  velocity, 
so  that  (1)  and  (2)  become 


”td(x,t)  =  27ra^ 


d(i'i)d(y)<5(z), 


(3) 


?n.(x,f)  =  -- 


Xi  z' 

U - h  hu)o  cosfcunO- 

a  aj 


<5(ri  -  a). 


(4) 


This  approximation  is  straightforward  for  the  surface  source;  for  the  dipole  it  loliows  from 
remarking  that  m,(x,t)  is  asymptotic  to  md(x,f)  in  the  limit  of  large  v  avelengths  A  >  a, 
as  can  be  seen  by  comparing  their  spectra 


TOd(k,  t)  =  —2i-ira^[Uk  +  hwo  cos(wof)mj,  (.5) 

m5(k,f)  — 6i7ra^[t7fc  +  huio  cos {uJot)m] ,  (6) 

KiCL 

defined  by 

m{xa)  =  J  d%  (7) 

where  k  =  is  the  wavenumber  vector,  with  a  -  |k!  —  2w/X,  and  ji{z)  = 

{smz]/z‘^  -  {cosz)/z  is  the  spherical  Bessel  function  of  order  1. 

The  sphere  can  thus  be  modelled  as  the  linear  superposition  of  two  sources,  both  in 
uniform  horizontal  motion,  and  whose  strengths  are  constant  and  oscillatory,  respectively. 
For  oscillation  velocities  ktoo  large  compared  with  the  translation  velocity  U  the  second 
component  becomes  large  compared  with  the  first  cornponeat  (i.e.,  lee  waves);  in  what 
follows  this  is  only  the  situatioii  that  we  shall  coij.videi  and  lee  waves  will  accordingly  be 
omitted.  In  terms  of  the  dimensionless  parameters  introduced,  e.g..  by  Davies  tt  al.  (1994), 
we  have:  moderate  Reynolds  number  .Re  =  2t/a/n,  large  Froucle  number  Fr  =  UfNa, 
small  Keulegan-Carpenter  number  Ke.  It /a  and  large  velocity  ratio  huajU. 
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2.2.  Wave  field 


Internal  waves  generated  by  tlie  uniform  borisontal  motion  of  a  source  of  oscillatory 
strength  have  been  studied  both  theoretically  (Stevenson  &  Thomas  1969;  Redekopp  1975; 
Rehin  &  Radt  1975;  Peat  &:  Stevenson  1975)  and  experimentally  (Stevenson  h  Thomas 
1969;  Peat  h  Stevenson  1975;  Davies  et  al.  1994).  Emphasis  was  on  the  determination  of 
the  surfaces  of  constant  phase.  Here  we  adopt  the  approach  exposed  in  Voisin  (1994a), 
in  which  the  amplitude  and  the  phase  are  obtained  jointly. 

Waves  are  ruled  by  the  frequency  ratio  T  =  i^ojN,  and  are  expressed  in  terms  of  the 
auxiliary  variable  which  in  spherical  coordinates  (ni,9i,'^i)  (see  figure  la)  satisfies  the 
equation 

=  HTnV. -V’  ~ 

subject  to  the  condition  |4|  <  |sin(pi|.  The  solution  of  this  equation  defines  two  systems 
of  waves,  sum  waves  with  positive  ^  and  difference  waves  with  negative  each  of  which 
system  is  itself  separated  into  transverse  and  divergent  components.  Both  systems  are 
contained  within  wavefronts,  p<irts  of  which  are  caustics,  and  which  correspond  to  the 
maxima  or  jumps  (H!±,G±)  observed  in  figure  lb.  The  analytical  expression  of  !n±  and 
was  given  in  Voisin  (1994a)  and  will  not  be  repeated  here.  For  each  wave  system 
the  divergent  and  transverse  components  merge  on  the  caustic;  associated  ranges  of  ^  are 
—  I  sinc,i?i]  <  ^  <  E_  for  divergent  difference  waves,  5_  <  <(  <  0  for  transverse  difference 
waves,  0  <  ^  <  for  transverse  sum  svaves  and  E+  <  ij’  <  |sin<^i|  for  divergent  sum 
waves. 

The  name  of  those  components  refers  to  the  shape  of  their  horizontal  curves  of  constant 
phase,  shov/n  in  figure  2  a.  For  T  >  1  difference  waves  are  upstream  facing  and  sum 
waves  downstream  facing;  both  of  them  have  cusps  on  the  caustic  where  divergent  and 
transverse  waves  meet,  and  extend  only  downstream.  For  T  <  1  difference  waves  and 
transverse  sum  waves  remain  essentially  unchanged,  while  divergent  sum  waves,  stmting 
up  from  the  caustic,  tend  towards  infinity  downstream  as  \y\  jaKl  -  T^)2/T,  come 
then  back  towards  regions  of  smaller  and  finally  extend  upstream. 

The  derivation  of  the  characteristics  of  the  v/aves  is  straightforward  and  yields,  for  the 
frequency  and  wavenumber  vector, 


w  =  iVe,  k  - 


iV 

u 


Y  _ 


[T-flcos!^!  lT-i^|smv?i 


(sin^  ipi  -  ^2)r 


i  (sin*i,yi  -  ^'*)j 


(9) 


The  vertical  displacement  C>  related  to  the  vertical  velocity  ly  by  in  =  dCJdt,  follows 
siniilai'ly  from  replacing  in  Voisin  (i994a)  the  monopolar  moment  TOq  of  the  source  by  the 
spectrum  ni(k,  f).  The  resulting  expressions,  combining  (5),  (6)  and  (9),  fail  to  describe 
the  vicinity  of  the  caustics,  where  they  diverge;  a  more  elaborate  description  of  this 
vicinity,  involving  Airy  functions  (Lighthill  1978,  §4.3.1),  was  not  attempted. 


3.  Sphere  experiments 

Experiments  were  conducted  in  a  transparent  tank  50  cm  wide,  50  cm  deep  .and  400  cm 
long.  A  heavy  sphere  of  radius  1.12cni  was  towed  horizontally  through  a  linearly  strati- 
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Figure  2.  Vertical  displacement  field  generated  by  horizontal  translation  of  a  vertically  os¬ 
cillating  sphere,  for  T  =  0.4,  0.8  and  1.2,  with  Fr  =  0.25  and  Ke  =  0.6.  Dimensionless 
coordinates  x*  =  N-KjU  are  used,  with  2*  =  24  (except  for  T  =  0.4,  in  which  case  2*  =  17).  (a) 

shows  ( - )  the  first  few  lines  of  constant  phase  of  each  wave  system  said  ( - )  the  associated 

vvavefionts;  for  T  <  1  these  fronts  comprise  a  circle,  whose  upstream  and  downstream  halves 
correspond  to  divergent  and  transverse  sum  waves,  respectively.  The  theoretical  displacement 
field  is  shown  in  (6)  for  the  dipole  and  in  (c)  for  the  surface  source,  while  (d)  is  the  experimental 
■/isualization;  gray  scale  units  are  arbitrary. 
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fled  fluid,  a  vertical  sinusoidal  oscillation  being  superimposed  on  the  uniform  horizontal 
translation  of  the  support  of  the  sphere.  The  towing  and  visualization  techniques  were 
identical  to  those  used  by  Bonneton  et  al.  (1993).  Five  frequency  ratios  T  =  0.4,  0.6,  0.8, 
1.01  and  1.2,  both  smaller  and  larger  than  1,  were  selected.  Other  parameters  were  chosen 
so  that  three  of  the  four  conditions  mentioned  in  §2.1  be  satisfied:  moderate  Reynolds 
number,  small  Keulegan-Carpenter  number,  large  velocity  ratio.  The  Froude  number  wcis 
then  fixed  by  experimental  requirements. 

Experimental  results  are  summarized  in  figure  2.  Two  factors  appear  to  distort  them 
significantly:  the  presence  of  lee  waves,  easily  recognized  by  their  hyperbolic  curves  of 
constant  phase,  and  the  reflection  of  the  waves  on  the  walls  of  the  tank.  Lee  waves  are  cdl 
the  more  pronounced  as  T  is  small,  since  the  velocity  ratio  huJafU  =  TKefFr  is,  for  given 
Fr  and  Ke,  proportional  to  T.  For  a  discussion  of  the  effects  and  occurrence  of  tank  wall 
reflections  the  reader  is  referred  to  Graham  ii.  Graham  (1980). 

The  first  conclusion  to  be  drawn  from  figure  2  is  the  inadequacy  of  the  dipolar  repre¬ 
sentation  (3)  of  the  sphere,  since  the  displacement  field  shown  in  figure  2b  is  dominated 
by  high-amplitude  difference  waves  which  are  absent  from  experiments.  The  reason  for 
this  lies  in  the  compactness  condition  a  -C  A,  which  is  not  satisfied  by  the  short  difference 
waves.  Alternatively,  this  can  be  explained  by  remarking  that  the  dipolar  spectrum  (5) 
varies  as  /ca,  overemphasizing  the  contribution  of  large  wavenumbers,  while  the  surface 
source  spectrum  (6)  varies  as  jiina)  and  is  thus  a  maximum  at  ko  w  2  (Abramowitz 
&  Stegun  1972,  ch.  10).  Only  the  surface  source  model  can  thus  be  expected  to  yield 
satisfactory  agreement  with  experiments. 

This  agreement  is  first  qualitative,  and  concerns  the  structure  of  the  wave  field.  As 
shown  in  figure  2d,  divergent  sum  waves  are  dominant  for  T  =  0.4;  as  T  increases  and 
reaches  0.8  transverse  sum  waves  appear  at  some  distance  downstream,  and  finally  for 
T  =  1.2  they  supersede  divergent  waves  in  the  vicinity  of  the  sphere.  This  results  from 
the  combination  of  several  factors:  position  of  the  wavefronts  0i  =  Q  within  which  each 
wave  system  is  found;  amplitude  associated  with  these  systems  in  the  spectrum  Tn(k,  t)  of 
the  source;  restrictions  imposed  on  the  domain  of  observation  of  the  waves  by  the  presence 
of  lee  waves  and  by  tank  wall  reflections.  These  arguments  can  be  made  quantitative, 
e.g.,  by  plotting  the  function  ii(«a)  as  a  function  of  Zi  for  y  =  0  (not  shown  here).  As 
T  increases  from  0.4  to  1.2,  zones  of  rapid  phase  variations  (nay  inversions)  appear  near 
the  caustics.  This  is  attributable  to  an  interference  between  transverse  and  divergent  sum 
waves,  of  similar  wavelengths  In  that  zone. 

The  evolution  of  the  wavefronts  with  T,  i.e.,  their  narrowing  as  T  increases,  is  con¬ 
firmed  by  experiment.  Their  position  is  difficult  to  determine  because  of  the  perturbation 
of  the  wave  field  by  the  lee  waves  and  by  the  wall  reflections.  For  relatively  small  aq, 
however,  this  perturbation  is  negligible,  ajid  the  theoretical  and  experimental  wavefronts 
differ  by  a  lateral  distance  of  the  same  order  as  the  diameter  of  the  sphere.  A  possible 
explanation  for  this  is  the  diffraction  of  the  wav^  s  outside  the  caustics,  a  phenomenon  not 
taken  into  account  in  the  formulae  used  to  compute  the  theoretical  wave  field. 

More  quantitatively,  figure  3a  compares,  for  T  =  0.6,  the  theoretical  and  experimental 
values  of  the  axial  wavelength  A^  2;r/|fc|  in  the  plane  y  =  0,  measured  from  several 
images  similar'  to  figure  2d.  The  number  of  experimental  runs  compensaies  for  the  rela¬ 
tively  poor  precision  of  the  method.  Good  agreement  is  obtained  with  the  interpretation 
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Figure  3.  Dimensionless  axial  wavelength  —  A;t)/(2?rD')  versus  dimensionless  downstream 

distance  2*  in  the  plane  y  =  Q,  for  (a)  T  =  0.6  and  =  24  and  (6)  T  =  rr  and  a,  =  0.6; 

( - )  theoretical  curves,  {•)  experimental  points,  ( - )  lee  wave  length,  ( - )  spatial  period  of 

the  source  path. 


of  the  wave  field  in  terms  of  mainly  divergent  sum  waves.  As  NxijU  — »  00  we  have  for 
divergent  difference  waves,  transverse  waves  and  divergent  sum  waves,  respectively. 


A. 


(t  +  r^’ 


1 

IT-li 


(10) 


indicating  that  the  axial  wavelength  of  transverse  waves  tends  towards  the  spatial  period 
27rD’/wo  of  the  path  of  the  source.  Figure  3u  shows  that  this  period  is  never  observed  in 
the  wave  field. 


4,  Wake  application 

Application  of  the  preceding  analysis  to  a  realistic  stratified  turbulent  wake,  created  by 
horizontal  motion  at  velocity  U'  of  a  body  of  transverse  radius  a'  and  axial  length 
supposes  that  the  various  parameters  arising  in  this  analysis  be  expressed  in  terms  of 
those  cLssociated  with  the  wake.  According  to  the  discusion  of  §1,  the  velocity  U  and 
frequency  Wq  of  the  source  equivalent  to  the  wake  are  identical  to  the  velocity  U'  of  the 
body  smd  to  the  frequency  ojg  of  the  near  wake  spiral  instability.  Similarly,  the  radius  a  of 
this  source  represents  in  some  phenomenological  way  the  radius  of  the  coherent  structures 
before  their  collapse,  and  will  be  assumed  to  be  of  the  same  order  as  the  radius  a'  of  the 
body.  The  amplitude  h  of  the  oscillations  is  just  a  device  to  reproduce  experimentally  a 
source  of  oscillatory  strength  and,  as  this  strength,  depends  on  the  precise  dynamics  of 
the  collapse.  Hereafter  these  approximations  will  be  used  aud  primes  will  be  omitted. 

The  main  conclusion  of  §§2  and  3  was  the  strong  dependence  of  the  wave  field  on 
the  frequency  ratio  T  =  wo/A'’,  which  can  be  expressed  in  terms  of  the  Strouhal  number 
Si  =  aujgjTvU  as  T  =  nStFr.  In  the  Reynolds  and  Froude  numbers  range  considered 
in  the  literature,  the  Strouhal  number  is  0.2  for  tow'ed  bodies  and  1.0  for  self-propelled 
bodies  (see,  e.g.,  Voisin  1994i).  A  sphere  towed  at  a  Froude  number  Fr  =  -5  corresponds 
thus  to  T  =  TT,  value  that  we  adopted  in  figures  36  and  4  to  compute  the  axial  wavelength 
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Figure  4.  Vertical  displacement  field  generated  by  uniform  horizontal  translation  of  a  vertically 
oscillating  sphere,  for  T  =  tt,  Fr  =  5  and  z,  =  0.6. 

and  vertical  displacement  field,  respectively;  these  are  to  be  compared  with  figures  8  and 
9  of  Bonneton  et  al.  (1993). 

Comparison  between  the  theoretical  and  experimental  wavefronts  has  already  been 
successfully  performed  by  Gilreath  &  Brandt  (1985)  and  Bonneton  et  al.  (1993)  and 
will  not  be  repeated  here.  As  this  wavefront  is  passed  all  waves  are  observed  nearly 
simultaneously,  with  axial  wavelengths  close  to  one  another  and  tending  rapidly  towards 
the  asymptotic  values  (10),  which  themselves  do  not  differ  much  from  the  spatial  period 
27rf7/mo  of  the  wake.  Then,  consistently  with  Hopfinger  et  al.  (1991),  Bonneton  et  al. 
(1993)  and  Liu  et  al.  (1993),  a  regime  is  reached  in  which  the  wavelength  is  independent 
of  the  Froude  number  and  identical  to  the  mean  spacing  of  the  coherent  structures,  which 
in  terms  of  the  diameter  2a  of  the  body  means  Xx/2a  ~  St~^  «  5. 

It  is  tempting  to  associate  this  regime  with  the  coherent  wave  regime  reported  by 
Bonneton  et  al.  (1993)  and  already  distinguishable  in  the  results  of  Hopfinger  ei  al.  (1991). 
In  particular,  Aj;/2a  is  roughly  of  the  same  order  eis  the  wavelength  of  the  first  coherent 
waves  identified  by  Bonneton  et  al.  (1993).  However,  the  associated  wave  field,  shown 
in  figure  4,  exhibits  a  very  complicated  phase  structure  resulting  from  the  interference 
between  the  four  wave  systems,  and  differs  from  the  more  or  less  organized  structure 
observed  by  Hopfinger  et  al.  (1991)  and  Bonneton  ei  al.  (1993).  This  makes  the  present 
interpretation  just  tentative. 

We  finally  point  out  that  the  analysis  exposed  in  the  present  paper  relies  entirely  on  the 
assumption  that  advection  of  the  coherent  structures  before  the  collapse  is  negligible,  so 
that  the  process  of  emission  of  the  waves  is  impulsive.  There  may,  how'ever,  be  situations 
where  advection  is  significant  before  the  collapse.  Then  each  structure  generates  not  an 
impulsive  wave  field  but  a  lee  wave  field,  as  reported  by  Sysoeva  &  Chashechkin  (1991) 
for  a  towed  sphere  and  by  Dupont  &  Kadri  (1994)  for  a  bell-shaped  obstacle. 

The  authors  gratefully  acknowledge  the  advice  and  guidance  of  Prof.  E.  J.  Hopfinger. 
Experiments  were  carried  out  by  one  of  the  authors  (P.  D.)  during  a  one-year  stay  within 
the  SPEA  team  of  the  Centre  National  de  Recherches  Meteorologiques;  thanks  to  all  of 
them  for  their  kindness  and  invaluable  help. 
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Abstract 


The  dynamics  of  a  stratified  fluid  is  studied  in  the  Boussinesq  approximation.  The 
2-d  case  of  one  vertical  and  one  horizontal  dimensions  is  taken,  being  a  situation  en¬ 
countered  in  a  number  of  theoretical  and  experimental  studies.  The  resulting  dynami¬ 
cal  system  describing  non-linear  internal  gravity  waves  or,  in  other  words,  the  internal 
wave  -  vortex  interactions  has  a  peculiarity  of  having  an  infinity  of  integrals  of  motion 
constraining  the  initial  dynamical  variables.  It  is  shown  that  this  is  a  reflection  of  a 
deep  geometric  nature  of  the  system.  This  latter  is  used  1)  to  eliminate  perturbativeiy 
the  constraints  and  to  arrive  to  a  set  of  the  proper  dynamical  variables  neccessary  for  a 
weak  turbulence  approach;  2)  to  formulate  a  variational  principle  eind  to  study  a  global 
stability  of  the  system. 


Introduction 


Stratified  fluid  in  the  Boussinesq  approximation  provides  a  conceptually  and  practi¬ 
cally  important  example  of  the  wave  -  vortex  intraction.  Indeed,  the  interna]  gravity 
(buyoancy)  waves  dominate  in  the  limit  of  small  perturbations,  while  in  the  opposite 
limit  we  have  a  system  of  vortices  that  advects  density.  The  parameter  which  con¬ 
trols  dynamical  behaviour  of  the  system  is  the  Brunt  -Vaisala  frequency  N  =  —  , 

where  po{y)  is  the  background  density  stratification  in  the  vertical  direction  eind  will 
be  taken  to  be  exponential  (a  constant  N)  for  simplicity.  In  terms  of  vorticity  (w)  and 
buyoancy  9  -  gravity  acceleration  )  variables  the  system  of  dynamical 

equations  restricted  to  the  vertical  x  —  y  plane  takes  the  following  form: 

Here  J  denotes  the  Jacobian  in  x,y  variables,  ^  is  the  stream-function.  It  easy  to 
see  that  in  the  case  of  strong  stratification  (  iV  — >•  oo)  one  can  use  a  perturbation 
theory  to  study  non-linear  corrections  to  the  regime  of  freely  propagating  internal 
gravity  waves.  Thus  this  system  is  a  natural  candidate  for  a  weak- turbulence  approach 
[i]  and  indeed,  certain  attempts  in  this  direction  (see,  for  exeunplc,  [2])  have  been 
undertaken.  However,  the  problem  is  that  the  dynamics  governed  by  (1)  possesses  a 
peculiar  property  of  having  an  infinity  of  integrals  of  motion.  Namely,  there  are  two 
infinite  families  of  conserved  quantities:  any  function  of  —  N^y  integrated  over  the 
domain  of  the  flow  is  conserved  itself  as  well  as  being  weighted  with  vorticity: 

If.g  =  / lF(f  -  N^y)  -p  u;(?(e  -  N^y)]dxdy  (2) 

The  physical  origin  of  these  conserved  quantities  is  the  advection  of  density  in  the 
Boussinesq  appi'oximation.  rirora  the  mathematical  viewpoint  they  are  so-called  Casimirs 
and  reflect  the  fact  that  the  original  system  may  be  treated  as  a  generalized  Euler 
equation  related  to  some  infinite-dimensional  Lie  algebra  [3]  and  thus  preser\es  all  the 
invariants  of  the  corresponding  symmetry  group  action. The  presence  of  an  infinity  of 
integrals  means  that  the  original  dynamical  variables  tn  and  ^  are  severe]'/  constrained 
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and  in  order  to  avoid  the  problem  of  the  compatibility  of  these  constraints  with  stan¬ 
dard  statistical  assumptions  of  the  weak  turbulence  approach  it  would  be  better  to 
work  from  the  very  beginning  with  the  variables  which  are  free  of  constraints.  In  order 
to  find  these  variables  we  need  to  understand  better  the  above-  mentioned  symmetry 
transformations.  Their  study  will  be  the  subject  of  the  first  part  of  the  paper  and  will 
allow  us  to  find  explicitely  the  unconstrained  variables.  The  analysis  of  this  part  is 
essentially  perturbative,  i.e.  local.  The  second  part  of  the  paper  contains  the  global 
analysis  in  the  sense  that  it  allows  to  study  a  behaviour  of  trajectories  of  the  dynami¬ 
cal  system  in  terms  of  quasi-Lagrangian  variables  still  provided  by  the  aforementioned 
geometric  background. 


The  local  description  of  the  phase-space 

Consider  the  following  transformation  of  the  dynamical  variables: 

SUJ  =  J(x,w)  +  JiX,0  -  =  J{x,0  -  ,  (3) 

where  x?  X  are  some  infinitesimal  functional  parameters.  It  is  easy  to  check  that  these 
transformations  leave  the  Casirairs  (2)  invarant.  Now,  the  presence  of  the  Casimirs 
means  that  the  time  evolution  of  our  dynamical  system  (1)  takes  place  not  in  the  whole 
space  of  original  variables  w  ,  ^  but  rather  on  the  surface  of  constant  Casirairs  embedded 
into  this  latter.  This  means  that  the  original  phase-space  is  foliated  into  a  family  of 
these  surfaces.  The  fact  that  the  transformations  (3)  do  not  change  the  Casimirs  means 
that  any  such  surface  is  a  symmetric  m2uiifold.  In  fact,  it  is  a  so-called  co-adjoint  orbit 
of  the  group  of  symmetry  tremsformations  given  in  their  infinitesimal  version  by  (3). 
Any  point  of  such  a  manifold  may  be  reached  by  a  finite  group  transformation  from 
any  other  point.  This  means  that  by  applying  ail  possible  symmetry  transformations 
to  some  fixed  initial  point  one  obtsdns  the  whole  manifold  which  gives  a  possibility  to 
get  unconstrained  dynamical  variables;  they  are  the  co-ordinates  on  this  symmetric 
manifold  -  the  parameters  of  symmetry  transformations  applyed  to  some  given  initial 
point  in  the  phase  space  uiq,  Hence,  what  we  need  is  an  explicit  form  of  the  finite 
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transformation  corresponding  to  (3).  It  has  been  found  in  [3],  [8]  and  has  the  following 
form: 

ij{x,y)=ujo{X,Y)-J{AMX,Y)-N^Y),  =  CoiX,Y)  -  N\Y  -  y).  (4) 

Here  X,Y  are  related  to  the  original  coordinates  by  an  area-preserving  change  of 
variables  J{X,  y)  =  1,  A(a:,  y)  is  an  arbitrary  function.  We  see  that  the  transformation 
of  buyoancy  variable  is  closely  related  to  the  fact  that  the  combination  ^  —  N^y  -  a 
"toted  buyoancy”  is  being  simply  advected  (cf.  (1))  while  the  transformation  of  vorticity 
is  more  complicated  being  a  combination  of  the  advection  and  adjustment  due  to 
buyoancy.  Thus,  we  are  close  to  our  goal,  the  last  obstacle  being  the  incompressibility 
constraint  J(X,Y)  =  1,  otherwise  the  (Lagrangian)  variables  JV,  Y  and  the  additional 
function  A  would  solve  the  problem.  Unfortunately,  as  it  is  well-known,  there  is  no 
way  to  get  rid  of  the  incompressibility  constraint  for  arbitrary  area-preserving  ange 
of  variables.  However  this  may  be  done  perturbatively  for  special  orbits  (i.e.  for  special 
choice  of  Casimirs’  values).  Namely,  taking  the  orbit  corresponding  to  =  0  we  reduc' 
(4)  to 

cn(x,  y)  =  a;o(^,  Y)  +  J( A,  N^Y)  ,  ^(x,  y)  =  -N\Y  -  y).  (5) 

Then,  we  note  that  for  area-preserving  changes  of  variables  not  far  from  identity  we 
may  use  a  generating  function  which  solves  explicitely  the  incompressibility  constraint: 

X  =  x  +  SYix,Y)  ,Y  =  y~S4x,Y).  (6) 

Introducing  this  into  (5)  we  get 

u;(x,y)  =  u^{x+SY{x,Y),yS,{x,Y))+Ji\,N^y-S^{x,Y)) ,  e(x,y)  =  N^Sr{x,Y]. 

(7) 

In  fact,  the  nonlinearity  of  this  transformation  has  become  infinitely  high  since  instead 
of  y  one  has  to  introduce  y  —  S^ix,  y)  as  an  argument  of  S  everywhere  in  (7)  in 
a  nested  way.  To  cope  with  this  non-polynomial  behavior  we  shedl  make  use  of  the 
smallness  of  N~^ ,  i.e.  we  hereafter  suppose  that  stratification  is  strong.  Introducing  a 
scaled  variable  (  =  N^Sx  we  can  solve  perturbatively  the  second  equation  and 


get 


oo  1  an^n+1 

=  <  +  E  5::^)!  ^ 

The  condition  (q  =  0  means  that  our  system  has  no  closed  isolines  of  total  buyoancy 
and  the  perturbative  use  of  generating  function  supposes  that  there  axe  only  small 
deviations  from  this  regime.  We  may  further  simplify  our  system  by  fixing  =  0.  This 
means  (still  assuming  the  validity  of  generating  function  description)  that  only  small 
fiuctuations  around  the  vortexless  state  are  possible  during  the  dynamical  evolution. 
This  regime  is  fullj'  compatible  with  the  picture  of  weakly  non-  linear  buyoancy  waves. 
Thus,  rescaling  the  variable  N'^A  =  a  we  have; 

=  c  +  AT- V(cr,  0  +  OiN*)  (9) 

Hence,  we  have  got  explicit  expressions  for  old  variables  in  terms  of  new  unconstrained 
ones  (  and  cr.  By  introducing  them  into  original  system  (1)  we  get  a  system  of 
dynamical  equations  in  terms  of  these  variables  and  may  therefore  apply  a  standard 
philosophy  of  weak  turbulence  without  woiTying  about  compatibility  with  constr<unts. 
Note  that  although  we  can  always  come  back  to  original  dynamical  variables  and 
original  equations  (1)  the  fact  that  the  new  vstriables  and  the  old  ones  are  related 
non-Iinearly  means  that  applying  Gaussian  statistics  to  the  new  variables  results  in  a 
non-Caussian  one  for  the  original  variables. 

The  global  picture  of  the  phase-space 

Let  us  consider  in  more  detail  the  origin  of  the  Casimir  invariants.  To  do  this  we  need 
to  remind  some  facts  related  to  the  abstract  Buler  equation.  Given  an  arbitrary  Lie 
algebra  g  (which  may  be  thought  of  as,  for  example,  some  matrix  algebra  in  the  finite- 
dimensional  case  or  an  algebra  of  differential  operators  in  the  infinite-dimensional  case) 
wi  '  .ructure  relations 

l^A,  es]  =  C%ec,  C4  €  <?,  v4  =  1, 2, ... ,  (10) 
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where  the  vectors  form  a,  basis  in  g,  are  structure  constants  and  summation 

over  repeated  indices  is  assumed  hereafter,  we  may  define  a  (non-degenerate)  metric  ' 

<eA,<iB>—gAB  (11) 

i.e.  a  mapping  from  the  vector  space  g  to  its  dual  g'.  Therefore  for  any  element  u  ^  g* 
given  by  its  coordinates  A  =  1, 2, ...  we  may  construct  the  following  equation  which 
is  called  an  abstract  Euler  equation: 

WA  +  =  0,  (12) 

here  g^'^  is  the  inverse  of  gBc-  Eq.  (12)  is  an  equation  for  a  variable  that  belongs  to  the 
linear  space  g*  .  The  (infinitesimal)  action  of  the  Lie  group  related  to  (10)  is  defined 
in  ff*: 

Suja  =  ^ab^d)^  (13)  j 

where  is  s,  set  of  parameters.  This  action  is  called  a  co-adjoint  action  and  a  manifold  I 

f 

obtained  by  applying  (exponentials  of)  all  possible  transformations  (13)  is  a  co-adjoint  ; 

orbit.  As  it  is  easily  seen,  a  dynamical  evolution  (12)  is,  in  fawt,  a  co-adjoint  action 
of  the  group  and,  hence,  preserves  any  invariant  of  this  action  (a  Casimir  invariant) 

C(cu):  ' 

=  (14) 

The  crucial  fact  ir.  that  the  abstract  Euler  equation  (12)  is  equivalent  [4]  to  the  geodesic 
equation  on  the  Lie  group  (if  it  exists)  corresponding  to  the  Lie  algebra  g.  The  latter 
is  a  tangent  space  to  this  group  at  the  vicinity  of  the  identity  element  and  a  metric 
defined  on  g  may  be  transported  to  any  point  of  the  group  manifold  by  the  (right) 
group  action.  In  this  way  the  group  as  a  whole  acquires  a  Riemannian  structure, 

eq.  (12)  being  a  geodesic  equation  written  at  the  vicinity  of  unity.  Let  us  remind  the  ,  , 

corresponding  formulas  for  the  covariant  derivative  [4]: 

I 

=  V^es  = 

AD  9eb  —  9^^('bd  9ea),  (15) 

i 
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here  are  the  coefficients  of  a  symmetric  connection  compatible  with  the  metric. 
The  components  of  the  curvature  tensor  are: 


Rklmn  —  -  <  —  VtV/reM  —  >  (16) 

while  the  sectional  curvature  which  enters  the  Jacobi  equation  for  geodesic  varia¬ 
tion  and  whose  sign  is  responsible  for  the  separation  or  convergence  of  neighbouring 
geodesics  is  given  by 

=  RKLMNinVL^MVNi  (17) 

where  4  and  ij  are  the  tangent  vector  to  the  geodesic  and  a  vector  of  geodesic  deviation, 
respectively. 

The  basic  infinite-dimensional  example  of  this  construction  which  was  first  treated 
in  [4]  is  the  Lie  algebra  (and  the  Lie  group,  respectively)  of  area- preserving  diffeo- 
morphisms.  For  periodic  boundary  conditions  the  elements  e„  may  be  realized  as  the 
differential  operators 

c„  =  e*»-»nx^,  (18) 

where  n  and  i  are  2-d  vectors,  n  denoting  Fourier-indices:  n  =  (01,02),  x  =  (xijZs) 
and  X  denotes  the  skew  product:  n  x  m  =  Oimj  —  njmi.  This  gives 


[^n,  ®m]  —  O  X  01 

Taking  the  inverse  Laplacian  in  Fourier-space  as  a  metric 

9nm  -  n~H{n  -f  m) 


and  structure  constants  following  from  (19)  one  reproduces  the  equation  of  vorticity 
advection  in  2-d  ideal  hydrodynamics  [5]. 

In  order  to  relate  this  construction  to  the  stratified  fluid  equations  (1)  we  have  to 
make  some  extension  of  the  original  algebra  (19)  which  is  called  a  semi-  direct  product 
of  symplectic  diffeomorphisms  and  fimctions,  a  construction  which  has  been  repeatedly 
discussed  in  the  literature  [6],  [7],  [8].  It  consists  in  adding  to  the  c„  from  (19)  their 
commuting  counterparts  e„>; 

[Cn')Cm']  ~  0  (21) 
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such  that 


(22) 


[^nj  Cm']  —  n  X  Ttl 

With  e„  resized  by  (18),  the  en'  may  be  taken  as  the  elements  of  a  Fourier-basis  for 
functions,  c„/  =  in  order  to  reproduce  (21),  (22).  While  the  variables  w„  related 
to  e„  correspond  as  before  to  vorticity,  the  new  variables,  say  related  to  e„'  appear. 
If  the  old  metric,  i.e.  the  inverse  Laplacian,  is  preserved  for  the  en-sector,  and  there 
are  no  mixed  components:  g^m'  =  0,  the  immediate  consequence  of  (21),  (22)  is  the 
advection  of  the  variable  ^(a:): 

^  +  J(6t^)  =  0  (23) 

while  a  term  bilinear  in  ^  appears  in  the  vorticity  equation 

w  + J(w,V>)-^(4,MO  =  0  (24) 

where  we  have  introduced  an  operator  M  which  is  determined  by  the  components  gm>n> 
of  the  metric.  There  is  a  nunrber  of  physically  relevant  equations  resulting,  with  a 
proper  choice  of  M,  from  (23),  (24)  -  e.g.  2-d  MHD  equations  or  equations  for  the 
axi-symmetric  flows  with  swirl  [9].  For  our  purposes  it  is  sufficient  to  take  M  =  1,  in 
which  case  the  additional  term  in  the  vorticity  equation  vanishes  identically.  There  are 
no  linear  terms  appearing  in  (1)  in  thus  obtained  equations  so  the  next  step  is  to  further 
generalize  the  algebra  (19),  (21),  (22)  by  mervus  of  a  so  called  central  extension.  Indeed, 
one  may  add  a  term  iniS{n  +  m')  to  the  r.h.s.  of  (22)  and  have  no  contradiction  with 
the  Jacobi  identity.  This  means  that  a  new  (unity)  generator  cq  trivially  commuting 
with  all  other  ones  may  be  added  to  g  without  destroying  the  Lie-algebraic  structure. 
This  means,  in  turn,  that  a  new  coordinate  wg  should  be  added  to  g*.  It  is  easy  to  see 
that  it  is  trivially  conserved  and  may  be  identified,  after  a  proper  rescaling,  with  N~^ 
in  the  resulting  Euler  equations  (1). 

Thus,  we  have  shown  that  our  basic  dynamical  equations  indeed  have  a  deep  geo¬ 
metric  nature  and  may  be  treated  as  geodesic  equations  on  some  infinite  dimensional 
manifold.  Note  that  in  comparison  with  a  geodesic  interpretation  of  the  pure  hydrody¬ 
namics  which  is  essentially  the  Lagrangian  picture,  here  we  have  additional  coordinates 
related  to  buyoaucy  (one  may  think  about  this  latter  as  of  the  velocity  component  in 
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the  third,  auxiliary,  direction)  and  to  the  new  co-ordinate  wo-  The  set  of  these  co¬ 
ordinates  gives  a  globaJ  picture  of  the  phase-space  and  one  may  address  the  problem 
of  global  stability  by  estimating  the  divergence  of  the  nearby  trajectories  (geodesics) 
in  this  global  phase-space  with  the  help  of  the  Jacoby  equation,  i.e.  by  calculating 
sectional  curvatures.  Due  to  the  presence  of  the  symmetry  group  it  is  sufficient  to  cal¬ 
culate  these  latter  in  the  vicinity  of  unity,  i.e.  according  to  (16).  Knowing  the  structure 
constants  and  the  metric  we  have  all  neccessary  tools  to  do  this.  The  detailed  curva¬ 
ture  calculation  will  be  presented  elsewhere,  but  we  can  expect  that  strong  enough 
stratification  will  suppress  the  divergence  of  the  neighbouring  trajectories,  playing  the 
same  stabilizing  role  as  strong  /3  in  the  case  of  non-linear  Rossby  waves  dynamics  [9]. 


Conclusions 

We  have  .shown  that  a  stratified  2-dimensionai  fluid  in  the  Boussinesq  approximation 
has  a  geometric  nature  which  manifests  itself  on  the  dynamical  level  by  the  presence 
of  an  infinity  of  the  integrals  of  motion.  The  proper  use  of  this  geometric  background 
allows  one  to  find  the  proper  unconstrained  dynamical  variables  in  the  limit  of  strong 
stratification.  From  the  other  hand  a  global  behaviour  of  the  dynamical  trajectories  of 
the  systems  may  be  analyzed  starting  from  the  variational  principle  bcised  on  the  same 
geodesic  interpretation  of  the  system. 
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Abstract 

We  present  experimental  results  on  the  structure  of  the  turbulent  wake  of  a  sphere 
and  on  the  frequencies  associated  with  the  vortex  shedding  in  a  stratified  fiuid.  The 
strong  correlation  between  the  random  internal  wr /e  field  emitted  by  the  wake  and  the 
coherent  structures  of  the  turbulent  wake  is  demonstrated. 

1.  introduction 

In  this  paper  probe  measurements  are  presented  which  give  novel  information  about 
the  internal  wave  field  and  the  turbulent  wake  generated  by  a  moving  sphere  in  a 
stratified  fluid.  It  completes  previous  work,  which  dea't  with  the  structure  of  the  near 
wake  (Chomaz  et  al.  (I993)a,  hereinafter  referred  to  as  CBH),  the  far  wake  (Chomaz 
et  al.  (ig93}b}  and  the  internal  wave  field  (Bonneton  et  al.  (1993),  hereinafter 
referred  to  as  BCH).  In  this  paper  we  focus  on  the  temporal  evolution  of  the  turbulent 
wake  structure  and  its  interactions  with  the  random  intern^  wave  field. 

Experiments  were  conducted  in  two  different  water  towing  tanks  of  respective  sizes 
0.5x0. 5x4  m^  and  1x3x20  m^.  These  tanks  were  filled  with  a  linear  salt 
stratification  Ne  [0.67,2.02  rad/s],  N=(-g/'p  dp/dt)’'*.  Four  spheres  of  radii 
R={1.12,  2.5,  3.6,  5.0  cm}  were  used  in  the  experiments,  and  their  velocities  U 
ranged  from  1  to  50  cm/s.  The  Froude  number  (F=U/NR)  was  varied  between  0.8  and 
12.7,  and  the  Reynolds  number  (Re-U(2R)/v),  between  380  and  30000.  When,  for  a 
given  stratification  and  a  given  sphere,  the  velocity  is  varied,  the  two  dimensionless 
numbers  F  and  Re  vary  together  ;  the  linear  relation  is  Re(F)=Re(1)F,  where 
Re(1)»2R2N/v  is  the  Reynolds  number  for  F«1.  In  this  paper,  a  set  of  experiments  is 
characterized  by  its  Re(1)  value.  The  experimental  methods  have  been  presented  in 
detail  in  CBH  and  BCH. 


Figure  1.  Fluorescent  dye  visualizations  in  (a)  the  vertical  central  plane,  and  (b)  the 
horizontal  central  plane,  for  F=2.0  and  Re(1)=329  (R=1.12  cm). 

2.  Wake  Instability 

CBH  showed  that  for  F  >4.5  (3D  regime)  the  stratification  has  no  effect  on  the  close 
wake  (Nt<3).  Like  in  a  homogeneous  fluid  a  regular  spiral  instability  occurs  with  a 
fixed  Strouhal  number  of  0.17.  On  the  opposite,  for  F<1.5  (SLW  regime),  the  wake  is 
dominated  by  a  very  strong  lee  wave  of  maximum  amplitude  R/2.  which  suppresses  the 
wake  instability.  Between  these  two  regimes,  a  more  complex  regime  (T  regime) 
exists,  where  the  wake  recovers  progressively  its  behaviour  in  homogeneous  fluid  as  F 
increases.  Figure  1  shows  that  this  instability  does  not  correspond  to  a  spiral 
instability  but  to  a  vertical  oscillation.  Un  et  al.  (1993)  observe  a  symmetric  vortex 
shedding  because  they  used  a  shadowgraph  technique  which  is  not  suited  to  analyse 
precisely  the  structure  of  three  dimensional  wakes.  Tfie  shadowgraph  picture 
integrates  the  information  along  each  ray  and  the  global  symmetry  of  the  picture  they 
obtained  does  not  imply  that  the  wake  is  locally  symmetric  with  respect  to  the  median 
horizontal  plane. 


Figure  2.  Strouhal  number  of  low-frequency  instabilities  of  the  wake  as  a  function  of 
the  Froude  number,  determined  from  spectral  analysis  of  probe  signals.  The  probe  is 
located  at  z=0  and  x=3R. 
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Figure  3.  Instability  amplitude  A,  normalised  by  R,  as  a  function  of  F,  measured  with  a 
conductivity  probe  at  the  location  2=0  and  x*3R. 

New  conductivity  probe  measurements  have  been  carried  out  to  complete  the  CBH's 
analysis  of  this  regime.  The  Strouhal  number  (S-2fRyU)  of  the  wake  instabilities  is 
plotted  on  figure  2  as  a  function  of  F.  The  oscillatory  instability  occurs  for  F-0.8 
(SLW  regime),  but  as  indicated  on  figure  3.  its  amplitude  is  very  small  until  F.1.2. 
Moreover,  for  Fe  (0.9,1.21,  the  instability  is  intermittent  and  very  sensitive  to 
perturbation,  such  as  oscillations  of  the  sphere  at  the  start  up.  The  oscillatory 
instability  is  strongly  established  for  F>1.2  and  its  Strouhal  number  decreases  like 
1/F3/2  until  F-3.  The  data  dispersion  for  Fe  [3,4.5]  is  probably  related  to  the 
transition  between  the  oscillatory  instability  and  the  spiral  instability.  These 
Instabilities  do  not  depend  on  the  Reynolds  number,  excepted  for  the  critical  Froude 
number  Fc,  at  which  the  Instability  starts  {see  table  1),  and  contrary  to  Lin  et  al.  's 
(1992)  analysis,  can  not  be  associated  with  Kelvin-Helmholtz  instability. 


Red) 

3888 

1875 

329 

Pc 

0.8 

0.9  j 

1.4 

Table  1.  Critical  Froude  number  for  onset  of  oscillatory  instability  as  a  function  of 
Re(1). 


3.  Turbulent  wake  structure 


in  this  chapter  we  present  results  concerning  the  temporal  evolution  of  turbulent 
wakes  for  T  and  3D  regimes.  A  single-electrode  conductivity  probe  was  pulled  behind 


the  sphere  at  several  locations  behind  the  sphere.  We  made  also  some  measurements  of 
the  vertical  velocity  w  and  the  density  p  at  the  same  location  inside  and  outside  the 
wake.  Some  results  are  reproduced  from  work  by  Thual  et  al.  (1987). 
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Figure  4.  Overturning  length  scale  normalised  by  R,  as  a  function  of  Nt. 

The  overturning  length  scales  Lt=  -2<p'2>''2/(dp/d2),  where  p'  is  the  density 
fluctuation,  are  plotted  versus  Nt  in  figure  4.  Simitar  to  what  is  observed  in 
homogeneous  turbulence,  Lt  increases  first  with  time,  until  NSc-2.5  and  then  starts  to 
decrease.  This  transition  corresponds  to  the  maximum  of  the  vertical  wake  thickness 
determined  by  Un  et  al.  (1992).  For  Nt>Ntc,  the  wake  feels  the  stratification  effects 
and  loses  its  axisymnietry.  The  decrease  of  Lt  with  time  is  indicative  of  the  decrease  of 
the  amplitude  of  vertical  motions  which  are  progressively  suppressed  by 
stratification. 
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Figure  6.  w'  and  p'  correlation,  as  a  function  of  Nt  ;  0,  F=10/n  :  x,  Fa40/n:  ; 
Re(1)=121S,  R=2.5  cm  and  N-1.13  rad/s. 


Figure  5  shows  the  temporal  evolution  of  the  co-spectrum  and  quad-spectrum  of  w' 
(the  vertical  velocity  fluctuation)  and  p’  ,  inside  the  wake  (a,b,c,d,e,f,g)  and  outside 


density 


the  wake  (h).  In  figure  5  (a)  the  quadrature-spectrum  is  close  to  zero  and  the  co¬ 
spectrum  exhibits  a  significant  peak  which  corresponds  to  the  wake  instability  with  a 
dimensionless  frequency  of  0.2.  This  implies  that  w*  and  p'  are  correlated  inside  the 
turbulent  region.  For  Nt^Ntc  (figures  5b,c  and  d),  we  note  that  the  spectrum  is  not 
dominated  by  the  wake  instability.  Figure  6  shows  that  w’  and  p'  are  correlated  for 
Nt<Ntc  and  decorreiated  for  Nt>Ntc.  For  Nt^Ntw>6  (figures  5  e,  f  and  g),  we  obsen/e 
that  the  quad-spectrum  is  large  compared  to  the  co-spectrum.  This  indicates  that  w' 
and  p'  oscillate  in  phase  quadrature  as  required  for  internal  waves.  Thus  for  Nt^Ntw. 
the  wake  is  dominated  by  internal  wave  motions.  The  quadrature-spectrum  shows  a 
peak  which  corresponds  to  the  wake  instability  frequency.  This  confirms  the  fact 
previously  described  in  BCH,  that  the  random  internal  wave  field  is  generated  by  the 
collapse  of  the  coherent  structure  periodically  emitted  by  the  turbulent  wake.  The 
dimensionless  time  Ntw  corresponds  also  to  the  time  of  the  appearance  of  internal  wave 
outside  the  turbulent  wake  (see  BCH). 


Figure  7.  Vertical  density  profile  for  F=6  (Re(1)=3'5552,  R=5cm,  N-1.22  rad/s); 
(a)  Nt=2  :  (b)  Nt-6.5  :  (c)  Nt=12. 

To  improve  our  understanding  of  the  collapse  phenomenon  we  measured  the  vertical 
density  profile  of  the  wake  at  different  locations  (figure?).  A  conductivity  probe  was 
pulled  behind  the  sphere  and  was  driven  down  across  the  wake  with  a  constant  velocity: 
43.7  cm/s.  In  figure  7a,  for  Nt  close  to  Ntc,  we  observe  that  the  wake  has  been 
entirely  mixed  by  the  turbulent  motions.  Figure  7b,  obtained  at  Nfc>Ntc,  shows  that  the 
density  ptofiie  is  close  to  the  initial  linear  stratification,  and  that  density 
perturbatiotis  are  located  in  a  narrow  layer  which  corresponds  to  a  collapsed  wake.  For 
Nt>Ntw  (figure  7c)  we  observe  density  perturbations  outside  the  wake,  which  are 
associated  to  the  random  internal  wave  propagation. 


Figure  8.  Random  internal  wave  for  F-20/r:  and  Null,  (a)  shadowgraph  side  view, 
Re:«12624  (R=2.5cm);  (b)  laser-induced-fluorescence  visualization  in  a  horizontal 
plane  at  z»3R  below  the  centre  of  the  sphere,  Re-1611  (R-1.12cm). 

4.  Random  wave  field 


We  have  shown  in  the  previous  chapter  that  internal  waves  are  predominant  inside  the 
wake  for  NUNtw  BCH  showed  that  these  waves  are  also  emitted  outside  the  wake  at  the 
same  time  and  demonstrated  that  these  random  waves  behave  like  transient  internal 
waves  emitted  by  bodies  started  impulsively.  The  phase  structure  typical  of  impulsive 
waves  is  illustrated  in  figure  8.  The  shadowgraph  side  view  (figure  8a)  shows,  outside 
the  wake,  black  and  white  fringes  which  characterize  the  random  wave  isophases. 
Figure  8b  presents  a  horizontal  visualization  of  these  waves  which  appear  as 
semicircular  concentric  phase  line  patterns. 


Figure  9.  Co-spectrum  (solid  line)  and  quadrature-spectrum  (dashed  line)  between  p’ 
measured  at  z=2R  and  z=SR.  x=50R,  F=6  (Re(1)=6474,  R=5cm). 


To  Improve  our  knowledge  concerning  the  vertical  structure  of  these  waves,  we  have 
pulled  behind  the  sphere  at  x>50R  (NU8.3),  a  set  of  four  conductivity  probes  located 
at  z>2R,3R,4R  and  5R.  Spectral  analysis  of  probe  signals  Indicates  that  whichever  z, 
wave  spectra  are  dominated  by  the  frequency  which  corresponds  to  the  frequency  of  the 
wake  instability.  There  is  no  frequency  gap.  but  a  phase  gap  between  the  signals.  This 
is  due  to  the  slope  of  the  isophases  (see  figure  8a).  in  particular,  as  shown  in  figure  9, 
internal  waves  at  z-2R  and  5R  oscillate  in  phase  quadrature.  This  corresponds  to  an 
angle  between  the  vertical  and  the  isophase  of  43*'  which  is  in  agreement  with 
shadowgraph  visualizations  (figure  8a). 
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ABSTRACT 

Resoits  of  experimental  atady  of  tlie  tkennocline  ttratification  influence  on  drag  panmeten  of 
hoiizontuUy  and  uniformly  driven  apLere  are  repreaented.  Tke  apheie  witli  a  diameter  of  about 
theruLodine  tUckneaa  was  towed  at  a  dcptk  of  the  thermodine  center.  The  Reynolds  and  the 
FVoude  number  ranges  were  respectively  1.6  *  1(F  <  Re  <  1.1  s:  10*  and  0.3  <  Fi<  2.0. 
Analysis  of  the  mode  structure  of  the  iee-wave  field  is  provided.  Maximum  increase  of  the  drag 
ooeffident  value  ACx  is  obtained  for  regimes  of  the  first  mode  effective  generation.  Considerable 
drag  coeffident  decrease  far  Ft  >1.0  caused  by  the  walm  turbulization  is  confirmed  by  internal 
waves  characteristics  measurements.  The  certain  difference  between  lee  waves  and  collapse  waves 
is  observed. 

The  comparative  analyns  results  of  drag  coefficient  versus  F^nde  number  both  for  two  -  layered 
and  continuously  stratified  liquid  in  the  range  of  FVoude  numbers  Fi*^  1  tn  presented.  Com¬ 
parison  of  ACx  (Fi)  dependences  showed  an  existence  of  linear  dependence  of  FVoude  numbers 
Fi  for  continuously  stratified  fluids  and  square  dependence  between  Fi  for  the  two  -  layered  li¬ 
quid  and  an  exponential  stratification. 


1.  Introduction 

The  effect  of  fluid  stiatificatiou  on  drag  parameters  of  a  submerged  sphere  moving 
uniformly  in  the  horisontai  direction  has  b<%n  investigated  both  theoretically  and  exper¬ 
imentally. 

Resevch  of  Hanaeald  (1988)  is  devoted  to  numerical  studies  of  the  relatiouship  be¬ 
tween  the  drag  coefBcient  Cx  and  the  parazxieters  of  three  -  dimensional  flow  of  viscous 
iucompressiUe  exponentially  stratified  fluid.  Calculations  were  performed  for  the  con¬ 
stant  Reyndds  number  Re  =  200  and  yidded  the  results  close  to  the  experimental  ones 
for  mentioned  conditions. 

There  are  few  experimental  works  conseming  study  of  drag  on  uniformly  driven  solid 
bodies  in  a  stratified  fluid. 

In  the  work  by  Nildtiua  (1959)  experiments  on  drag  value  measurements  of  a  ship 
model  mowing  at  a  free  surface  of  a  two  -  layered  fluid  with  various  layers  thickness  has 
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Two  p^[>ere  axe  availaUe  now  (Mason  1977;  Lofquist  ti  Furtell  1984)  deding  with 
experimental  dependences  of  the  coefficient  Cx  versus  the  Fronde  number  for  a  sphere 
moving  in  an  exponentially  stratified  fluid,  as  well  as  of  its  variations  ACx  relativdy  to 
the  value  C7xo  in  a  homogeneous  fluid. 

Fluids  with  more  complicated  stratification  profiles  were  not  treated  experimentally 
from  this  viewpoint. 
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A  iuuit  of  exerimeDial  daia  is  also  the  reason  of  any  correlation  analysis  absence  for 
the  drag  coefficient  as  a  function  of  Fi  for  different  stratification  cases. 

2.  Experimental  equipment 

The  aim  of  present  experiment  was  to  confirm  and  evaluate  the  influence  of  thermocline 
-  wise  stratification  on  the  drag  force  and  the  drag  coefficient  of  a  submerged  solid  sphere. 

All  the  experiments  have  been  fulfilled  in  a  thermostratified  laboratory  tank  1.6  m 
wide,  1.2  m  deep  and  6  m  long.  Horizontally  homogeneous  thermal  stratification,  provided 
in  the  fiesh  water,  presented  a  scale  model  of  the  ocean  tbermocUne. 

Stratification  -  malnwg  system  contists  of  a  refngerating  machine  connected  with  heat- 
exchangers  arranged  horizontaliy  along  the  tank  walls  intide  the  tank.  It  provides  the 
lower  water  layers  temperature  of  about  i-r&’C  and  upper  layers  with  the  temperature  of 
18  v  As  a  result  of  the  system’s  action  and  due  to  natural  convection  in  heated  and 
coaled  water  layers  a  scale  model  of  natural  ocean  tbermochne  is  provided  m  the  tank. 
The  thermodiue  of  a  thickness  d  =:  O.lTif  has  its  center’s  depth  h  =  0.33il. 

Usually  it  takes  about  8  ---  9  hours  to  ’’boil”  a  stratification  in  the  homogeneous  liquid 
with  the  temperature  t  =  10°C  and  3  -r  4  hours  to  restore  it  night  later. 

A  sphere  of  diameter  D  ^  150  mm  was  towed  with  constant  velocities  V  —  0.014  -r 
0.09  m/s  at  the  depth  of  about  the  thermocline  centre  h  =:  0.32  m^2D  ,  which  excluded 
ii«e  surface  effect.  The  Reynolds  and  Fronde  numbers  varied  in  the  ranges  1.6  *  10^  < 
^  <  !•!  *  10*  and  0.3  <  Fi=  <  2.0  respectively.  Here  i/  is  fresh  water 
Idnemaw  viscoaty  coefficient  for  the  temperature  12”C  (  wat^  temperature  in  the  center 
of  the  thermodiue ),  iV  N^^{z)  is  the  maxiiaum  value  of  the  Bnint-Vaisala  frequency; 

«W  =  (-ta5)‘'’  W 

where 

g  accderation  due  to  gravity; 

Pc  water  density  at  the  cento  of  the  thermocline; 

dp/dz  density  variation  due  to  the  temperature  variation  at  the  horizon. 

During  the  experiment  the  maximum  buoyancy  frequency  N^^f{z)  was  kept  equal  to 
0.30  ±  0.02  s~^  at  the  depth  z  ^  0.31  4: 0.01  m.  The  vertical  temperature  prolUe  has 
been  recorded  before  every  towing  motion  and  the  Brunt-Vaisala  frequency  N  =  f{z) 
was  calculated  . 

The  drag  force  Rx  was  measured  uang  a  towing  dyuamometo  presented  a  two  - 
armed  lever  with  arms  ratio  Li :  L2  =  20.9.  The  longer  atm  is  formed  by  a  towing  knife 
having  a  cross-section  in  the  form  of  the  wing  profile.  The  rotation  axis  of  the  lever 
is  attached  fixedly  to  the  towing  carriage  notify  to  the  trajectory  of  the  towed  body 
motion.  The  dr<^  force  was  traosfened  from  the  towed  body  to  ^tic  dement  which 
deformation  cansod  variations  of  electric  signal  value.  A  differential  inductive  sensor  with 
fixed  c(^  and  a  core  connected  to  the  elastic  element,  was  used  as  an  energy  trauadncer. 

3.  Experimental  results 

The  drag  force  versus  the  sphere  motion  velocity  Rx  =  f{U)  (is  plotted  in  Fig.  1) 
in  the  presence  of  the  thenno^e  stratification  yidds  appropriate  values  of  the  drag 
coeffident 


where 
Rs 

Po 
U 

ACi  =  Cx-  Czot  (3) 

where  Cxo  is  the  drag  coeffident  of  a  sphere  in  the  homogeneous  liquid. 

Maximum  (threef^d)  increase  of  the  towing  drag  coefiScient  is  observed  at  the  Fronde 
number  Fi  =  0.58  {U  =  0.026  m/s)  (see  Fig.  2). 

The  intei’nal  waves  (IW)  field  parameters  were  recorded  by  vertical  chains  of  sen¬ 
sors.  Four  sensors  were  arranged  one  bebw  another  in  the  thermodiue  none  with  spacing 
0.07  m  at  a  distance  of  3jD  &om  the  sphere’s  trajectory.  IW  modes  are  represented  as 
eigenfunctious  gi(z)  of  the  Stumr-Liouville  boundary-vslue  problem 

^  +  =  0  (4) 

,.(0)  =  ,.(/[) -0 

where 

gn  the  n-th  mode  eigenfunction; 
kn  the  n-th  mode  wavenumber; 
w  the  IW  frequency; 

N  the  Bnint-Vaisala  frequency; 

B  the  tank  depth. 

The  problem  was  solved  under  the  condition  of  weak  dispersion  of  IW  noodes  {u  C 
Btaixin),  epu  —  Un/kn  =  const).  By  expanding  the  cbsplacement  of  isothenns  in  n 
modes  and  by  minimizing  rms  error  of  measured  isotherm  oscillations  we  can  find  the 
mode  amplitudes. 

Parameters  of  IW  analyzed  simultaneously  with  drag  measurements  evidence  that 
while  the  velocity  of  body’s  motion  increases  in  the  range  mentioned  above,  the  number  of 
modes  excited  by  the  body  increases  also.  The  drag  co^cient  increases  with  the  number 
of  modes  and  has  a  maximum  value  for  U  =  C'pi.  Thus  of  appreciable  importance  is 
the  first  mode  which  is  also  confirmed  by  comparing  data  of  IW  mode  aDal3'8i8  with  the 
ACx{Fi)  dependence  (see  Fig.  2).  Fig.  3  exhibits  spectra  of  the  first  three  modes  at 
various  velodtiea  of  sphere  motion.  It  can  be  readily  seen  that  as  the  velocity  (or  the 
Froude  number)  grows,  the  first  mode  becomes  predominant. 

The  prevalent  excitation  of  the  first  mode  while  velocity  of  the  sphere  motion  increases 
is  observed  when  the  sphere  moves  bdow  the  thermochne  {z  =  0.46  m).  OscUlograins  of 
modes  for  this  case  are  shown  in  Fig.  4.  The  growth  of  the  amplitude  for  Fi  >  1.0  is 
due  to  IW  generation  by  the  wake  and  differes  defiuitdy  from  the  case  of  IW  generation 
by  the  pressure  field  of  moving  body  (a  phenomenon  observed  also  by  Hopfinger  et  al. 
(1991)).  Experiments  with  a  streamlined  body  (an  ellipsoid  of  revolution)  showed  that 


Cx  = 


2Rx 


Po*U^*S 


(2) 


the  measured  dri^  force; 

the  water  density  at  the  thermodiue  centre  horizon; 
the  towing  velodty; 
the  body’s  cr(»s-section. 


lee  IW  have  maxiinum  amplitude  for  the  same  body’s  velosity  {V  =  Cpi)  without  its 
grouth  for  higher  values  of  V. 

4.  Comparison  of  the  wave-^ag  coefficient  versus  the  Froude  number 
for  (Cerent  stratification  profiles 

The  comparative  analysiB  results  of  drag  coefEdent  versus  F^oude  number  based  on 
drag  measurements  of  uniformly  and  horisontally  driven  modds  both  for  two  -  layered 
and  continuously  stratified  liquid  (exponential  stratification  and  thermocline)  in  the  range 
of  small  Fronde  numbers  (Ft  ~  i)  are  also  presented. 

As  a  towed  body  for  continuously  stratified  liquid  a  sphere  was  used.  In  the  exponen¬ 
tially  stratified  fluid  (Lofquist  &  Purtell  1984)  the  sphere  of  diameter  D  =  H/S  was  towed 
at  the  depth  jfi/2  (fi  is  the  fluid  depth).  In  the  case  of  two  -  layered  fluid  (Nildtioa  1959) 
the  ship  modd  with  the  draught  R  =  (0.54 -r  3.0) H\  {Hi  is  the  upper  layer  thickness) 
has  been  used. 


Ftoude  numbers  were  calculated  in  accordance  with  following  eqatious: 


—  for  the  two  -  layered  model 

Fi  =  V/Co 

(5) 

—  for  the  continuous  stratification 

Fi=:Vf{N*2R) 

(6) 

where 

U  body’s  vdodty; 

Co  internal  wave  speed  in  the  two  -  layered  liquid  of  finite  depth; 

R  characteristic  vertical  body  dimenaon  (=:  D/2  for  bodies  of  revolution); 

N  the  Brunt-Vaisala  fiequeucy  (JV  =  iVmac(2)  for  the  thenuodiue). 

Experimental  results  matching  method  was  based  on  the  dividing  -  streamline  concept 
(Snyder  et  al.  1985;  Hanacald  1988)  that  all  the  kinetic  energy  of  the  stationary  and 
potential  (for  Ft  <  0.5)  flow  passing  around  submerged  body  in  the  hydrostatic  limit  is 
converted  into  potential  energy  of  the  vertically  displaced  fluid  parcel. 

Resulting  formulas  for  the  dividing  streamliue  displacement  A  =  A  -  r,  versus  Froude 
number  for  the  flow  of  uniform  velocity  axe  as  fcfilows 

—  for  the  two  -  layered  fluid 

A=l/2*Ai*Ft*  (7) 

—  for  the  fluid  with  constant  density  gradient  and  for  the  thermodine,  presented  by  an 
exponentially  stratified  layer  placed  between  two  homogeneous  layers 


A  =  R*2Fi 


(8) 


For  wave  -  drag  codudeuts  vei&us  Frou'de  number  following  dependences  were  ob¬ 


tained: 


AC.*^(F»)  =  a  ♦  AC^(Ft) 

AC«p(Ft)  =  ACtiWm(Fi) 


(9) 

(10) 


With 


therm  —  (12) 

wheie  Ki,  K2  aie  coefficients  depended  on  the  body’s  geometiy  and  stratification 
parameters  in  the  certain  experiment. 

Explanation  of  the  dependence  (11)  and  the  value  of  coefficient  Ki  Mows  from  the 
comparisoD  of  £qs.  (7),  (8)  and  the  condition  of  rela^ve  displacements  A/A  and  A/ifi 
equi^iy: 

5  =  =  (13) 

Ki  =  Ff^lFi^  =  i  (H) 

Ki  values  obtained  from  an  experimental  data  comparison  are  in  the  range  3.88-f  4. 16. 
Results  of  adaptation  of  initiai  carves  ACx  (Ft)  for  the  two  -  layered  fluid  in  accor¬ 
dance  with  Eqs.  (9),  (11)  are  presented  in  Figs.  5  a,  &  (cases  when  the  ship  model’s 
draught  is  more  and  leas  than  the  upper  layer  tliirlfin<»«M  respectively). 

The  coefficient  Ki  value  in  Eq.  (12)  has  been  defined  taking  into  account  the  fact  of 
similarity  of  IW  propagation  in  continuously  stratified  fluids  and  equality  of  equations 
describing  wave  processes  in  one  -  waveguide  syetoms.  In  particular,  dispersion  depen¬ 
dence  for  fluid  with  N  =  const  and  for  the  thennocline,  modelling  by  the  exponentially 
stratified  layer  contained  between  two  homogeneous  layers, 

where 

w  IW  frequency; 

N  the  Brunt  -  Vaisala  frequency; 

kn  nrmode  hoiisontal  wave-uumber; 

ktn  —  i^n/h'  n-mode  vertical  wave-number; 
h'  characteristic  vertical  waveguide  dimensiott. 

From  Eq.  (15)  it  t'oQows  an  equation  for  dimensionless  kn.- 


{Khy  =  -^  +  iKny 


where  Fik  =  Cpn  /  K  h'. 

As  Froude  numbers  Fik  =  Ft*  2R/h'  are  of  order  10'^  for  Ft  <  0.5  it  follows  from 
Eq.  (16)  that  ki  »  kti.  i^s.  (15)  and  (16)  may  be  rewritten  now 

=  (17) 

^  "  fTT2R 

It  seems  to  be  natural  to  assume  the  phase  speed  equahty  to  be  the  sunilaiity  condition 
for  continuously  stratified  fluids  Cpi^  =  <7P],tiienn  '  11^  condition  the  Brunt 


-  Vais^  frequency  provided  the  siiiiilarity  of  ^Cx(Fi)  for  continuously  stratified  fluids 
will  be  defined  from  Eqs.  (17),  (18)  as  foUows 


—  ^PltkermfiPiap  *  2A*ip) 


(19) 


In  the  comparison  of  experimentally  obtained  dependences  ACx(Fi)  the  particular 
value  of  N  has  been  defined  from  Eq.  (19)  for  the  maariTTinm  values  AC/Caux(^0- 
obtained  value  of  Ntxp  =  2.73  allow^  to  count  the  similanty  coefficient  of  Ft  for  two 
stratification  profiles 


Kcp 

Kn  *  Kr 


(20) 


where 

Kpi  proportionality  coefficient  for  FVoude  numbers; 

Kof  =  1  similaiity  coefficient  for  phase  velocities; 

Kr  similarity  coefficieni  for  Brunt-Vaisala  frequencies; 

Kr  geometric  similaiiiy  coefficient. 


The  theoretically  obtained  value  of  =  Ft  twm/ Fi^ss  3.73  equals  to  the  result  of 
experimental  data  ^aptatbn.  Curves  of  AC2(j^t)«qi,  and  ACx(^t)<A«rni  where  FitWm 
is  transformed  in  accordance  with  Eq.  (20),  are  presented  in  Fig.  6. 

To  explain  the  presence  and  relative  position  of  nonmonotonicity  r^ons  in  both  curves 
(Jft„P  =  0.5,  Fithurn,  =  we  can  use  the  diagram  of  wake  regimes  past  a  sphere  moving 

in  the  exponentiafly  stratified  fluid  (Liu  et  al.  1992)  (Fig.  7) . 

It’s  obvious  that  the  re^n  of  lee  fW  existence  is  limited  from  above  by  the  Fronde 
number  Fi  =  0.4  (with  the  transiiional  sone  ai  Ft  ss  0,4  4-  0.5)  in  the  Reyndkls  number 
range  Re  —  200  -f  2000.  This  is  the  reason  of  the  wave-rirag  coefficient  insemdtivity 
from  Re  for  Fi  <  0.5  {Ft  <  1.0  in  their  definition)  noted  by  Lofquist  &  Purtell  (1984) 
(corresponding  characteristics  are  shown  in  Fig.  7  by  dashed  lines). 

Characteristic  line  for  the  Brunt-Vaisala  fj^uency  N  =  2.73  obtained  under  the 
condition  of  similarity  of  AC'x(  Ft )  is  shifted  to  the  diagram  region  where  position  of  lee 
waves  upper  boundary  becomes  sensitive  to  Re.  Comparing  the  uonmmiotonicity  regions 
position  (pmuts  no.  4  4-  6  in  Fig.  7)  we  can  find  that  thrir  presence  and  relative  position 
are  connected  with  the  change  of  JW  generation  regime  by  the  vortex  production. 


tCx 


Fig.  2.  The  drag  coefficient  increment 
versus  internal  Proude  number 
and  the  sphere's  velocity: 
lllii  the  drag  coefficient  increment, 

wave-drag  coefficient  due  to  IF  mode. 


•itijf  homogeneous  fluid 
tints  stntilied  fluid: 
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Abstract 


Estimates  of  exchange  process  intensities  between  the 
deep  and  surface  waters  in  the  deep  basins  of  the  Baltic  Sea 
are  obtained.  For  such  estimations  two  methods  -  the  integral 
(by  general  balance  of  salt  content  in  the  sea)  and  the 
differential  one  (by  approximation  of  salinity  vertical 
distribution  curves  with  the  diffusion  equation  solution)  - 
-  were  used.  Both  methods  lead  to  values  of  the  vertical  salt 
diffusion  coefficient  close  to  0.01  cm  s^’and  to  va^es  of 
salt  flux  through  the  pycnocline  of  magnitude  order  10  -10 
g  cm  s"^. 


In  the  deep  basins  of  the  Baltic  Sea  a  sharp  vertical 
water  stratification  is  Known  to  be  observed  /1 ,  2/  that  is 
due  to  the  presence  of  water  with  higher  salinities  and 
relatively  high  temperatures  at  the  deep  horizons  of  a  basin, 
from  one  hand,  and  less  saline  water  characterized  of  large 
seasonal  temperature  variations  in  the  upper  layers,  from  the 
other  hand.  Tlie  deep  water  has  its  origin  in  the  North  Sea 
water  mass  that  intrudes  at  times  into  the  Baltic  through  the 
shallow  Danish  sounds  connecting  the  North  and  Baltic  Seas. 
The  surface  waters  are  formed  in  the  Baltic  itself  through 
the  Interaction  of  river  discharge,  precipitation, 
evaporation,  the  exchange  with  the  deep  waters,  as  well  as 
the  thermal  processes  in  the  water  mass  interior  and  at  its 
boundaries . 

The  salinity  in  the  bottom  layers  of  the  Southern  Baltic 
can  reach  15-20  /co  andTii  the  northern  regions  it  decreases 
to  7-10  */oo.  The  underwater  sills  separating  deep  basins  are 
the  obstacles  to  the  northward  penetration  of  the  saline 
water,  so  that  the  lower  layers  in  some  basins  are  often 
Isolated  from  the  saline  water  of  adjacent  basins.  The  water 
exchange  between  basins  and  the  influx  itself  of  the  North 
Sea  water  that  is  rich  in  salt  and  oxygen  into  the  Baltic  Sea 
is  not  a  regular  process.  It  is  of  sporadic  nature  and  occurs 
in  the  form  of  individual  inflow  spells  of  water  mass  that 
depend  on  a  number  of  meteorological  and  hydrological  factors 
both  in  the  Danish  sounds  and  in  the  North  Atlantic.  The 
frequency  of  the  North  Sea  water  inflow  spells  is  not  high. 
Thus  some  twenty  spells  were  registered  during  1950-1968,^ the 
spell  of  1951  being  an  intensive  one  when  about  200  imn'  of 
the  North  Sea  water  penetrated  into  the  Baltic  Sea  /  1  /. 


Accordii'ig  to  observations  of  this  inflow  spell  the  North  Sea 
water  reached  the  Gotland  basin  in  3  months,  and  the  Landsort 
basin  in  6  months  after  the  passing  through  the  Danish  sounds. 
An  intensive  inflow  spell  was  also  observed  in  the  winter 
1975/1976,  when  the  North  Sea  water  spell  reached  the  Gotland 
basin  only  in  a  year  and  increased  the  bottom  water  salinity 
from  12.5  to  13  “/co  /  6  /.  According  to  the  data  now 
available  a  very  intensive  inflow  spell  occured  as  well  in 
January  1993.  At  the  present  time  the  information  of  the 
North  Sea  water  movement  over  the  Baltic  is  highly  patchy  and 
contradictory, but  it  is  evident  that  this  "new”  water  had  not 
reached  the  Gotland  basin  by  the  vid  of  Aprill  1993. 

There  is  a  layer  with  high  gradients  of  temperature, 
salinity  and  density  between  the  upper  braicish  water  layer 
and  deep  water  mass  in  the  deep  basins  of  the  Baltic.  It 
lies  at  the  depths  down  to  70-80  m  depth  in  the  central  part 
of  the  sea.  The  water  density  jump  in  this  layer  in  a  number 
of  casses  attains  to  three  and  sometimes  more  conventional 
density  units  which  hampers  vertical  exchange  between  the 
layers.  When  the  inflow  of  a  North  Sea  water  new  portion  does 
not  occur  for  a  rather  long  time,  the  stagnation  phenomena 
develop  in  the  deep  basins.  The  all  oxygen  brought  m  uy  the 
North  Sea  water  is  used  up  owing  to  oxidation  of  organic 
matter  sinking  from  the  upper  layer  and  the  hydrogen  sulphide 
begin  to  store  in  the  deep  water.  But  the  upper  layer  is  well 
stirred  due  to  wind  action  and  vertical  winter  convection. 

The  upper  water  layers  directly  influenced  by  the 
atmosphere  change  rapidly  their  properties. With  the  beginning 
of  the  spring  heating  an  upper  warm  water  laver  is  formed 
separated  from  lower  layers  by  a  therroocline,  the  .tiSgnitude 
and  the  depth  of  which  depend  on  heating  duration,  weather 
conditions  and  storm  forcing.  In  the  fall  when  the  water  is 
cool^  the  upper  heated  layer  gradiaally  vanishes  and  the 
conditioiis  of  convective  mixing  are  established  that  expand 
down  to  the  main  pycnocline  but  do  not  destroy  it. 

Thus  the  deep  water  "ventilation”  in  the  sea  basins  is 
roainily  caused  by  the  sporadic  inflows  of  the  North  Sea  water 
and  by  the  rather  impeded  vertical  exchange  with  the  upper 
layers  through  the  pycnocline. At  the  present  time  quantiative 
parameters  of  these  processes  are  too  porly  known.  Tne 
prediction  of  the  North  Sea  water  inflow  spells  into  the 
Baltic  is  now  impossible  because  of  a  great  number  of  poorly 
known  factors  leading  to  such  spells.  And  observation  of  the 
phenomenon  requires  a  systematic  monitoring  not  only  in  the 
Danish  sounds  but  also  in  all  the  central  Baltic.  The  aim  of 
the  monitoring  should  consist  not  only  in  the  establishing 
the  fact  of  water  inflow  spell  but  also  in  tracking  the  North 
Sea  water  subsequent  expansion  and  its  transformation  during 
the  movement.  Organization  of  such  a  monitoring  is  to  be  a 
concern  of  all  the  Baltic  states  since  a  good  prediction  is 
of  the  paramount  importance  for  planning  fishery  quotas  and 
elaborating  methods  of  the  sea  pollution  control. 

At  the  present  tLme  quantitative  characteristics  of  the 
water  exchange  across  the  main  theiroohalocline  in  the  deep 
basins  are  in  fact  unknown.  Some  authors  (  see,  for  example 
/2/)  think  that  it  is  possibile  to  neglect  such  exchange  and 
assume  that  the  deep  basin  ventilation  is  realized  only  due 
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to  the  processes  ot  horizontal  advection.  However  It  is 
avident  that  such  a  point  of  view  is  wrong,  for  all  the  sea 
salt  brought  through  the  Danish  sounds  by  the  North  Sea  water 
and  then  spread  in  bottom  layers  into  the  deep  basins  has 
(because  of  the  mean  steady-state  hydrology  of  the  sea) 
finely  to  rise  to  the  upper  layers  and  be  carried  out  by 
surface  c^jrrents  (in  brafcish  form)  through  the  sovrds  beck 
into  the  North  Sea.  So  in  the  deep  basins  of  the  Baltic  the 
vertical  salt  transport  through  the  thermohalocline  must 
exist  that  tnsures  such  salt  balance.  Similar  reasoning  can 
naturally  be  repeated  both  for  temperature  and  for  example 
oxygen  in  the  North  Sea  water.  But  for  these  properties  such 
constructions  become  more  complicated  by  the  necessity  to 
take  into  accoimt  possible  sources  and  sinks  in  the  water 
body  owing  to  oxygen  consumption  by  oxidation  processes  and 
heat  generation  in  the  this  case  as  well  as  due  to  heat 
exchandge  between  the  water  mass  and  the  bottom. 

One  can  try  to  estimate  the  mean  vertical  transport  of 
the  salt  (and  thus  water  exchange)  through  the 
thermohalocline  in  the  deep  basins  using  the  above  rer-^nning 
If  one  knows  the  thermohalocline  surface  area  and  tl  mean 
intensity  of  the  salt  transport  throu^  the  Danish  soiuk  o.  If 
we  assume  according  to  ,/  1  /  that  the  area  of  the 
thermohalocline  is  80000  km  and  take  the  above  cited  value 
200  km  as  a  maximum  unit  inflow  spell  of  the  North  Sea 
water  with  the  salinity  (when  it  passes  over  the  sills 
Darsser  and  Drogden)  close  to  20  '^/oo  /  1  /,  then  to  estimate 
the  mean  vertical  salt  flux  throu^  the  thermocline  it  would 
be  necessary  only  to  determine  the  duration  of  this  saline 
water  relaxation.  Since  such  large  inflow  spells  of  the  North 
Sea  water  occur  rather  rarely,  we  shall  take  10  years  as  a 
rough  estimate  of  the  relaxation  time.  Under  such  assumptions 
we  shall  have  the  mean  vertical  specific  salt  flux  through 
the  thermohalocline  in  the  deep  basins: 


Q  =  (200  isr?  *  0.02  g  )/ (80000  *  10  years)  = 

=  (2  *  10^"'  *  2  *  10“^  g  Ct"®)/(8  #  10^'"  OTf?  * 

*  3.15  ♦  10^  s)  =  1.58  *  1 0~®  g  . 


This  estimate  is  certainly  v.  ry  crude  because  of  approximate 
values  of  the  quantities  used  in  the  calculation.  Besides, the 
vertical  salt  flux  is  nat’.Trally  not  ijniform  over  the  whole 
sunace  o;'  the  tcern'chslocline.  It  seems  to  be  greaiei'  i.'.  viic 
areas  of  the  thermohalocline  tapering  at  shallow  water,  where 
the  phenomenon  of  internal  surf  with  breaking  of  internal 
waves  can  exist,  which  has  to  lead  to  more  intensive  water 
mixing  compared  to  the  exchange  rate  in  the  regions  remote 
from  the  shallow  waters. 

in  the 

>htoGkrTi&ii' 


Balti 


To  clear  some  problems  on  water  mixing  processes 
ic  sea  the  29-th  cruise  of  the  r/v  "Frofessor  Shtc 


was  arranged  and  carried  out  in  spring  1993.  The  inlormation 
on  the  cruise  route  and  the  measureraents  realized  during  the 
cruise  are  given  in  /  3  /,  The  main  work  in  the  cruise  was 
carried  out  in  the  Gotland  basin  and  Slupsk  trough,  where  li 
scanning  sections  of  427  n.m.  full  length  and  2281  scannings 
were  fulfilled  using  a  towed  STD-sound.  As  a  result  of  the 
measiirements  detailed  three-dimensional  pictures  of 
temperatire,  salinity  and  density  fields  as  well  as 
information  of  their  -variability  in  a  wide  range  of  spacial- 
-temporal  scales  were  obtained. 


Pig.  1 .  Examples  of  typical  vertical  profiles  of 
temperature  2',  salinity  S  and 
convectional  density  D  of  water  in  the 
Gotland  Basin  of  the  Baltic  Sea  after  the 
measurements  in  April  1993  in  the  29-th 
cruise  of  r/v  'Professor  Shtoctanan", 

In  fig.l  as  an  example  typical  vertical  profiles  of 
temperat’ore,  salinity  and  density  at  one  of  the  stations  in 
the  Gotland  basin  are  shown,  A  two-layered  water  structui'e  is 
clearly  seen  with  a  layer  of  sharp  gradients  separating  the 
upper  water  well-mixing  by  convection  from  the  deep  saltier 
and  wanner  water.  We  observe  that  the  salinity  plays  here  the 
main  pai't  in  the  increase  of  the  bottom  water  density  whereas 
the  temperature  contribution  into  the  density  variation  does 
not  exceed  3%  of  the  salinity  contribution. In  this  connection 
the  following  calculations  will  be  done  using  the  salinity 
profile  data.  In  fig.  2  the  vertical  salinity  profile  S(z)  of 
fig.  1  is  shown  in  an  enlarged  form  (curve  2).  The  curve 
appearance  at  the  depth  interval  from  about  87  down  to  152  m 
su^ests  the  approximation  of  it  by  the  solution  of  the  one¬ 
dimensional  equation  of  vertical  salt  diffusion  as  follows; 


L'iS I  Z,t  J/dt  =  X  ddS( Z,t ,  )/<lF'Z  , 


(1) 


af\ 


Fig.2.  Approximation  of  a  vertical  salinity  profile  (curve  2) 
by  the  one-dimensional  diffusion  equation  solution 
(cxirve  1).  Straight  lines  3  correspond  to  asymptotic 
values  of  the  surface  and  deep  water  salinities. 

where  S(z,t)  -  salinity  as  a  function  of  the  vertical 
coordinate  z  and  time  t  ,  x  -  the  vertical  salt  exchange 
coefficient  (  diffusion  coefficient  )  .  If  we  place  the 
coordinates  origin  in  the  mid  of  the  halocline  and  direct  the 
z-axls  downward  then  we  ca.  obviously  take  the  following 
boundary  conditions  for  the  equation  (1); 


S( 2 1 1  ) 


=  S;  =  S, 


{£) 


where  S  -  salinity  value  at  an  infinite  depth  that  is 
assumed  ‘close  to  the  salinity  value  in  the  lower  layer  at  a 
distance  large  enough  from  the  halocline,  S  -  an  asymptotic 
value  of  salinity  in  the  upper  water  layer. 

If  then  we  assxime  that  the  interface  between  the  upper 
and  lower  layers  immediately  after  an  inflow  spell  of  the 
North  Sea  water  (t  =  0)  is  not  yet  eroded  but  has  a  stepwise 
form,  the  initial  conditions  for  the  eqixation  (1)  would  be: 


The  soluiicii  el  the  {1 )  with  the  houndaiy 

conditions  <2)  and  the  initial  conditions  (3)  would  he  /5/  : 


1  '»  (2-r  ) 

(z,t)  =  5  +  -----  J  exp  [  -  ]  h.: 

2  h'rat  -•  4 


Where  S  -  S  -  3  ,  i  -  the  integration  variable. 

The  exf>resfeion  (4)  by  variable  substitution  )/2Jift  = 
=  is  reduced  to: 


'lo  Z'2<'it.x 

Siz,  t)  =  S  + -  J  exp  [-0  ^]d>-,  (5) 

4  It  -« 


where  -a  new  integration  variable. 

In  lig.2  a  graph  of  the  second  item  in  the  formula  (5) 
is  shown  (  curve  1 ) .  It  Is  Known  as  eiror  integral  and 
tabulated  for  example  in  /5/.  The  error  integral  attains  the 
value  of  one  fourth  of  the  salinity  difference  AS  at  the 
distance  of  approximately  17  or-  from  the  inflexion  point  of 
the  curve  1 .  But  according  to  the  tables  the  arror  integi'al 
would  take  this  value  when  u  =  0.48  .  Then  we  have  0.48=1.7  ♦ 
*  10  /24*t.  To  estimate  the  diffusion  coefficient  using  this 
formula  it  is  necessary  to  accept  a  value  of  diffusion 
duration  t.Let  us  take  it  by  analogy  with  the  above  reasoning 
to  be  equal  to  10  years.  Then  the  estimate  of  diffusion 
coefficient  would  be  close  to  0.01  cnrs~^ .  This  is  a  very 
small  value  but  it  is  much  more  than  the  value  of  the  molecu¬ 
lar  salt  diffusion  coe/ficient  in  the  sea  water  that  has  the 
magnitude  order  of  10"^cm  s  ^/4/.  Thus  the  calculation  made 
shows  that  the  salt  exchange  (and  therefore  the  water 
exchange  as  well)  between  the  deep  water  and  the  surface 
water  in  the  deep  basins  of  the  Baltic  does  exist  and  has  a 
certain  quantitative  characteristic.  Let  us  further  estimate 
specific  vertical  salt  flux  Q  that  is  deterrrained  by  the 
diffusion  coefficient  «  =0.01  crfs  As  is  Known  the  flux  Q 
is  determined  by  the  formula: 


w  =  -  »  {6S/<f£),  (6) 


Where  ‘'J3/6z  -  the  vertical  salinity  gradien+  at  an 


?!  '•  fl 


t  .:o/ 


Xlia  cLi  ^Ci, 


observation  point . 

Le"  us  e?tii?ete  t/'S 

oi  the  curve  i  (lig.  2). Here  the  vertical  salinity  dillerence 
is  clos  to  Woo  per  25  m  and  consequently  iqr  the  mean  salt 
concentration  gradient  we  have  dS/dz=A  *  10  ‘g  cw  s~^ ,  This 
gradient  value  multiplied  by  the  value  ol  the  dlliusion 
ooeilicient,  ,  we  have  the  specific  wertical  salt  flux 
w=4*10W  c/?r‘‘ 1 . e .  approximately  four  times  less  than  the 
estimate  of  Q,  mode  above  using  integration  method.  Such  a 
discrepancy  between  the  <5  estimates  is  quite  explicable  for 
using  the  integration  method  we  estimated  the  salt  flux 
under  assumption  of  transport  of  all  salt  mass  from  the  deep 
layer  to  the  upper  one  whereas  the  Q  estimation  by 
differential  method  (by  the  formula  (6))  we  took  into  account 
only  a  partial  transport  of  the  salt  stored  in  the 
lower  layer  to  the  upper  one  as  it  follows  from  fig. 2. 
Besides,  the  calculation  carried  out  does  not  take  into 
account  the  boxmdary  effects  at  the  tapering  thermooline  in 
the'  shallow  waters  that  can  as  was  raentioned  above  be 
important  for  water  exchange  of  the  bottom  water  with  the 
overlying  fluid  layers. 
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1.  Introduction 

An  improved  understanding  of  vertical  mixing  in  the  ocean  is  an  important  problem  in  physi¬ 
cal  oceanography.  Large-scale  dynamic  models  require  accurate  parameterizations  for  turbulent 
mixing  to  make  realistic  predictions  for  the  transport  of  heat,  salt,  and  chemical  species.  Other 
important  processes  also  involve  vertical  mixing.  For  example,  vertical  mixing  supplies  the  bi¬ 
ological  ecosystem  with  necessary  ingredients,  as  heavy,  nutrient  rich  bottom  water  is  lifted  to 
the  surface  to  support  plant  and  animal  life.  The  ocean  is  stably  stratified,  which  acts  to  inhibit 
vertical  mixing.  Munk  (1966)  has  show  that  a  baun-averi^ed  vertical  eddy  diifusivity  of  roughly 
K  =  10~'*  m^/s  must  exist  to  balance  the  effects  of  upweliing  and  downward  diffusion.  Field  stud¬ 
ies,  however,  have  failed  to  observe  such  large  vertical  diffusivities  in  the  ocean  interior.  Typical 
measured  values  for  vertical  diffusivity  in  the  open  ocean  are  in  the  range  of  k  =:  1.2  x  10~‘  m^/s 
(Ledwell,  1993).  The  conclusion  from  the  experiments  is  that  80-90%  of  the  vertical  mixing  is 
not  taking  place  in  the  ocean  interior. 

Instead  the  mixing  is  expected  to  occur  at  the  boundaries,  near  continental  slopes,  islaudj, 
seamounts,  and  other  topographic  features.  The  idealized  picture  is  one  of  active  mixing  in  the 
benthic  boundary  layers  with  mixed  fluid  communicated  to  the  interior  along  constant  density 
surfaces.  The  exchange  of  mixed  boundary  fluid  with  interior  stratified  fluid  provides  a  mechanism 
to  weaken  the  interior  density  gradient,  and  continuously  supply  fresh  stratified  fluid  to  be  mixed 
in  the  boundary  layer.  The  overall  process  can  work  efficiently  since  horizontal  advection  is  not 
inhibited  by  the  surrounding  stratification.  Recent  field  experiments  (Eriksen,  1985,  1994)  have 
suggested  that  the  oceanic  internal  wave  field  can  provide  a  sufficient  source  of  energy  to  activate 
strong  mixing  near  sloping  boundaries  and  account  for  a  significant  portion  of  the  overall  oceanic 
vertical  mixing. 

The  angle  of  propagation  of  energy  of  an  internal  wave  depends  upon  the  wave  frequency, 
u,  and  the  background  density  stratification  according  to  the  dispersion  relation  w  A'  sin  0, 
where  N  is  the  buoyancy  frequency  defined  by  A*  =  {~glp,)(dpldz),  and  $  is  the  angle  between 
the  group  velocity  vector  and  the  horizontal.  When  an  internal  wave  reflects  fiom  a  larger-scalc 
sloping  boundary,  its  angle  of  propagation  with  respect  to  the  horizontal  is  preserved.  This  can 
lead  to  an  increase  in  the  energy  denrity  of  the  reflected  wave,  as  illustrated  in  Figure  1  for  a 
linear  internal  wave  ray  tube,  as  the  energy  in  the  oncoming  wave  is  concentrated  into  a  more 
narrow  ray  tube  upon  reflection.  Probably  the  most  effective  situation  for  boundary  mixing 
arises  when  an  oncoming  wave  reflects  from  a  bottom  slope  which  nearly  matches  the  angle  of 
wave  propagation.  In  this  case  a  small  amplitude  oncoming  wave  may  be  reflected  with  large 
amplitude  and  exhibit  nonlinear  behavior.  The  nonlinearity  can  cause  the  wave  to  transition 
to  turbulence  near  the  boundary  and  enhance  mixing  of  the  boundary  layer  fluid.  The  angle  of 
wave  propagation  such  that  the  wave  reflects  at  the  same  angle  as  the  bottom  slope  is  called  the 
critical  angle.  In  this  case  linear  wave  theory  predicts  a  reflected  wave  of  infinite  amplitude  and 
infinitesimal  wavelength  and  the  trapping  of  the  oncoming  wave  energy  in  the  boundary  region. 
In  such  a  case  linear  theory  is  clearly  inadequate  to  predict  the  flow  behavior,  as  nonllneanties 
emd  turbulence  come  into  play. 

In  this  paper  we  present  the  results  of  numerical  experiments  simulating  the  reflection  of 
internal  wave  trains  from  bottom  terrain  of  various  slopes.  The  numerical  experiments  comple- 
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Figure  1:  R&y  tube  diagram  of  iutemai  gravity  wave  reflection  from  sloping  terrain  illustrating 
the  basic  geometry  of  the  problem. 

ment  previous  Held  and  laboratory  studies  (Ivey,  1989;  Taylor,  1993)  with  the  ability  to  study  the 
energetics  and  turbulence  dynamics  in  detail.  Additional  strengths  of  the  numerical  approach 
include  facilitating  both  flow  vbuaiizatiou  and  parameter  studies  on  the  influence  of  key  physical 
and  nundimensional  quantities.  It  offers  the  ability  to  simulate  critical  angle  reflection  down  to 
slop'es  of  about  3  degrees,  which  are  typical  of  oceaiuc  conditions  (Thorpe,  1992). 

2.  Model  Description 

The  model  utilizes  state-of-the-ai  t  numerical  techniques  to  solve  the  three-dimensional,  incom¬ 
pressible  Navier-Stokes  equations  within  the  Boussinesq  approximation.  A  detailed  description 
of  the  physical  and  numerical  model  is  to  appear  in  a  separate  paper  (Slinn  and  Riley,  1994). 
The  problem  of  interest  is  to  simulate  the  reflection  of  internal  waves  from  the  ocean  floor.  The 
buoyancy  frequency  N  is  taken  to  be  constant,  and  a  steady  stream  of  oncoming  waves  ia  gener¬ 
ated  in  a  wave  forcing  region  located  away  from  the  ocean  floor.  This  is  accomplished  by  adding 
localized  fordng  terms  to  the  governing  equations  to  produce  a  monochromatic  train  of  waves 
with  a  specified  wavelength  and  frequency.  The  waves  propagate  downward  at  a  spedfied  angle 
0  with  respect  to  the  horizontal,  with  group  vclodty  C,,  and  wavenumber  k  s  (k,  I,  m). 

Figure  2  shows  isopycnals  taken  at  an  intermediate  time  from  a  numerical  experiment  in  which 
the  internal  wave  trmn  is  propagating  in  a  vertical  plane  (x',  z')  normal  to  the  terrain  surface.  It 
represents  a  two-dimensional  cross  section  of  the  density  field  of  a  three-dimen^nal  simulation 
taken  in  the  plane  of  the  slope.  The  constant  density  contours  indicate  the  amplitude  of  the 
oncoming  wave  train  as  well  as  show  the  development  of  a  region  of  strong  density  gradient  near 
the  bottom  boundary.  The  oncoming  waves  are  of  moderate  amplitude  and  approach  the  wall 
in  the  plane  of  the  :  lope.  Here  the  bottom  slope  is  9.2  degrees  and  the  fundamental  uequency 
of  the  oncoming  wave  is  chosen  so  that  the  propagation  angle  matches  the  bottom  slope  upon 
reflection,  e.g.  the  wave  is  at  the  critical  angle.  The  model  is  periodic  in  the  x'  and  y  directions 
and  the  bottom  boundary  conditions  are  no-slip  for  the  velocity  field  and  adiabiatic  (no  source 
of  heat  or  salt)  for  the  density  field. 

The  numerical  scheme  employs  the  pressure  projection  method,  implemented  with  a  variable 
time  step  third-order  Adams-Bashforth  scheme  to  achieve  high  temporal  accuracy.  Pad6  aeries 
expansions  are  used  as  the  basis  functions  for  spatial  discretization.  The  method  is  formally 
fourth-order  accurate  in  space  and  more  accurately  represents  a  wide  range  of  wavenumbers  than 
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Figure  2:  Density  contours  for  an  oncoming  wave  train  generated  in  a  forcing  region  above  the 
bottom  boundary  propagating  downward  with  phase  and  group  velocities  as  indicated. 

tracUtional  difference  schemes  (Adam,  1977;  Lele,  1993).  The  pressure  held  is  determined  by 
solving  a  Poisson  equation  using  Fourier  trauforma  in  the  lateral  directions  and  a  fourth-order 
direct  solution  method  in  the  vertical  direction.  A  Rayleigh  damping  sponge  layer  is  used  at 
the  top  open  boundary  to  mimic  .a  radiation  boundary  condition.  A  variable  grid  in  the  vertical 
direction  is  used  to  achieve  a  higher  density  of  computational  nodes  near  the  ocean  floor  in  order 
to  resolve  the  boundary  layer.  The  computations  were  carried  out  on  a  numerical  grid  using 
129  X  129  X  130  grid  points.  Care  was  taken  so  that  the  basic  features  of  the  flow  are  resolved 
throughout  the  simulations.  The  Reynolds  numbers  for  the  simulations,  Re,  based  upon  the 
current  speed  U  and  wavelength  A,  are  between  500  and  3500. 

3.  Results 

Figure  3  shows  a  time  series  of  the  flow  development  throughout  a  period  of  wave  breakdown 
visualized  by  constant  density  surfacw.  The  figures  focus  on  the  near  wall  region.  The  dimensions 
are  one  wavelength,  A,  in  the  z'  direction  and  one  horizontal  wavelength,  A,  ==  2x/k,  in  x' 
direction.  The  figures  are  taken  from  a  simulation  with  Re  »  3500  for  the  critical  angle  case  with 
a  bottom  slope  of  9.2*,  the  same  case  as  shown  in  Figure  2.  Here  time  is  nondimensionalized  by 
the  buoyancy  frequency  and  the  wave  period  is  39.2.  At  time  t=;70  the  wave  train  has  reached  the 
wall  and  a  steep  gradient  in  density  has  formed  in  the  x'-direction.  This  feature,  called  a  thermal 
front  by  Thorpe  (1992),  moves  upslope  at  the  x'  component  of  the  phase  speed  of  the  oncoming 
wave.  As  time  progresses  wave  overturning  develops  in  the  lee  of  the  thermal  front,  and  at  time 
ts:88,  statically  unstable  fluid  is  apparent  near  the  center  of  the  domain.  Another  significant 
feature  is  also  apparent  at  times  t=88  and  t=94.  Near  the  wall  a  region  of  steep  density  gradient 
has  developed  in  the  z’-dlrectiou  and  across  the  entire  breadth  of  the  domain.  As  time  continues 
the  overturned  regions  break  down  into  small  scale  turbulence  and  dlsripate  the  wave  energy  in  a 
three  dimensional  fashion.  Also,  the  steep  density  gradient  in  the  z'-direction  is  relieved  so  that 
by  t=109  it  is  no  longer  a  donoinant  feature  of  the  flow. 
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Analysis  of  the  velocity  helds,  not  pictured  here,  indicates  several  small. eddies  of  recirculating 
fluid.  The  eddies  are  associated  with  the  regions  of  overturned  fluid  and  are  three^mension.i 
in  character.  When  the  strong  density  gradient  in  the  z'-direction  occurs,  a  strong  region  of 
downslope  flow  is  produced  near  the  wall  similar  to  the  badewash  produced  on  a  beach  after  a 
wave  has  broken  on  shore.  During  this  phase  the  backwash  creates  a  slippery  boundary  layer 
facilitating  the  breakdown  of  the  oncoming  wave  further  away  from  the  wall. 

Further  analysis  indicates  that  the  flow  is  quasi-peiiodic,  going  through  a  cycle  of  strong 
muting  and  small-scale  dissipation,  followed  by  a  quieter  period  of  relaminarization  aud  wesJier 
(Ussipation.  The  picture  at  time  t=:133  is  similar  in  character  to  the  flow  at  about  t=81,  and 
t=144  compares  closely  to  the  picture  at  t=94,  showing  that  the  flow  is  undergoing  another 
mixing  cycle.  Some  of  the  simulations  have  been  run  out  for  10-20  wave  cycles,  and  we  conclude 
that  the  flows  are  quasi-steady  although  the  background  interior  denmty  stratification  becomes 
gradually  weakened  throughout  the  process. 

Statistical  analysis  of  the  overturned  regions  of  fluid  indicate  that  the  static  instabilities 
mainly  occur  within  a  distance  of  A/3  of  the  wall,  and  are  present  in  the  boundary  layer  region 
about  50  percent  of  the  time.  This  result  is  typical  of  critical  angle  cases  for  many  diflerent  slopes 
when  the  Reynolds  numbers  are  high  enough  for  transition  to  turbulence  to  occur.  Another 
measure  of  the  local  static  instabilities  is  their  frequency  of  occurrence  at  a  fixed  location.  For  a 
fixed  location  within  the  turbulent  boundary  layer  the  maximum  frequency  of  static  instability 
is  about  15  %  of  the  time,  and  it  happens  at  a  height  of  about  A/8. 

A  key  issue  related  to  the  wave  breakdown  process  is  whether  the  turbulent  boundary  layer 
exchanges  fluid  with  the  interior  domain  or  whether  it  predominantly  continues  to  mix  the  same 
fluid.  Two  experiments  were  designed  to  study  this  issue.  In  the  first  the  boundary  layer  fluid  is 
“dyed”  with  a  passive  tracer  after  the  flow  has  reached  a  quasi-steady  state  of  mixing.  Then  after 
a  couple  of  wave  periods  the  flow  is  examined  to  determine  if  the  dye  is  still  predominantly  located 
in  the  boundary  layer  region,  or  if  it  has  moved  off  the  wall  to  the  interior  stratified  regions.  For 
the  case  presented  here  a  scalar  field  with  an  initial  linear  gradient  in  the  z'  (ofl'wall)-directiou 
was  chosen  and  allowed  to  develop  for  two  wave  periods.  The  initial  concentration,  or  magnitude 
of  the  scalar  field,  is  highest  at  the  wall,  its  value  falliug  olf  with  height.  Any  net  transport  of 
dye  due  to  the  wave  shear  is  approximately  eliminated  by  examining  the  results  after  an  integral 
number  of  wave  periods.  The  second  approach  is  to  track  fluid  particles  which  are  released  at 
various  heights,  and  to  determine  if  a  statistically  significant  number  of  particles  escape  from  the 
boundary  mixed  layer,  or  if  particles  initially  outside  the  boundary  layer  are  entrained  into  it. 

Figures  4-7  illustrate  the  results  of  these  experiments.  Figure  4  shows  the  density  field  for 
the  lowest  vertical  wavelength  for  critical  angle  reflection  over  a  20"  bottom  slope.  The  density 
field  indicates  that  the  mixed  layer  has  a  thickness  of  about  .25  A.  These  figures  are  taken  at 
a  time  when  the  flow  field  is  quasi-steady,  and  are  representative  of  the  initial  and  final  states 
of  the  flow  for  the  dye  experiment.  Figure  5  illustrates  the  velocity  vectors  in  the  same  two- 
dimensional  plane.  Here  the  dominant  feature  is  the  shear  of  the  oncoming  wave,  modified 
somewhat  by  recirculation  and  turbulence  in  the  near  wail  regions.  Figure  6  shows  the  difference 
in  concentration  of  the  scalar  field  between  its  initial  and  final  statis.  The  solid  line  contours 
indicate  that  the  concentration  of  dye  (scalar)  is  higher  than  in  the  initial  state,  indicating  that 
fluid  has  migrated  away  from  the  wall  in  those  regions.  The  dashed  line  contours  indicate  regions 
in  which  more  dilute  or  lighter  dyed  fluid  has  moved  downwards.  It  is  evident  that  the  boundary 
layer  region  contains  predominantly  lighter  dyed  fluid  after  two  wave  periods.  The  magnitudes 
of  the  iughs  and  lows  indicate  the  fraction  of  a  wavelength  in  the  vertical  (oifwall)  direction 
that  the  scalar  tracer  has  moved.  For  example,  the  high  and  low  peaks  at  a  height  of  about  .4 
A  are  .268  and  -.275  respectively.  This  indicates  that  the  fluid  has  traveled  over  .25  A  in  the 


5 


oifwail  direction,  a  distance  greater  than  the  nominal  boundary  layer  thickness.  By  comparing 
the  slope  of  the  scalar  transport  contours  with  the  slope  of  the  isopycnals  in  Figure  4  it  is  evident 
that  the  advection  process  has  favored  transport  along  the  constant  density  surfaces  since  the 
iso-scalar*transport  and  isopycnals  are  predominantly  aligned  with  one  another. 

A  significant  feature  of  the  boundary  mixing  process  is  that  the  internal  wave  field  outside  the 
boundary  layer  region  plays  a  very  active  role.  It  serves  to  continuously  pump  fresh  stratified  fluid 
into  the  mixed  layer,  while  simultaneously  extracting  the  mixed  fluid.  This  process  is  suggested 
by  the  strong  internal  wave  shear  seen  in  the  velocity  field  in  Figure  5.  We  refer  to  this  exchange 
of  boundary  mixed  and  stratified  fluid  as  internal  wave  pumping. 

Figure  7  shows  the  traces  in  the  x-z  plane  of  the  three  dimensional  trajectories  of  a  set  of 
20  (out  of  a  total  of  400)  fluid  particles  released  at  a  height  of  .2  A  from  the  wall,  well  within 
the  mixed  layer.  The  particles  are  followed  for  one  wave  period.  If  the  particles  were  released  in 
a  region  of  linear  wave  dynamics  then,  after  one  wave  period,  they  -would  return  to  their  initial 
locations.  Here  we  see  that  several  of  the  particles  have  escaped  the  boundary  layer  altogether, 
while  many  others  have  been  more  deeply  entrained  near  the  wall.  After  each  additional  wave 
period  the  particle  dispersion  has  increased  and  appears  to  be  more  random. 

In  the  analysis  of  the  simulations,  emphasis  is  given  to  the  energetics  of  the  flows.  Table  1 
presents  the  mixing  efficiency  for  a  series  of  simulations  for  a  number  of  different  critical  slopes. 
The  mixing  efficiency  is  defined  as  the  ratio  of  the  total  potential  energy  dissipation  to  the  total 
work  used  to  generate  the  oncoming  wave  train,  and  is  a  measure  of  the  amount  of  wave  energy 
converted  into  background  potential  energy  through  mixing.  We  find,  for  these  critical  angle 
simulations  carried  out  for  a  wide  range  of  bottom  slopes  and  Reynolds  numbers,  that  ail  the 
mixing  efficiencies  are  near  33%.  A  typical  energy  budget  for  the  oncoming  waves  is  that  about 
35%  of  the  wave  energy  goes  into  mixing  the  stratified  fluid,  55%  is  dissipated  as  heat,  and 
approximately  10%  of  the  incident  energj'  is  reradiated  away  from  the  turbulent  boundary  layer 
by  smaller  scale  gravity  waves. 


Table  1.  Mixing  Efficiency  at  Critical  Angle 


Slope 

Reynolds  No. 

Mixing  Efficiency 

30“ 

3000 

0.37 

30“ 

800 

0,37 

20° 

1300 

0.36 

20' 

1100 

0.35 

9.2° 

3540 

0.35 

9.2° 

2680 

0.37 

9.2° 

1950 

0.36 

9.2° 

1210 

0.38 

7.7° 

3000 

0.35 

7.7' 

1500 

0.33 

7.7° 

750 

0.37 

1  5' 

3300 

0.37 

5° 

2300 

0.39 

5' 

1800 

0.3$ 

3.4° 

2520 

0.37 

3.4° 

1320 

0.35 
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Figure  6;  Scalar  transport  contours  illustrating  the  distance  dyed  fluid  has  traveled  in  the  offwall 
direction  over  the  duration  of  two  wave  periods. 

Figure  7:  Particle  trajectories  over  one  wave  period.  The  fluid  particles  were  initially  release  at 
a  heigh  of  .20A  at  a  height  within  the  turbulent  boundary  layer. 


4.  Conclusions 

We  have  shown  some  of  the  details  of  a  fluid  mechanical  process  involving  the  frequent  breaking 
of  internal  waves  near  sloping  ocean  boundaries,  that  likely  makes  a  large  contribution  to  the 
vertical  mixing  in  the  ocean.  We  find  that  linear  oncoming  gravity  waves  transition  to  turbulence 
when  reflecting  from  a  critical  slope,  and  that  the  mixing  efficiency  of  the  process  is  about  35%. 

For  steeper  sloping  terrain,  the  transition  Reynolds  numbers,  based  upon  wave  current  speed 
and  wavelength,  for  which  vigorous  three-dimensional  muring  occurs  in  the  boundary  layers  are 
approximately  1000.  Somewhat  higher  Reynolds  numbers  are  required  for  tranrition  for  the  more 
shallow  slopes.  We  And  also  that  an  intermittent  turbulent  boundary  layer  forms  of  approximate 
thickness  A/3  in  which  static  instabilities  are  observed  about  50%  of  the  time. 

One  of  the  flow  features  most  strongly  evident  is  the  existence  of  a  thermal  front  which 
moves  upslope  at  the  phase  speed  of  the  oncoming  wave.  For  steep  slopes  (greater  than  20")  the 
thermal  front  resembles  a  turbulent  bore  exhibiting  nearly  continous  localized  mixing,  whereas 
for  shallower  slopes  (less  than  10°)  the  mixing  is  observed  across  the  breadth  of  the  domain  and 
is  temporally  periodic.  For  the  small  slopes  the  turbulence  is  forced  by  the  oncoming  waves  and 
the  cycles  of  strong  mixing  and  dissipation  are  approximately  equal  to  the  wave  period.  The 
strong  mixing  occurs  during  the  phase  when  the  oncoming  wave  sets  up  a  strong  downslope  flow 
at  the  bottom  boundary  similar  to  the  backwash  on  a  beach. 

We  And  that  the  mixing  process  extends  into  the  interior  stratified  fluid  and  is  not  restricted 
to  a  well-mixed  boundary  region.  A  key  process  in  this  interior  communication  is  the  internal 
wave  pumping  of  mixed  fluid  into  the  interior  and  stratified  fluid  into  the  boundary  layer.  A  ! 

net  result  of  this  process  is  a  steady  weakening  of  the  interior  stratification.  Our  results  confirm  | 

those  from  field  and  laboratory  studies  that  conclude  that  wave  reflection  from  critically  sloping  i 

terrain  is  a  significant  sink  for  internal  wave  energy. 
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ABSTR.4CT 

Vcstfjorden  is  a  very  wide  Qord  to  the  east  of  the  Lofoten  archipelago  at  67  -  6K°N  latitude. 
The  region  is  know  for  its  productive  fishing  grounds  and  sea  bird  communities.  Plans  for 
offshore  oil  exploration  in  this  region  require  therefore  a  thorough  evaluation  of  the 
environmental  conditions  in  the  sea.  The  tidal  jets  through  the  archipelago  are  important  for 
propelling  the  ocean  circulation  and  intcrfacial  waves  on  the  pycnoclinc  between  the  coastal 
water  and  the  underflowing  Atlantic  Water.  In  the  present  work,  the  focus  is  placed  on 
internal  tides  which  affect  both  underwater  communication  and  surveillance. 

Laboratory  simuladons  using  diumai  forcing  in  the  5  m  diameter  Coriolis  basin  at  SINTEF 
NHL  show  internal  ddal  amphidromes  with  a  separation  of  25  -  30  km.  The  wave  phases, 
obtained  from  photogrammetrical  analysis  of  neutral  buoys,  imply  a  combined  forcing  from 
the  tidal  jets  and  flow  over  the  main,  deep  sill  at  the  entrance.  Maximum  amplitudes  over  15 
m  are  observed  between  these  sources. 


1.  TEE  IMPORTANCE  OF  INTERNAL  TIDES  IN  FJORDS 

Underwater  communication  depends  on  reasonably  homogeneous  acoustic  properties.  The 
speed  of  sound  is  a  function  of  temperature  <T),  salinity  (S)  and  depth  (-Z).  The  variauons 
of  S  and  especially  T  with  depth  and  time  complicate  sound  transmission  in  coastal  and 
frontal  regions  where  a  variety  of  water  masses  collide  and  are  pushed  around  by  wind  and 
tides.  Stmtified  coastal  waters  arc  known  to  abound  in  intemai  waves. 

Osborne  et  al.  (1978)  reported  loss  of  contact  with  positioning  hydrophones  due  to  intemai 
waves  during  drilling  opei:ations  in  the  Andaman  Sea.  These  waves  originated  in  a  narrow 
sound  where  tidal  currents  ore  strong. 

Figure  i.l  shows  the  bathymetry  of  the  Lofoten  region  for  our  study.  Tides  ore  expected  tc 
create  intemai  waves  at  the  sill  to  the  SE  of  R0st  and  by  the  currents  through  the  Lofoten 
archipeiago. 

Stratification,  topography  and  the  rotation  of  the  earth  are  all  important  for  steering  (intemai) 
interfacial  waves  along  the  pycnoclinc  in  a  wide  Qord  like  VestQorden.  Relevant  studies  of 
inierfacial  ddal  waves  in  Norwegian  fjord-s  include  Stigebrandt  (1976)  and  Mocn  (1989). 
Sdgebrandt  studied  the  propagation  of  intemai  waves  from  a  sill  to  their  shoaling  along  the 
sloping  bottom.  Moen  studied  the  propagation  of  intemai  Kelvin  waves  into  a  wide  fjord.  For 
the  present,  very  wide  Qord,  the  effects  of  the  earth’s  rotation  are  expected  to  be  very 
important  A  relevant  study  of  intemai  tides  in  a  wide  basin  open  to  the  sea  was  made  by 
MatsuyaiTia  and  Ohwahi  (1990).  Their  numerical  model  produced  intemai  tidal  amphidromes. 


Rgure  1.1  Places  and  isobaths  within  the  geogr^lucal  extent  of  tlse  rotating  laboratory  model  of 
the  Lofoten  region.  Forced  boundary  conditions  arc  noted  (Nilsen,  1994) 


2.  LABORATORY  MODEL  OF  THE  LOFOTEN  REGION 

Internal  waves  in  Vestfjorden  were  studied  in  a  distorted  stratified,  rotating  laboratory  model, 
3-D  trajectories  of  neutral  buoys  embedded  at  various  depths  in  the  stratified  flow  were 
recorded  by  photognunmetric  measurements  and  automatic  particle  tracking.  ITie  phase 
information  derived  from  the  particle  motions  was  used  to  determine  the  direction  of  the 
interfacial  waves. 

The  relevant  parameters  of  the  problem  ate  the  densiraetric  Froude  numberF  = 
and  the  Rossby  number  Ro  =  VlfL,  where  H  =  vertical  length,  L  =  horizontal  length,  U  = 
horizontal  velocity,  g  ‘  —  reduced  gravity  and  /  is  the  Coriolis  parameter.  These  give  a 
consistent  set  of  scaling  laws  for  which  the  ratio  of  natural  to  model  time  scales  is 
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Horizontal  distances  in  nature  are  90  000  times  as  large  as  model  distances  (horizontal  length 
ratio  Lr  =  90  000).  The  vertical  scale  is  exaggerated  such  that  900  m  is  half  a  meter  in  the 
model  (height  ratio  H,  =  1  SOO),  giving  a  distorted  model.  The  density  gradients  (Ap)  in  the 

model  are  also  exaggerated  (by  84  %)  (^/  =  1/1.84).  This  is  done  to  improve  the  accuracy 
of  the  salinity  measurements  and  to  provide  a  time  .scaling,  according  to  the  Froude  model 
law,  T,.  =  Lr  (Hr  gt )‘‘“  =  2880.  With  this  scaling,  a  day  is  simulated  in  30  s  and  tlie 
regulations  of  the  inflows  are  easy  to  follow  on  the  laboratory  clock.  For  the  pre.scnt  study, 
however,  the  more  appropriate  time  scale  is  the  tidal  forcing  with  a  period  of  a  pendulum  day. 
This  is  due  to  the  fact  that  the  vertical  axis  is  tilted  slightly  to  simulate  the  tidal  currents  over 
the  sill  and  through  the  Lofoten  archipelago. 

The  model  was  used  to  simulate  the  transport  of  Atlantic  and  coastal  waters  through  the  fjord 
system  (McClimans  and  Nilsen,  1991;  McClimans  and  Myhr,  1992).  Details  of  the  model, 
scaling,  and  scale  effects  are  given  in  Nilsen  (1994). 


3.  MEASUREMENTS  OF  3-D  POSITIONS  OF  SUBMERGED,  NEUTRAL  BUOYS 

Neutral  buoys  about  1  cm  in  diameter,  embedded  at  various  depths,  were  used  to  observe  the 
flow  field.  In  many  laboratory  experiments,  three  dimensional  motions  arc  obtained  by  taking 
orthogonal  observations  through  side  windows  or  through  a  side  window  and  the  surtacc.  In 
cases  with  essentially  2-D  topography,  a  3-D  picture  of  the  motion  con  be  constructed  this 
way.  However,  with  natural  fjord  topography  it  is  necessary  to  use  photogrammetric  methods 
to  construct  a  3-D  motion  field  from  two  or  more  oblique  views  through  the  water  surface. 

Photogrammetric  techniques  described  by  Nilsen  and  H&dem  (1994)  are  used  tu  calculate  the 
tliree  dimensional  displacements  of  the  neutral  buoys.  The  buoys  were  situated  both  at  the 
water  surface  and  at  different  depths.  Three  video  cameras  monitored  the  area  of  interest  in 
Vestfjorden  between  the  Moskcncs  Sound  and  Landegode.  Figure  3. 1  shows  a  sketch  of  the 
camera  set-up.  The  positions  of  the  perspective  centers  of  tlie  three  cameras  are  (Xo,Yo,Zo)i, 
(Xo,Yo,Zq)2  and  (X„,Yo,Zo)3.  Observed  image  coordinates  for  a  certain  particle  in  each  of  the 
three  image  coordinate  systems,  (Xi,„,yiu,,Zioi)taaa<(3>  “(so  shown  on  the  figure.  At  the  sur¬ 
face, (X„Y„Z^),,j^j,  the  rays  arc  exposed  to  refraction  due  to  the  different  optical  properties 
of  air  and  water.  Tlie  three  rays  all  come  from  the  buoy  located  inside  the  circle  in  Figure  3.1. 

Seen  from  above,  the  three  cameras  are  located  in  the  comers  of  a  wide  triangle  to  achieve 
minimum  uncertainty  in  the  intersection  point  of  the  rays  from  the  perspective  centers  through 
the  image  points.  Details  of  the  calibrations  of  the  locations  are  given  in  Nilsen  imd  HSdem 
(1994). 

A  unique  problem  for  the  present  si^iadon  is  the  radial  accelerations  of  the  modeled  flow. 
The  position  of  the  surface  of  the  water  in  the  basin  was  calculated  from  ob.scrvation.s  of 
particles  moving  on  the  surface.  The  surface  of  the  rotating  model  was  assumed  to  be  an 
elliptic  paraboloid  of  revolution  and  smooth  (no  capillary  waves).  At  the  intersection  of  the 
ray  from  the  perspective  center  through  the  image  point  and  the  surface,  a  nomial  to  the 
surface  was  calculated.  The  direction  of  the  refracted  ray  was  then  deKimined,  iccording  to 
Snell’s  law  of  refraction. 
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The  point  positions  of  the  buoys  were  calculated  using  a  method  of  least  squares  fit,  such  that 
the  sum  of  the  squares  of  the  distances  from  these  points  to  the  three  corresponding  rays  is 
minimum.  The  corresponding  image  coordinates  of  the  buoys  in  each  set  of  three  images  were 
found  automatically  by  using  a  dynamic  tlircsholding  technique,  center  of  gravity  calculations 
and  on  epipolar  approach  to  limit  the  search  area  within  each  image. 

To  follow  a  buoy  through  a  scries  of  time  steps,  a  simple  approach  was  used.  Due  to  the 
relatively  sparse  coverage  of  buoys,  small  time  steps  and  low  velocity,  it  was  possible  to  iden¬ 
tify  corresponding  image  points  for  the  some  buoy  in  image  1  at  time  t+dt,  as  those  closest 
to  these  at  time  L  When  the  position  of  a  certain  particle  at  tirae  t+dt  was  found  by  this 
method,  the  coiresponding  image  coordinates  in  the  two  other  images  (at  time  t+dt),  were 
found  by  searching  through  epipolar  polygons  in  these  two  images  for  the  candidate  giving 
the  minimum  variance  in  the  intersection  point  of  the  three  rays  and  less  than  a  certain  value. 

For  well-dcfmcd  points  on  the  bottom  of  the  rotating  basin  filled  witli  water,  tlie  point 
repetition  accuracy  (RMSE)  was  0.6  ram  using  25  tirae  steps.  (RMSE  =  0. 15  mm  in  XY  and 
0.5  ram  in  Z  (height)  or  ca  1/3000  of  mean  camem-tO'Objcct  distance.) 


The  positions  of  the  submerged  buoys  were  somewhat  more  difficult  to  calculate.  This  was 
probably  caused  by  changes  in  the  backward  light  reflectance  of  the  particles  due  to  rotational 
motions  and  Upping,  causing  problems  in  the  determination  of  the  center  of  gravity. 


Sometimes  buoys  were  close  enough  tc  each  oilier  to  cause  mure  titan  one  possibility  of 
combining  them  photogramraetricolly,  and  the  image  point  m  one  image  was  related  to  two 
or  more  image  points  in  one  or  both  of  the  other  two  coiresponding  images.  An  algorithm  for 
discriminating  particles  through  different  time  steps 's  presented  in  Nilscn  tind  Hidcm  (1994). 
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4. 


MODEL  RESULTS 


Figure  4. 1  shows  a  graphic  piesentation  of  calculated  positions  of  a  submerged  neutral  buoy 
observed  at  24  different  times  each  ca  1.5  s  apart.  The  left  part  of  the  figure  shows  the  buoy 
positions  seen  from  a  perspective  view  in  the  model  coordinate  system.  The  trace  to  be 
considered  is  inside  the  circle  in  this  pan  of  the  figure.  On  the  right  there  are  three  coordinate 
systems.  The  uppermost  shows  the  cdculated  vertical  displacement  of  the  buoy  as  a  function 
of  time.  The  two  other  coordinate  systems  show  the  buoy  displacements  projected  on  the  x-z. 
and  x-y  planes.  This  motion  gives  the  essential  details  for  computing  the  local  amplitude, 
phase  and  propagation  direction  of  interfacial  waves.  The  direction  of  wave  travel,  however, 
requires  knowledge  of  the  depth  of  the  buoy  relative  to  the  depth  of  the  pycnocline.  For  buoys 
in  the  lower  (upper)  layer,  the  wave  propagates  in  the  direction  of  travel  at  the  crest  (trough). 
It  is  therefore  necessary  to  measure  the  density  structure.  This  is  done  by  .salinity  profiles. 

Since  the  model  was  excited  by  a  constant  diurnal  tidal  forcing,  buoy  unjectories  at  quite 
different  times  and  conditions  are  used  by  relating  their  phases  to  the  time  of  cunent  reversal 
to  the  NW  in  the  Moskenes  Sound  (Maelstrom).  The  internal  tidal  map  of  Figure  4.2  was 
constructed  from  the  general  characteristics  of  the  amplitude,  phase  and  wave  propagadon 


Figure  4.1  An  example  of  the  calculated  traces  of  neutral  buoy  motions  from  the 
photogrammetric  analysis.  The  X,Y,Z,t  coordinates  of  the  buoy  trajectory 
encircled  in  the  perspective  view  in  model  coordinates,  ore  given  on  the  right. 
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There  appear  to  be  three  amphidromes  in  the  field  of  view.  This  agrees  well  with  the  general 
Icnowledge  of  these  phenomena;  however,  within  the  data  set  there  were  regions  of  consistent 
anomalies  which  are  not  yet  fully  understood.  Details  of  tliese  anomalies,  as  well  as  the 
residual  flow  field  derived  from  the  buoy  tTajcctorics,  are  given  by  Nilsen  (1994). 


Figure  4.2  Internal  tidal  aniphidiomes  in  Vestfjorden  derived  from  diurnal  forcing  of  a 
stratified,  rotating  laboratory  model;  >  amplitude; - phase. 


5. 


DISCUSSION 


The  present  results  of  phase  fields  and  amplitudes  of  internal  tides  in  Vestfjorden  are  derived 
from  a  distorted,  rotating  laboratory  model.  Several  comparisons  with  available  sets  of  field 
measurements  imply  that  the  ocean  circulation  in  the  model  is  a  good  simulation  of  natural 
flows  (McClimans  and  Nilsen,  1991;  Fumes  and  Sundby,  1981). 

Due  to  the  distortion,  only  long-wave  processes  con  be  simulated  within  the  framework  of  the 
Froude  similitude.  This  includes  internal  tides.  To  our  knowledge  this  is  the  first  study  of 
internal  waves  in  Vestfjorden  and  it  is  therefore  of  interest  to  establish  cause/effcct  relation¬ 
ships  which  may  be  tested/verified  in  future  field  measurement  programs  (or  detailed  analysis 
of  existing,  relevant  data  sets).  Some  very  recent  data,  from  a  current  meter  array  inside  the 
sill,  show  interfociol  waves  propagating  into  the  fjord  (McClimans  and  Johannes.sen,  1994). 
The  result  (Rocky  Road)  is  noted  on  the  map  in  Fig  4.2. 

Neutral  buoys  suspended  in  the  moving  density  field  were  used  to  obtain  three  dimen.sionai 
particle  trajectories  in  the  internal  wave  fields.  High  accuracy  photogrorametrical  methods 
gave  sufficient  infoimation  on  interfociol  waves  using  a  sporce  set  of  buoys.  The  buoy 
trajectories  reveal  first  mode  internal  waves  propagating  from  the  Maelstrom  and  the  sill,  lliis 
general  pattern  does  not  seem  to  depend  on  the  inflow  conditions  or  the  depth  of  the  interface. 
There  ore,  however,  too  few  data  available  to  give  a  statistically  significant  account  of  the 
effects  of  variable  inflows. 

The  observed  omphidromes  indicate  that  the  tidal  jets  through  the  Lofoten  arc'iipelago  do 
indeed  act  as  sources  for  internal  tidal  waves.  This  is  more  complicated  than  the  situation 
modeled  by  Matsuyama  and  Ohwaki  (1990).  The  largest  amplitudes  (>  IS  m)  appear  along 
a  ridge  between  the  outer  sill  and  the  Maelstrom,  tmd  occur  when  the  tidal  currents  change 
to  the  SE  through  the  Lofoten  archipelago. 

At  the  present  stage  of  development  of  our  techniques  it  is  time-consuming  to  construct  an 
internal  wave  field.  More  automation  i.s  needed  at  the  various  stages  of  the  analysis.  A  parti¬ 
cularly  critical  phase  is  the  selection/rejection  of  particles  due  to  lost  frames  and  interference 
in  the  sequences.  A  larger  number  of  buoys  increases  the  interference  problem.  More  thought 
must  be  given  to  the  systematic  synthesis  of  tliese  facts  for  automatic  anoiy.sc.s. 

The  present  analysis  of  the  laboratory  results  raises  many  questions  on  the  spatial  dLstributions 
of  internal  wave  phases  and  amplitudes  forced  by  tid(»  and  steered  by  topography  and  the 
rotation  of  the  earth.  The  result  that  the  largest  internal  wave  amplitudes  ore  observed 
between  the  two  main  sources  is  reasonable;  however,  the  phases  and  patterns  of  the 
amphidromes  ore  expected  to  be  quite  different  in  nature,  where  the  semi-diurnal  tides 
dominate.  More  complete  analyses  of  existing  data  and  dedicated  Held  measurement  programs 
arc  needed  to  answer  many  of  these  questions.  Alternatively,  numerical  models  (e.g.  Sveen 
and  Martinsen,  1994)  validated  to  these  data,  could  provide  many  of  the  missing  details  and 
simulate  local  changes  incuned  by  varying  the  inflows  of  Atlantic  and  coastal  waters. 
Computer  models  con  also  provide  more  realistic  tidal  forcing  than  the  constant  diurnal 
forcing  used  in  the  laboratory  model. 
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ABSTRACT 

A  combined  bridge  and  tunnel  between  Copenhagen  (Denmaric)  and  Malmd  (Sweden)  across  the 
Sound  (0resund)  has  been  planned  according  to  an  agrcemeiu  between  the  Danish  and  Swedish  Gov¬ 
ernments.  Tile  Sound  is  the  second  largest  of  the  three  straits  connecting  the  Baltic  Sea  with  the 
North  Sea.  The  flow  in  the  Sound  is  barotropicaliy  dominated,  the  meteorological  forciitg  being  the 
dominating  mechanism  governing  the  flow.  The  oscillating  flow  over  the  sill  creates  a  highly 
stratified  flow  north  of  the  sill  with  dense  water  plunging  down  the  southern  side  of  the  sill  during 
southward  flow.  Environmental  concerns  regarding  the  possible  impact  on  the  flow  conditions  from 
construction  of  the  Link  have  constituted  the  basis  for  thorough  bydiodynamic  investigations  compris¬ 
ing  long  term  monitoring  and  detailed  3D  modelling,  llie  monitoring  includes  measurements  of  water 
levels,  wind  and  air  pressme,  stratification  and  currents  (measured  from  fixed  stations  as  well  as 
from  vessels  using  shallow  water  Broad-Band  Doppler  techniques).  The  modelling  includes  3D 
nuroencal  modelling  using  the  model  SYSTEM  3  developed  at  the  Danish  Hydraulic  Institute  (DHl). 
Comparisons  between  measured  and  modelled  flow  are  presented.  In  particular,  the  horizontal 
velocity  distribution  over  complex  topogr^hy  (including  headlands  and  islands)  is  investigated  by 
means  of  direct  comparison  of  ADCP  (Acoustic  Doppler  Cmtent  Profiler)  data  with  modelled  results. 
In  addition,  the  vertical  velocity  disuibution  is  investigated  using  measurements  from  fixed  stations. 
Finally,  an  account  of  the  possible  impact  of  the  Link  on  the  exchange  flow  is  given. 
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INTRODUCTION  •  THE  SOUND  LINK 


Denmark  and  Sweden  are  sqiarated  by  the  Sound,  one  of  tire  three  water  ways  that  accounts  tor  the 
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countries  agreed  on  the  construction  of  a  fixed  Link  across  the  Sound.  The  Link  consists  of  a  sub¬ 
merged  tunnel  from  the  Danish  island  Amager  under  the  Drogden  chamiel  leading  to  two  artificial 
islands  south  of  Saltfaolm  connected  by  a  low  bridge,  from  the  islands  a  bridge  and  a  high  bridge 
span  the  Fliiiten  Channel  to  Sweden,  Fig.  1 .  The  Link  has  been  designed  in  order  to  minimize  the 
blacking  of  the  flow  through  the  Sound. 


Danish  Hydraulic  Institute,  Agem  AUC  5,  DK-2970  Hersbolin,  Denmark 
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Figure  1  The  planned  fixed  Link  across  the  Sound  connecting  Denmark  and  Sweden.  liiustration  of 
relema  stations  for  monitoring  currents  and  saiinity  (monitoring  programme  I). 

The  exchange  of  water  between  the  Baltic  Sea  and  the  North  Sea  takes  place  through  tlie  Great  Belt 
(Store  Bslt)  which  is  responsible  for  approximately  65%  of  the  exchange,  the  Sound  ~2S%  and  the 
Little  Belt  (Lille  Back)  ~  10%  (Jacobsen,  1980).  Changes  in  the  flow  conditions  in  the  Sound,  due 
to  the  Link,  will  influence  the  hydrography  of  the  Baltic  Sea.  lire  aquatic  environment  of  the  Baltic 
Sea  is  a  sensitive  brackish  ecosystem  which  is  strongly  dqxndent  on  the  supply  of  oxygen  rich, 
saline  water  from  the  North  Sea  through  the  Danish  straits.  Environmental  concerns  regarding  the 
possible  impact  that  the  contruction  of  the  Link  may  have  on  the  flow  conditions  have  constituted  the 
basis  for  thorough  hydrodynamic  investigations  comprising  long  term  bydrogrqrhic  monitoring  and 
detailed  3D  modelling. 


2  GENERAL  HYDRODYNAMICS  OF  THE  SOUND 

The  fresh  water  surplus  of  the  Baltic  Sea  forces  a  mean  cunent  from  the  Baltic  of  1.4  ■  Kf  mVs. 
The  shifting  weather  conditions,  dominated  by  low  pressures  travelling  from  the  North  Atlantic 
towards  the  east  with  time  scales  of  5  to  lU  days,  force  the  water  to  oscillate  in  and  out  of  the  Baltic 
Sea  through  the  straits  at  irregular  intervals. 

The  flow  in  the  Sound  is  barotropically  domuiated.  Hence,  the  meterological  forcing,  and  the  wind 
and  water  level  differences  between  Ae  Kattegat  and  the  Baltic  Sea  are  the  dominating  features 
governing  the  flow.  The  density  difference  between  the  north  (typical  salinity:  26  psu)  and  south 
(typical  salinity:  8  psu)  of  the  Sound  is  also  of  some  importance  for  the  flow.  The  flow  is  bottom 
friction  dominated  and  the  specific  resistance  depends  on  water  level  and  stratification. 

The  flow  of  brackish  water  from  the  Baltic  Sea  and  more  saline  water  from  the  North  Sea  forms  a 
stratified  two  or  three  layer  system  in  the  .straits.  Fig.  2.  The  Sound  has  a  mean  depth  of  15-20  m 
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with  a  very  shallow  sill,  at  a  deptli  of  7-8  m,  across  the  Sound  south  of  Saltholm,  near  the  alignment 
of  the  Link.  This  Drogden  sill  separates  the  salt  water  in  the  Sound  from  the  Baltic  Sea  and  controls 
the  southward  flow  through  the  Sound.  The  Drogden  sill  accounts  for  between  30  and  70%  of  the 
total  flow  resistance  in  the  Sound,  depending  on  water  levels  and  stratification  in  the  sill  area. 

During  northward  flow,  Baltic  water  with  a  salinity  of  approximately  8  psu  flows  into  the  Sound 
thereby  pushing  Kattegat  surface  water,  with  a  salinity  of  20  psu,  to  the  north.  The  mixing  between 
the  two  layers  is  strong  and  increases  the  salinity  of  the  upper  layer  to  12-15  psu.  If  the  flow  lasts 
for  more  than  3  days,  a  quasi-steady  outflow  situation  is  formed  where  the  Helsingor-Iielsingborg  is 
the  governing  cross-section. 

During  southward  flow,  the  surface  layer  with  a  salinity  of  12-15  psu  is  forced  to  the  south  through 
the  Sound  across  the  sill.  After  some  time,  the  interface  to  water  witli  a  salinity  of  20  psu  (Kattegat 
surface  water)  has  risen  to  the  level  of  the  sill  and  starts  flowing  into  the  Baltic  Sea.  South  of  the  sill 
the  salt  water  plunges  under  the  brackish  Baltic  water  and  forms  a  dense  bottom  current.  At  the  sill 
the  water  is  often  totally  mixed  due  to  bottom  generated  turbulence.  If  the  flow  continues  southward, 
water  with  a  salinity  up  to  25  psu  flows  into  the  Baltic  Sea. 


Figure  2  Section  through  the  Sound  describing  the  principles  of  {A)  northward  flow,  (B)  southward  flow. 


3  MONITORING 

The  first  monitoring  programme  in  connection  with  the  Sound  Link  project  was  established  in 
February  1992.  Since  tlien,  the  programme  has  been  changed  and  extendt^  to  meet  new  require¬ 
ments.  The  existing  monitoring  programme  is  customised  to  provide  detailed  information  on  the 
hydrodynamics  of  the  strait  and  to  provide  data  for  set-up,  and  in  depth  calibration  and  validation  of 
the  3D  numerical  model. 

Wind  and  air  pres-sure,  water  levels,  currents  and  salinity  arc  measured  continuously  at  a  number  of 
fixed  stations  in  the  Sound,  Fig.  3.  Salinity  and  currents  are  measured  at  several  depths  at  each 
station.  The  data  arc  transmitted  online  to  DHL  With  regular  tune  intervals,  current  and  salinity' 
profiles  arc  measured  from  a  survey  vessel  sailing  along  lines  in  aieas  of  special  interest.  The  current 
profiles  are  measured  by  shallow  water  Broad-Band  Doppler  techniques  using  an  ADCP  (Acoustic 
Doppler  Current  Profiler).  In  August  and  October  1993  and  in  January  1994,  fiirtlier  intensive 
measuring  campaigns  were  carried  out.  The  vessel  based  measurements  were  ituensifiesd  and  supple¬ 
mented  witli  float  tracking  and  an  extended  programme  for  current  measurements  at  fixed  stations 
close  to  the  alignment  of  the  Link. 
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Figure  3  Fixed  stations  in  the  Sound.  Hydrographic  monitoring  programme  V. 


4  STRATOIED  FLOW 

The  stratified  flow  through  the  Sound  may  be  divided  into  three  sections,  ref.  DHI/LIC/SMHI 
(1993): 

North  of  the  sill  the  water  column  is  almost  always  stratified.  When  tlie  current  is  northward  the 
interface  is  pushed  down  and  to  tlie  north,  during  southward  current  the  interface  is  raised.  The 
position  of  the  interface  varies  2-4  m  between  nortli-  and  southwaid  flow.  Fig.  4.  Tlie  Coriolis  force 
affects  the  flow  tlnough  the  Sound  and  tilts  the  interface  in  the  east-westerly  direction. 

In  the  sill  area  the  flow  resistance  is  laige  during  mixed  conditions  but  reduced  during  situations 
where  the  water  column  is  stratified.  Measurements  have  shown  that  the  flow  across  the  sill  is 
stratified  during  weak  southward  flov/  and  when  die  flow  direction  is  changing.  The  water  column 
is  stratified  (salinity  difference  between  surface  aiid  bottom  >  1  psu)  for  10%  of  the  time  when  the 
flow  is  northward  and  30%  of  the  time  with  southward  flow. 
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Figure  4  Calculated  interface  level  at  Station  II.  Current  measured  at  Stations  4  and  9.  For  station 
numbers  see  Fig.  1. 

During  northward  flow  the  sill  area  is  stratified  until  outflowing  Baltic  Sea  water  lias  flushed  the  sill, 
the  flushing  lasts  approximately  half  a  day.  When  the  near  bed  velocity  is  small  and  the  vertical 
density  difference  large,  the  stratification  is  stable  and  exists  across  the  sill.  When  the  velocity  in  the 
bottom  layer  increases,  tlie  interface  breaks  down  due  to  bottom  generated  turbulence.  Fig.  5 
illustrates  examples  of  measured  how  conditions  across  the  sill.  An  analytical  calculation  regarding 
the  mixing  between  the  two  layers  based  on  equations  for  entrainment  into  the  lower  and  upper  layers 
has  been  carried  out.  Below  is  shown  the  equation  for  the  downwards  entrainment. 


The  calculation  of  the  mixing  effect  (entrainment)  is  based  on  the  bulk  flux  Richardson’s  number 
theoiy,  ref.  Bo  Pedersen  (1986): 


vj  -  POT 
^  PROD 


(1) 


where  (-4.5%)  Is  a  constant  for  sub-critical  flows,  called  the  bulk  flux  Richardson  number, 
PROD  is  the  integrated  production  of  turbulent  kinetic  energy  in  a  layer,  and  POT  is  the  integrated 
increase  in  potential  energy  in  a  layer  or  the  work  performed  by  the  turbulence,  which  can  be  written 
as  follows: 

POTj  »  <2) 


is  the  entrainment  into  the  behem  layer,  h^  is  the  thickness,  g  is  the  gravity,  S  is  the 
dimensionless  reduced  density  and  a  reference  density. 


The  production  of  turbulent  kinetic  energy  in  the  lower  layer  (PRODo)  is  dcteimined  by  the  following 
expression,  ref.  Bo  Pedersen  (1986): 
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Based  upon  the  Ridiardson  bulk  flux  number  theory,  the  downwards  eiitrainment  is  then  (.-stiaiated 
lo  be: 
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In  the  following  section,  this  expression  is  applied  to  observed  conditions. 
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Figure  5  Profiles  of  salinity  and  currents 
measured  along  a  N-S  line  in 
the  Drogden  channel. 


On  16  June.  1992,  the  salinity  near  the  surface  at  Sta¬ 
tion  CT.S3  was  15.3  psu,  at  Station  CT32  14.3  psu, 
and  at  Station  CTSl  16.3  psu.  Surface  water  of  in¬ 
creasing  salinity  flows  towards  the  sill,  which  was 
why  water  of  higlier  salinity  was  raeasured  closer  f.o 
tlte  surface  at  Station  CTS3  than  at  Station  CTS2.  The 
higher  salinity  near  the  surface  at  Station  CTSl  than 
at  Station  CTS2  was  due  to  mixing.  The  wind  veloc¬ 
ity  0^0  ou  16  June  1992  was  approximately  6  ni/s.  At 
Station  CTS2  the-  upper  layer  thickness  (h,)  was  5.5 
m,  the  lower  layer  thicktiess  (ho)  was  3.5  m,  the 
lower  layer  velocity  (Vj)  was  0.5  m/s  and  the  salinity 
dilference  between  the,  layers  3  psu.  Based  upon 
these  data  the  upwards  entrainment  at  Station  CTS2  is 
calculrfcd  to  be  39  •  Kl*  m/s,  and  the  downwards 
entrahiirtcut  to  he  134  •  10*  m/s.  The  distance 
between  Station  CTS2  and  Station  CTSl  is  5000  m 
giving  a  travelling  time  of  approximately  2.8  hours. 
In  2.8  hours,  a  downwards  entrainment  velocity  of  95 
•  10*  nvs  increases  tire  lower  layer  thickness  by 
approximately  10  m.  This  calculation  indicates  that 
the  upper  layer  is  mixing  into  the  lower  layer  before 
Station  CTSl,  which  is  supported  by  the  measure¬ 
ments. 

On  17  June  1992,  tlie  salinity  stratification  was 
observed  across  the  sill.  The  wind  velocity  (W)  was 
approximately  4  m/s.  At  Station  CTSl  the  upper  layer 
v^ckness  (h,)  was  5  0  in,  the  lower  layer  tlricknesr, 
fiio)  was  3  0  m,  the  lower  layer  velocity  (Vo)  was  0. 1 
m/s,  arid  the  salinity  difference  between  the  layers  2.5 
psu.  The  entrainment  upwards  at  Station  CTSl  is 
calculated  to  be  0.8  ■  10*  m/s,  and  the  entrainment 
downwards  1.5  ■  10"*  m/s.  A  change  of  the  interface 
position  of  1  tn  would  tal.e  approximately  40  hours. 
According  to  Uiis  calculatioi:,  a  stratified  structure  at 
the  sill  is  not  mixing  into  one  homogenous  layer, 
which  is  supported  by  the  observations. 
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In  situations  where  the  current  speed  in  the  upper  layer  becomes  very  large  the  interface  rises  and  the 
bottom  layer  is  lifted  over  the  sill  due  to  low  pressure  generated  by  the  rapidly  flowing  upper  layer, 
the  Bernoulli  effect,  Fig.  S. 

South  of  the  sill  the  inflowing  salt  water  plunges  under  the  light  brackish  Baltic  water.  The  plunging 
line  moves  back  and  forth  depending  on  density  differences,  and  the  flow  velocity  and  time  scale. 
When  the  flow  direction  changes  to  northward,  the  saline  water,  which  passed  the  sill  during  south¬ 
ward  flow,  continues  to  flow  to  the  south  into  the  deeper  parts  of  the  Baltic  Sea. 


5  3D  NUMERICAI.  MODELLING 

The  water  and  salt  exchange  through  the  Sound  is  modelled  using  the  3D  model,  SYSTEM  3 
developed  at  the  Danish  Hydraulic  Institute  (DHI),  ref.  DHl  (1990).  The  3D  model  is  fully  three- 
dimensional  and  non-hydrostatic  solving  the  momentum  equation  and  continuity  equations  in  the  three 
cartesian  directions.  SYSTEM  3  simulates  unsteady  flow,  taking  into  account  density  variations, 
bathymetry  and  external  forcing  such  as  meteorology,  tidal  elevations,  currents  and  other 
hydrographical  conditions.  The  model  is  composed  of  a  hydrodynamic  module,  a  turbulence  module 
and  an  advection  dispersion  module.  The  flow  is  decomposed  into  mean  quantities  and  turbulent 
fluctuations.  The  closure  problem  is  solved  through  the  Boussinesq  eddy  viscosity  concept  relating 
the  Reynold  stresses  to  the  mean  velocity  field.  To  handle  density  variations,  the  equations  for 
conservation  of  salinity  and  temperature  are  included.  An  equation  of  state  constimtes  the  relation 
between  the  density  and  the  variations  in  salinity  and  temperature. 

The  3D  model  is  used  to  simulate  the  water  flow  and  salt  flux  through  the  Sound  throughout  a  design 
period  in  the  reference  situation  before  the  construction  of  the  Link  and  after  the  construction  by 
parameterisation  of  die  Link  elements.  The  Sound  Link  is  calculated  to  block  0.5%  of  the  exchange 
of  water  and  srJt  to  the  Baltic  Sea  if  no  compensation  dredging  is  performed.  The  salt  water  trans¬ 
ported  through  the  Sound  into  the  Baltic  Sea  enters  different  levels  of  the  Baltic  Sea  depending  on  the 
salinity.  The  bottom  waters  in  the  deep  parts  of  the  Baltic  Sea  are  only  occasionally  exchanged  with 
more  oxygen  rich  water,  when  high  saline  water  enters  the  Baltic  Sea.  It  is,  therefore,  important  for 
the  environment,  especially  in  the  deeper  parts  of  the  Baltic  Sea,  that  the  transport  of  water  with 
different  salinities  is  unchanged  after  the  construction  of  the  fixed  Link.  In  order  to  achieve  this 
compensation,  dredging  is  performed  so  that  tlie  combined  effect  of  the  dredging  and  the  Link  is  nil 
regarding  the  discharge  to  and  from  tiie  Baltic  Sea. 


6  COMPARISON  BETWEEN  OBSERVED  AND  MODELLED  FLOW 

The  3D  model  is  calibrated  against  measured  water  levels  and  currents  for  the  period  1-17  August 
1993.  The  monitoring  program  for  measuring  salinity  was  not  fully  launched  during  this  period  and 
the  calibration  is,  therefore,  only  preliminary.  The  calibration  of  the  model  against  observations  of 
water  levels,  salinity  and  currents  for  the  period  18-31  October  1993  is  ongoing. 

Fig.  6  illustrates  comparisons  between  modelled  and  observed  (using  vessel  based  ADCP)  horizontal 
current  profiles.  Figs.  7  and  8  illustrates  time  series  of  modelled  and  observed  current  and  salinity 
at  the  fixed  stations  near  the  alignment  of  the  Link.  Generally,  there  is  satisfactory  agreement 
between  modelled  and  observed  currents  except  in  the  middle  of  the  Drogden  channel  during 
southward  flow.  Tliis  inconsistency  is  due  to  baroclinic  effects.  Just  north  of  the  sill  the  water 
column  is  mostly  stratifled  during  southward  flow.  If  the  stratification  in  this  area  is  modelled 
inadequately,  the  flow  resistance  is  exaggerated  and  thus  the  current  speed  underestimated. 
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Figure  6  Modelled  and  observed  horizontal  current  profiles  on  IS  August  199S  (measured  using  a  vessel 
based  jiDCP). 
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Figure  7  Time  series  of  modelled  and  observed  current  at  Station  4  (Fig.  1). 
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Figure  8  Time  series  of  modelled  and  observed  saiinity  at  Station  4  (Fig.  I). 
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Abstract 

Based  on  a  series  of  monthly  temperature  profiles  taken  in  Lake  Geneva  since  1986, 
an  analysis  of  stratification  dynamics  ^stinguishes  two  ranges  in  z-t  space:  a  strongly 
stratified  upper  layer  (seasonal  variable)  and  a  weakly  or  non  stratified  lower  layer  without 
time  variation  (Fig.l).  Temperature  spectra  show  the  same  pattern:  strong  seasonal  variability 
in  the  energy  Icvd  in  the  upper  layer  and  no  variability  in  the  lower  layer  (Fig.3  and  Fig.4). 
The  Thorpe  scale  aid  the  inversion  percentage  for  each  profile  reveal  slightly  larger  values  in 
the  lower  layer  (80-260m  depth)  and  during  the  destratified  period  (Fig.5).  A  lognormal 
disbibution  of  the  Thorpe  scale  is  comparable  to  the  one  found  by  Thorpe  in  Loch  Ness 
(Fig.6).  The  vertical  mixing  coefficients  calculated  with  the  Tliorpe  scale  and  the  buoyancy 
frequency  are  smaller  than  those  calculated  by  the  budget  method  for  the  upper  layer  during 
the  heating  season  (Fig.7),  and  give  values  equivalent  to  those  obtained  in  other  lakes  and  in 
the  interior  of  oceans  in  the  lower  layer  (Fig.8).  All  three  analyses  show  that  in  Lake  Geneva 
there  is  a  200m  thick  intennediate  layer  that  has  the  characteristics  of  the  ocean  interior. 

1.  Introduction 

A  series  of  water  temperature  profiles  has  been  taken  regularly  (about  once  a  month) 
at  stations  along  the  axis  of  Lake  Geneva  since  1986  witli  a  temperature  resolution  of  0.001  °C 
and  a  depth  resolution  of  20cm.  They  show  frequent  small  steps  and  temperature  inversions. 
Based  on  these  high  precision  profile,  three  aspects,  i.e.,  the  dynamical  state,  a  length  scale 
estimation  and  energy  levels,  are  calculated  and  discussed.  The  dynamic  analysis  aUows  us  to 
understand  the  status  of  stratification  and  the  effects  of  the  buoyancy  force  in  Lake  Geneva. 
The  scale  analysis  will  be  useful  to  gauge  inversion  suuctuies  and  to  describe  the  instability 
of  the  water  column.  The  energy  analysis  will  reveal  the  origin  of  energy  of  turbulent  stirring 
and  present  the  turbulent  energy  distribution  in  space  and  time.  The  aim  of  this  study  is  to 
understand  and  quantify  vertic^  mixing  processes. 

In  the  present  calculation,  the  infiuence  of  the  near  surface  activities  and  the  diurnal 
thermocline  (0-20m)  is  excluded.  In  the  case  where  the  temperature  has  its  maximum  value 
at  a  depth  below  2(}nr,  the  region  to  be  analyzed  will  begin  at  the  depth  where  the 
maximum  temperature  occurs.  Because  turbidity  and  conductivity  in  the  bottom  boundary 
layer  have  strong  gradients,  the  calculations  are  limited  to  the  zone  above  2^m  for  stations 
SI,  S2  and  S3  which  are  situated  on  the  central  plateau  of  lake  and  have  a  depth  of  about 
300m.  We  will  only  consider  temperature  fluctuations  if  the  temperature  in  the  observed 
profile  differs  from  that  in  the  stable  profile  by  mote  than  the  noise  level  (0.001°C),  i.e., 
ri0.002‘’C. 

2.  Analysis  of  stratification  dynamics 

Vertical  mixing  is  often  modified  by  the  existence  of  a  thermocline  with  a  strong 
density  stratification  in  lakes  and  reservoirs.  Hie  stratification  expresses  a  vertied  force  that 
may  change  the  structure  of  eddies,  restrict  the  vertical  motion,  and  is  traditionally  quantified 
by  the  buoyancy  frequency,  N,  defined  as  =^-gp~^dp/Bz.  The  disuibution  of  N  in  both 
space  and  time  Is  shown  in  Fig.l.  There  exist  two  different  zones:  a  strongly  stratified  zone 
(A)  and  a  weakly  or  non  stratified  zone  (B).  In  zone  A,  which  is  situated  in  the  upper  layer 
and  during  the  lieating  season,  the  values  of  N  are  generally  much  larger  than  that  in  zone  B. 
Very  large  values  (N>1(X)  eph)  are  typically  found  at  a  depth  above  40m.  In  zone  B,  the 
buoyancy  decreases  to  a  range  of  0  to  10  cph.  The  depth  where  N  reaches  its  maximum 


decreases  slightly  with  time  after  late  summer.  Penetrative  convection  is  more  active  during 
this  period,  and  it  caases  thermocline  deepening.  In  the  upper  layer,  the  buoyancy  frequency, 
N,  arrives  at  a  maximum  value  in  autumn  near  the  surface  and  has  its  lowest  values  in  spring, 
comparable  to  levels  in  zone  B.  Inversely,  the  buoyancy  frequency  in  the  lower  layer  ahnost 
remains  nearly  constant  during  the  whole  year.  As  a  consequence  of  the  existence  of  this 
variation  in  stratification,  the  concepts  or  methods  which  have  been  develop^  for  zone  A 
cannot  directly  be  applied  to  zone  B.  The  turbulence  in  the  stratified  zone  A  is  anisotropic, 
but  it  may  be  regard^  as  locally  isotropic.  Turbulence  in  non-stradtied  zone  B  seems  to 
approach  isotropy  because  the  vertical  density  gradient  is  small. 

3.  Spectral  analysis 

Temperature  fluctuations  in  time  or  in  space  can  be  caused  by  different  processes: 
straining  of  a  mean  temperature  profile  by  internal  waves,  overturning  and  mixing  by 
turbulent  eddies,  as  well  as  differential  advecdon  by  density  or  turbidity  intrusions  in  the 
horizontal  to  name  a  few.  Each  of  these  processes  has  different  dynamics  and  is  expected  to 
show  a  different  spratral  form.  In  order  to  study  these  different  mixing  processes  which  cover 
a  wide  range  of  different  dme  and  length  scales  in  the  lake,  calculadons  of  spectra  of 
temperature  are  carried  out  To  obtain  the  general  spectral  form,  all  temperature  spectra  of 
stadon  SI  from  1986  to  1990  (60  profiles)  are  calculated.  We  found  that  the  verded  energy 
spectra  of  temperature  in  Lake  Geneva  are  characterized  by  two  distinct  bands.  For  smaller 
wave  numbers,  the  spectra  have  a  dependence,  which  is  somewhat  smaller  than  -2 
obtained  by  Roden  (1971),  Hayes  et  al.  (1975)  and  Gregg  (1977).  This  corresponds  to  the 
internal  wave  band.  For  larger  wave  numbers  the  spectra  have  a  k~^'^  d^ndence,  which  is 
consistent  widt  the  previous  results  of  -2.S  ~-3.0  (Roden;  Hayes  et  al.;  Gregg;  Joyce  et  al.. 
1978).  This  corresponds  to  the  fine  scale  band.  Hie  bnsak  is  situated  near  0.1  cpm.  The  energy 
level  of  the  verdcal  f  spectrum  arrives  at  a  maximum  value  in  late  autumn  and  falls  to  a 
minimum  vdue  in  early  spring  (Fig.2).  Energy  levels  vary  with  season,  but  the  physical 
mechanisms,  such  as  internal  wave  and  turbulent  eddies,  keep  the  same  combinadon,  as 
indicated  by  an  unchanged  spectral  slope,  specially  for  the  tine  scale  range.  Since  the  absolute 

fluctuadon  value  is  related  to  the  specdal  funedon  as  -  Et,  the  mean  t  in  autumn 
(typically  September)  is  much  greater  than  in  spring  (typically  February). 

In  order  to  address  and  compare  the  different  mixing  processes  between  the 
epilimnion  and  the  hypolimnion,  the  water  column  is  cut  into  two  parts  as  shown  in  Fig.l, 
i.e.,  an  upper  layer,  the  depth  of  which  vaties  from  20  to  80  meters  (epilimnion  and 
theirooclinc),  and  a  lower  layer  from  80  meters  to  the  bottom  about  260  meters  (hypolimnion) 
for  stadons  SI,  S2  and  S3.  All  spectra  of  temperature  data  from  1986  to  1991  are  calculated 
and  summarized  for  the  epilimnion  and  the  hypolimnion  in  Fig.3  and  in  Fig.4  respeedvely. 
The  epilimnedc  spectra  (Fig.3)  consist  again  of  two  bands  and  a  break  range.  In  the  fust  band 
(wave  numbers  from  O.OOS  to  0.08  cpm),  the  rado  of  upper-contour  to  lower-contour,  i.e.,  the 
rado  of  maximum  and  minimal  energy  level,  is  about  10^,  meaning  Bt  die 

second  band  (wave  number  larger  than  0.1  cpm),  die  rado  Eruul^rmia  about  10^,  i.e., 

The  first  band  of  hypolimnion  spectrum  (Fig.4)  is  very  short  and  narrow  (the  wave 
numbers  from  0.02  to  0.08  cpm),  in  which  the  rado  £Vm«*  > ~  thus,  -  4.5. 

In  the  second  band  is  only  i.e.,  -1.5.  Therefore,  the  two  terms, 

"steak"  and  "bone",  are  used  to  visudize  the  spectral  patterns  of  the  epilimnion  and  the 
hypolimnion  respeedvely.  In  other  words,  the  rado  of  temperature  variance  has  a  large 
seasonal  range  in  the  epilimnion  and  in  the  thermocline.  However,  it  has  a  very  sm^ 
seasonal  range  in  the  hy^Umnion.  Comparing  the  energy  levels  shown  Fig.3  and  Fig.4,  the 
temperature  fluctuadon  variadon  range  in  the  epilimnion  is  much  bigger  than  in  the 
hypolimnion  (mean  value  10  times).  That  implies  that  in  Lake  Geneva,  which  is  large  and 
d^p,  internal  waves  affect  mainly  the  upper  layer  and  the  influence  on  the  lower  layer  may 


be  negligible  in  terms  of  energy  level.  In  summary,  epilimnetic  temiieiatuic  variations  in  the 
fine  scale  range  depend  Sirougly  on  atmc^splncric  forcing  and  are  greatly  influenced  by 
sestsomd  temperatuie  changes.  Hypoliinnetic  teniMrature  variations  in  the  fine  scale  range 
deipeud  less  strongly  on  atmospheric  changes  and  are  caused  by  internal  waves  which  are 
slightly  inHuenced  by  atuiospheiic  changes. 


4.  Soik  awtSysls 

The  estimation  of  the  length  scales  of  tlie  observed  vertical  overturning  stnictures, 
being  potentially  uastable,  may  help  in  understanding  and  quantifying  vertical  mixing  in 
particular  in  the  lower  hypolimnion  wltete  the  traditio^  heat  budget  metliod  does  not  give 
any  tesulis  (Michalsld  and  Lemmin,  1992). 

I'urbiidaace  mixing  theories  often  depend  on  assumptions  about  the  lengtli  scale  of 
turbulent  eddies,  and  early  Prandtl  mixing  length  tlieories  explicitly  used  the  size  of  tuibulent 
eddies  as  a  fuud^ental  variabk.  Mcasuteroents  of  the  length  scales  can  provide  evidence  for 
the  theory.  Thorpe  (1977)  proposed  an  obJ|ective  method  of  estimadug  a  length  scale  (the 
H'lorpe  scsile‘.  L,.)  associated  with  oveiituraing  events  in  a  shatified  fluid.  The  method  of 
calculating  L^.  consists  of  ordering  an  obsen'cd  potential  density  profile,  which  contains 
inversions,  into  a  stable  inonotooic  profile.  Wiien  the  flow  is  homogeneous  in  the  hodzontal 
and  the  density  (tcmpcmtuie)  inversions  ore  the  result  of  turbukitt  sluring,  the  Thorpe  scale  is 
strongly  com'.latcd  witli  the  Omiduv  scale  Lq  (DiUooi,  1982;  Ivey  and  Imberger,  1989). 

The  Thorpe  displacement  is  a  measure  for  the  vertical  displacements  caused  by  the 
turbulent  motions  before  significant  molecular:  diffitsion  has  occurred  (Thorpe,  1977).  It  is 
also  useful  as  a  vilsaal  aid  in  defining  the  vertical  extend  of  some  mixing  events.  For  the 
calculation  of  the  Thorpe  scale,  the  temperatum  profiles  may  be  treated  m  density  profiles 
because  they  arc  monotumc  witli  depth  provided  T>4"C.  A  temperatum  inversion  structure 
iadkates  that  the  corresponding  demuty  profile  is  gravitationally  unstable. 

In  this  study,  tire  inversion  percentage  is  ^med  as  a  ratio  of  the  region  occupied  by 
temperature  inversions  to  tlie  whole  range  under  consideration.  It  will  be  ut;^  to  measure  the 
percentage  of  the  watei  column  which  is  potentially  unstable  and  contributes  to  mixing,  and  it 
indicates  the  development  of  turbulence  in  space, 

If  the  averaging  range  covm  the  entire  profde  depth  (Ix^ween  20ra  or  and 
2cii>m),  the  resuitaiiit  Thoii>e  scale,  nametl  profile  Thorpe  scale,  will  be  a  measure  of  the 
typical  inversion  scale  of  the  whole  profile,  flased  on  the  data  of  station  SI,  S2  and  S3  from 
1988  to  1993,  the  profile  Thorpe  Jicales  in  different  montlis  can  be  detennined  by  tlte 
following  equation: 

1  1  W 

Lj'Orwnffi:)  ^  - ^ - -  V  l^imontA.Vifar.statioKi) 

//f  (year, ^  ^ 

H  thjcpmeiu  iiudj':  (Eq  l) 

maitih-K  12  (Jm.  to  I>ec.)\  {Station  SI,  52,  S3);  ytiiWj  =  1988,  yeat\  =1992. 

Eai.ds  Or  in  aa  average  oyer  many  profiles  which  arc  tssurned  to  be  .statistically 
similar,  and  cover  tlie  same  veitical  range. 

Profile  Thorpe  scales  as  function  of  moBtl)  are  shown  m  Fig.5.  It  follows  that  the 
profile  Thorpe  scale  has  an  order  of  2»m  vrilh  an  average  inversion  percentage  of  15%.  The 
Thorpe  seek:  during  the  cooling  .reason  is  slightly  larger  titan  that  during  the  heating  season. 

The  probability  of  a  otitain  Thorpe  scale  for  a  vertical  region  under  consideration  is 
given  by 

PiLr,  -f  /  2)  -  .  (Eq.2) 

where  is  the  total  number  of  IhorfKj  scales  observetl  and  is  the  number  of 

Tnoqw  .scales  which  fall  into  a  range  .speciiied  bstwecu  Lj-j  sa/d  L^-j+Ad.  For  each  individual 
profile  which  contains  mversions,  Mq.2  can  be  used  to  obtain  the  empirical  probability 
distribution  B^xed  on  die  data  from  about  150  profiles,  Fig.6a  presents  the  cumulative  curves 


for  stations  SI,  S2  and  S3,  jgiving  probabilit;^  distributions  from  1988  to  1993.  While  there  is 
some  scatter  as  expected,  the  high^t  probability  always  occurs  at  the  scale  less  than  1  meter, 
and  the  probability  function  is  nearly  flat  at  larger  scales.  There  is  little  difference  between 
tlic  curves  of  the  three  stations  for  the  small  scale  range.  The  regression  curves  of  the 
empirical  probability  can  be  well  approximated  by  a  lognormal  distribution  (Fig.6b).  The 
points  in  tte  figures  which  are  the  results  of  Thorpe  (1977'  agree  well  with  the  overall  trend 
of  Lake  Geneva  data.  The  probability  in  Lake  Geneva  is  lower  for  the  very  small  scales  and 
slightly  higher  for  the  inteimediate  scales.  This  documents  the  effect  of  the  microscales  which 
have  not  b^  measured  here. 


For  isotropic  turbulence,  we  may  assume  that  u  -v  -  w  and  u'  lU  ~  v’  /V » 0.1  in  Lake 
Geneva.  According  to  the  currents  listed  in  Table  1,  w  will  be  an  order  of  Icra/s  in  the  upper 
layer  and  O.lcm/s  in  the  lower  layer,  where  the  dynamics  are  controlled  by  very  weak 
motions. 


Table  1  Tvpical  Quctuation  of  temperature  in  different  layers 
(data  firom  Couchv  8182  campaiKn) 
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Recendy,  bmstedt  and  iMurthy  (l993)  found  that  l^chardson  numbers  near  the  bottom 
of  Lake  Ontario  arc  mainly  below  the  critic^  value  of  0.25,  indicating  that  the  current  shear 
in  this  layer  is  strong  enough  to  overcome  stability  and  generate  turbulence.  In  Lake  Geneva, 
instability  may  frequently  occur  and  the  overturning  process  produces  patches  of  turbulence 
and  mixing  in  most  of  the  range  of  the  lower  layer,  ki  the  epilimnion  and  thermociine  region, 
the  turbulence  was  mainly  d^ped  (Richardson  number  much  larger  than  1  by  using  the 
values  in  Table  1).  That  signifies  stable  conditions  fur  the  upper  layer.  However,  some 
generation  of  turbulence  is  probably  still  taking  place  in  die  thermociine  region,  as  indicated 
by  a  small  inversion  percentage  in  this  layer. 


5.  Vertical  mixing 

Thorpe  (1987)  first  proposed  that  a  mixing  coefficient  can  be  determined  by  treating 
individual  vertical  profiles.  Considering  an  unstable  range  occupied  by  an  inversion  structure 
(or  eddy)  of  size  Lj.,  where  the  buoyancy  fiequency  is  N,  the  eddy  mixing  coefficient  will  be 
K,  =  re  N-\  (Eq.3) 

where  e  ■  ijiv’  and  the  constant  y  is  proposed  by  Ivey  and  Iraberger  (1989)  as 

r=Rfia-Rf).  (Eq.4) 

A;  is  the  flux  Richardson  number,  indicating  the  mixing  efficiency.  It  depends  on  the 
magnitude  of  the  ratio  and  is  proposed  to  be  0.20  in  die  case  of  L„/Lr=l,  resulting  in 
7=0.25.  This  is  close  to  the  mean  estimate  ( 7=0.24)  obtained  by  Oakey  (1985)  and  Gregg  et 
al.  (1986).  Dillon  (1982)  found  the  ratio  L,lLi-=Q.&  for  oceans  and  lakes.  Although  doubt  still 
exists  about  the  appropriate  value,  we  shall  take  those  two  constants  {Rf  =0.20  and 
=0.8)  for  Lake  Geneva  as  Thorpe  (1987)  did. 

The  mixing  coefficients  are  calculated  for  different  sea.sons  and  different  depths,  as 
shown  in  Fig.7  and  Fig.S  for  the  heating  season  and  the  cooling  season  respectively.  Fig.7 
indicates  that  the  mixing  coefficient,  as  expected,  increa.ses  with  depth  until  a  depth  of  about 
100m,  then  keeps  fluctuating  down  to  the  bottom.  Inversely,  during  the  cooling  season 
exhibits  large  scale  fluctuations  over  the  entire  profile  (Fig.  8). 

Using  the  heat  flux  gradient  method  (budget  method),  we  estimated  vertical  mixing 
coefficients  for  Lake  Geneva.  Fig.S  shows  diat  the  coefficients  calculated  by  the  budget 
method  are  larger  than  those  by  1^.3  in  the  upper  layer  during  the  heating  season.  This  is 
most  likely  because  the  mean  temporal  and  spati^  temperature  gradients  used  by  the  heat  flux 
gradient  method  integrate  over  a  large  number  of  processes  on  different  time  and  length 


scales.  In  contrast,  the  coefficients,  quantified  by  £q.3  and  shown  in  Fig.7  and  Fig.8,  are  only 
the  contribution  to  mixing  due  to  Ae  instantaneous  inversion  structures.  For  the  lower  layer, 
the  vertical  mixing  coefncients  give  values  comparable  to  those  obtained  by  the  heat  flux 
gradient  method  falling  into  the  range  of  0.3  to  /  r.  The  order  of  AT,  shown  in  Fig.7  and 
Fig.8  corresponds  to  the  results  in  the  literature  for  the  hypolimnion  of  other  lakes  (Hutter, 
1983;  Wuest,  1987),  and  observations  in  the  interior  of  the  ocean:  about  0.3  (Ivey, 
1987).  If  the  coefficient  is  an  indicator  of  the  intensity  of  turbulent  motions,  we  may  conclude 
that  the  intensity  of  turbulence  and  the  potential  of  mixing  in  the  hypolimnion  of  Lake 
Geneva  are  comparable  with  that  in  other  lakes  and  in  the  interior  of  oceans. 

6.  Condusions 

Temperature  inversions  indicative  of  vertical  overtuming  structures  were  observed  in 
all  profiles  at  all  depths.  Dynamic  analysis  distinguishes  two  ranges  in  z-t  space:  zone  A,  i.e., 
a  strongly  stratified  zone  (upper  80m),  and  zone  B,  i.e.,  a  weakly  or  non  stratified  zone  (80m 
to  260m).  While  zone  A  shows  strong  seasonal  variation,  zone  B  remains  constant 

l^ergy  density  spectra  of  the  finescale  temperature  gradients  show  that  in  the  range 
between  20m  (just  below  the  seasonal  thermocline)  and  80  m  depth  where  mean  temperature 
gradients  display  a  strong  seasonal  variation,  the  energy  level  changes  with  season,  being 
highest  in  August  when  stratification  is  strongest  and  lowest  in  February  when  the  lake  is  near 
homothermal.  The  sp^tral  slope  remains  constant  at  around  2.S.  From  80m  to  260ni  depth 
where  seasonal  variations  are  not  evident,  spectral  energy  is  found  to  remain  at  the  level  of 
that  of  February  in  the  above  layer  during  all  seasons. 

Thorpe  scales  calculated  from  the  temperature  prorilcs  show  slightly  larger  values  in 
the  lower  layer  (80-260m  depth)  and  duiing  the  destratklcd  period.  A  lognormal  distribution 
of  the  Thorpe  scale  can  be  established  for  all  profiles,  which  is  comparable  to  the  one  found 
by  Thorpe  in  Loch  Ness.  The  vertical  mixing  coefficients  calculated  by  the  Tlioipe  scale  and 
the  buoyancy  frequency  in  this  study  are  smaller  than  these  calculated  by  the  budget  method 
for  the  upper  layer  during  the  heating  season,  and  give  values  comparable  to  those  obtained  in 
other  lakes  and  in  interior  of  ocean  in  the  lower  layer,  imberger  and  Patterson  (1989)  had 
shown  that  in  "typical"  lakes  the  bottom  boundary  layer  starts  immediately  below  the 
stratified  layer.  All  three  analyses  show  that  in  Lake  Geneva  there  is  a  200m  thick 
intermediate  layer  that  has  tiie  characteris*ics  of  the  ocean  interior. 
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Fig.l  Buoyancy  frequency,  N  (cph),  in 
time  and  space  field:  zone  A  and 
zone  B  are  marked  (data  from  SI, 
1990). 
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Fig.7  Mixing  coefndents  as  a  function  of  depth,  compared  vrith  the  results  of  the 
budget  method  calculated  for  the  stratification  period  (data  from  SI,  1987- 
1992,  heating  season) 


20  40  60  80  100  120  140  160  180  200  220  240  260 

Uaplh  (m) 


Fig.8  Typical  mixing  coefndeuts  as  a  function  of  depth  during  the  cooling  season 
(data  from  SI,  1990-1991,  cooling  season) 
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Abstract 

Based  on  a  series  of  monthly  temperature  profiles  taken  in  Lake  Geneva  since  1986, 
an  analysis  of  stratification  dynamics  distinguishes  two  ranges  in  z-t  space;  a  strongly 
stratified  upper  layer  (seasonal  variable)  and  a  weakly  or  non  stratified  lower  layer  without 
time  variation  (Fig.l).  Temperature  spectra  show  die  same  pattern;  strong  seasonal  variability 
in  the  energy  level  in  the  upper  layer  and  no  variability  in  the  lower  layer  (Fig.3  and  Fig.4). 
The  Thorpe  scale  and  the  inversion  percentage  for  each  profile  reveal  slightly  larger  values  in 
the  lower  layer  (80-260m  depth)  and  during  the  destratified  period  (Fig.S).  A  lognormal 
disuibution  of  the  Thorpe  scale  is  comparable  to  the  one  found  by  Thorpe  in  Loch  Ness 
(Fig.6).  The  vertical  mixing  coefficients  calculated  with  the  Thorpe  scale  and  the  buoyancy 
frequency  are  smaller  than  those  calculated  by  the  budget  method  for  the  upper  layer  during 
die  heating  season  (Fig.7),  and  give  values  equivalent  to  those  obtained  in  other  lakes  and  in 
the  interior  of  oceans  in  the  lower  layer  (Fig.8).  All  three  analyses  show  that  in  Lake  Geneva 
there  is  a  200m  thick  intermediate  layer  that  has  the  characteristics  of  the  ocean  interior. 

1.  Introduction 

A  series  of  water  temperature  profiles  has  been  taken  regularly  (about  once  a  month) 
at  stations  along  die  axis  of  Lake  Geneva  since  1986  with  a  temperature  resolution  of  0.001°C 
and  a  depth  resoludon  of  20cm.  Tliey  show  frequent  small  steps  and  temperature  inversions. 
Based  on  these  high  precision  profiles,  three  aspects,  i.e.,  the  dynamical  state,  a  length  scale 
estimation  and  energy  levels,  are  calculated  and  discussed.  The  dynamic  analysis  allows  ’.ts  to 
understand  the  status  of  stradficatioii  and  the  effects  of  die  buoyancy  force  in  Lake  Geneva. 


The  scale  analysis  will  be  useful  to  gauge  inversion  structures  and  to  describe  the  instability 
of  the  water  column.  The  energy  analysis  will  reveal  the  origin  of  energy  of  turbulent  stirring 
and  present  tlie  turbulent  energy  distribution  in  space  and  time.  The  aim  of  this  study  is  to 
understand  and  quantify  vertical  mixing  proces.ses. 

In  the  present  calculation,  the  influence  of  the  near  surface  activities  and  the  diurnal 
thermocline  (0~20m)  is  excluded.  In  the  case  wheie  the  temperature  has  its  maximum  value 
at  a  depth  below  20rn,  the  region  to  be  analyzed  will  begin  at  the  depth  (Zj-ram)  where  the 

maximum  temperature  occurs.  Because  turbidity  and  conductivity  in  the  bottom  boundary 
layer  have  strong  gradients,  the  calculations  are  limited  to  tlie  zone  above  260m  for  stations 
SI,  S2  and  S3  which  are  situated  on  the  central  plateau  of  lake  and  have  a  depth  of  about 
300m.  We  will  only  consider  temperature  fluctuations  if  the  temperature  in  the  observed 
profile  differs  frojn  tliat  in  the  stable  profile  by  more  than  the  noise  level  (0.00 1°C),  i.e., 
Ti0.002°C. 

2.  Analysis  of  stratification  dynamics 

Vertical  mi.xing  is  often  modified  by  the  existence  of  a  thermocline  with  a  strong 
density  stratification  in  lakes  and  reservoirs.  The  suatiQcation  expresses  a  vertical  force  that 
may  change  die  structure  of  eddies,  restrict  the  vertical  motion,  and  is  traditionally  quandOed 
by  the  buoyancy  frequency,  N,  defined  as  The  distribution  of  N  in  botli 

space  and  time  is  shown  in  Fig.l.  There  exist  two  different  zones:  a  strongly  stratified  zone 
(A)  and  a  weakly  or  non  stratified  zone  (B).  In  zone  A,  which  is  situated  in  the  upper  layer 
and  during  tlie  heating  season,  the  values  of  N  are  generally  much  larger  than  that  in  zone  B. 
Very  large  values  (N>1(X1  eph)  are  typically  found  at  a  depth  above  40m.  In  zone  B,  tlie 
buoyancy  decreases  to  a  range  of  0  to  10  cph.  The  depth  where  N  reaches  its  maximum 
decrea.ses  slightly  with  time  after  late  summer.  Penetrative  convection  is  more  active  during 
this  period,  and  it  causes  thennocline  deepening.  In  the  upper  layer,  the  buoyancy  frequency, 
N,  arrives  at  a  maximum  value  in  autumn  near  the  surface  and  has  its  lowest  values  in  spring, 
comparable  to  levels  in  zone  B.  Inversely,  the  buoyancy  frequency  in  the  lower  layer  almost 
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remains  nearly  constant  during  the  whole  year.  As  a  consequence  of  the  existence  of  this 
variation  in  .stratification,  the  concepts  or  methods  which  have  been  developed  for  zone  A 
cannot  directly  be  applied  to  zone  B.  'fhe  turbulence  in  the  stratified  zone  A  is  anisotropic, 
but  it  may  be  regarded  as  locally  isotropic.  Turbulence  in  non-stratified  zone  B  seems  to 
approach  isotropy  because  the  verdcal  density  gradient  is  small. 

3.  Spectral  analysis 

Temperature  fluctuations  in  time  or  in  space  can  be  caused  by  different  processes: 
straining  of  a  mean  temperature  profile  by  internal  waves,  overturning  and  mixing  by 
turbulent  eddies,  as  well  as  differential  advecdon  by  density  or  turbidity  intrusions  in  the 
horizontal  to  name  a  few.  Each  of  these  processes  has  different  dynamics  and  is  expected  to 
show  a  different  spectral  form.  In  order  to  study  these  different  mixing  processes  which  cover 
a  wide  range  of  different  dme  and  length  scales  in  the  lake,  calculations  of  spectra  of  i 

temperature  are  carried  out.  To  obtain  the  general  spectral  foim,  all  temperature  spectra  of  ' 

stadon  SI  from  1986  to  1990  (60  profiles)  arc  calculated.  We  found  that  the  verdcal  energy 
spectra  of  temperature  in  Lake  Geneva  are  characterized  by  two  distinct  bands.  For  smaller 
wave  numbers  the  spectra  have  a  dependence,  which  is  somewhat  smaller  than  -2  ; 

obtained  by  Roden  (1971),  Hayes  et  al.  (1975)  and  Gregg  (1977).  This  corresponds  to  the 
internal  wave  baud.  For  larger  wave  numbers  Ute  spectra  have  a  dependence,  which  is 
consistent  with  the  previous  results  of  -2.5  —3.0  (Roden;  Hayes  el  al.;  Gregg;  Joyce  et  al., 

1978).  This  corresponds  to  the  fine  scale  band.  The  break  is  situated  near  0.1  cpm.  The  energy 
level  of  the  vertical  f  spectrum  arrives  at  a  maximum  value  in  late  autumn  and  falls  to  a 
minimum  value  in  early  spring  (Fig.2).  Energy  levels  vary  with  season,  but  the  physical 
mechanisms,  such  as  internal  wave  and  turbulent  eddies,  keep  the  same  combination,  as 
indicated  by  an  unchanged  spectral  slope,  specially  for  the  fine  scale  range.  Since  the  absolute 
fluctuation  value  is  related  to  the  spectral  funedon  as  t'^  -Ej-,  the  mean  f  in  autumn 
(typically  September)  is  much  greater  than  in  spring  (typically  February). 

i 


In  order  to  address  and  compare  the  different  mixing  processes  between  the 
epilimnion  and  the  hypolimnion,  the  water  column  is  cut  into  two  parts  as  shown  in  Fig.l, 
i.e.,  an  upper  layer,  the  depth  of  which  varies  from  20  to  80  meters  (epilimnion  and 
thermocline),  and  a  lower  layer  from  80  meters  to  the  bottom  about  260  meters  (hypolimnion) 
for  stations  SI.  S2  and  S3.  Ail  spectra  of  temperature  data  from  1986  to  1991  are  calculated 
and  summarized  for  the  epilimnion  and  the  hypolimnion  in  Fig.3  and  in  Fig.4  respectively. 
The  epilimnedc  spectra  (Fig.3)  consist  again  of  two  bands  and  a  break  range.  In  the  first  band 
(wave  numbers  from  0.005  to  0.08  cpm),  the  ratio  of  upper-contour  to  lower-contour,  i.e.,  the 
ratio  of  maximum  and  minimal  energy  level,  is  about  10*,  meaning  Tina  /I'inin  -10^.  In  the 
second  band  (wave  number  larger  than  0.1  cpm),  the  ratio  Enoa/  about  10\  i.e., 

T  tT  ■  -  33 

The  first  band  of  hypolimnion  spectnim  (Fig.4)  is  veiy  short  and  narrow  (the  wave 
numbers  from  0.02  to  0.08  cpm),  in  which  the  ratio  Ej-^  /  jErmin  - thus,  I  ~  4.5 . 
In  the  second  band  E^aa.lETaa  is  only  iO®*,  i.e.,  Therefore,  the  two  terms, 

"steak”  and  "bone",  are  used  to  visualize  the  spectral  patterns  of  the  epilimnion  and  the 
hypolimnion  respectively.  In  other  words,  the  ratio  of  temperature  variance  has  a  large 
seasonal  range  in  the  epilimnion  and  in  the  tliermocline.  How'ever,  it  has  a  very  small 
seasonal  range  in  the  hypol  jnion.  Comparing  the  energy  levels  shown  Fig.3  and  Fig.4,  the 
temperature  fluctuation  variation  range  in  the  epilimnion  is  much  bigger  than  in  the 
hypolimnion  (mean  value  10  times).  That  implies  that  in  Lake  Geneva,  which  is  large  and 
deep,  internal  waves  affect  mainly  the  upper  layer  and  the  influence  on  the  lower  layer  may 
be  negligible  in  terms  of  energy  level.  In  summary,  epilimnetic  temperature  variations  in  the 
fine  scale  range  depe’id  strongly  on  atmospheric  forcing  and  are  greatly  influenced  by 
seasonal  temperature  changes.  Hypolimnetic  temperature  variations  in  the  fine  scale  range 
depend  less  strongly  on  atmospheric  changes  and  are  caused  by  internal  waves  which  are 
slightly  influenced  by  atmospheric  changes. 


4.  Scale  analysis 
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•I 
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The  estimation  of  the  length  scales  of  the  observed  vertical  overturning  structures, 
being  potentially  unstable,  may  help  in  understanding  and  quantifying  vertical  mixing  in 
particular  in  the  lower  hypolimnion  where  the  traditional  heat  budget  method  does  not  give 
any  results  (Michalski  and  Lemmin,  1992). 

Turbulence  mixing  theories  often  depend  on  assumptions  about  the  length  scale  of 
turbulent  eddies,  and  early  Prandtl  mixing  length  theories  explicitly  used  the  size  of  turbulent 
eddies  as  a  fundamental  variable.  Measurements  of  the  length  scales  can  provide  evidence  for 
the  theory.  Thorpe  (1977)  proposed  an  objective  method  of  estimating  a  length  scale  (the 
Thorpe  scale',  Ij.)  associated  witli  overturning  events  in  a  stratified  fluid.  The  method  of 
calculating  Ij-  consists  of  ordering  an  observed  potential  density  profile,  which  contains 
inversions,  into  a  stable  monotonic  profile.  When  the  flow  is  homogeneous  in  the  horizontal 
and  the  density  (temperature)  mversions  are  the  result  of  turbulent  stirring,  the  Thorpe  scale  is 
strongly  correlated  with  the  Ozmidov  scale  Lo  (Dillon,  1982;  Ivey  and  Imberger,  1989).  | 

The  Thorpe  displacement  is  a  measure  for  the  vertical  displacements  caused  by  the  | 

turbulent  motions  before  significant  molecular  diffusion  has  occurred  (Tliorpe,  1977).  It  is 
also  useful  as  a  visual  aid  in  defining  the  vertical  extend  of  some  mixing  events.  For  tlic 
calculation  of  the  Thorpe  scale,  the  temperature  profiles  may  be  treated  as  density  profiles  ' 

because  they  are  monotonic  with  depth  provided  T>4°C.  A  temperature  inversion  structure 
indicates  that  the  corresponding  density  profile  is  gravitationally  unstable. 

In  this  study,  the  inversion  percentage  is  defined  as  a  ratio  of  the  region  occupied  by 
temperature  inversions  to  the  whole  range  under  consideration.  It  will  be  used  to  measure  the 
percentage  of  the  water  column  which  is  potentially  unstable  and  contributes  to  mixing,  and  it 
indicates  the  development  of  turbulence  in  space. 

If  the  averaging  range  covers  the  entire  profile  depth  (between  20m  or  z^max 

260m),  the  resultant  irhorpe  scale,  named  profile  Thorpe  scale,  will  be  a  measure  of  the 
typical  inversion  scale  of  the  whole  profile.  Based  on  the  data  of  station  SI,  S2  and  S3  from 
1988  to  1993,  the  profile  Thorpe  scales  in  different  months  can  be  determined  by  the 
following  equation: 
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Lj- {month)  = 


1 
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Ns  iyear^  -yearQ) 


S  Zw^-r 

SlotiaHal  ytarmytar^ 


(month,  year,  station) 


In  the  present  study:  (Eq.l) 

month  =  1,  12  (Jan.  to  Dec.)-,  Ns  =  3  (Station  SI.  S2.  S3);  yearo  =  1988,  yearj  =1992. 


Each  If  is  an  average  over  many  profiles  which  are  assumed  to  be  statistically 
similar,  and  cover  the  same  vertical  range. 

Profile  Thorpe  scales  as  function  of  month  are  shown  in  Fig.5.  It  follows  that  the 
profile  Thorpe  scale  has  an  order  of  2m  with  an  average  inversion  percentage  of  15%.  The 
Thorpe  scale  during  the  cooling  season  is  slightly  larger  than  that  during  the  heating  season. 

The  probability  of  a  certain  Thorpe  scale  for  a  vertical  region  under  consideration  is 
given  by 

P(LJ■,+dd^2)  =  n^l^^l^^^iJ)jN^^g,  (Eq.2) 

where  is  the  total  number  of  Thorpe  scales  ob, served  and  is  the  number  of 

Thorpe  scales  which  fall  into  a  range,  specified  between  Lj-j  and  Lj-j+Ad.  For  each  individual 
profile  which  contains  inversions,  Eq.2  can  be  used  to  obtain  the  empirical  probability 
distribution.  Based  on  the  dau  from  about  150  profiles,  Fig.6a  presents  the  cumulative  curves 
for  stations  SI,  S2  and  S3,  giving  probability  distributions  from  1988  to  1993.  While  there  is 
some  scatter  as  expected,  the  highest  probability  always  occurs  at  the  scale  less  than  1  meter, 
and  the  probability  function  is  nearly  flat  at  larger  scales.  There  is  little  difference  between 
the  curves  of  the  three  stations  for  the  small  scale  range.  The  regression  curves  of  the 
empirical  probability  can  be  well  approximated  by  a  lognormal  distribution  (Fig. 6b).  The 
points  in  the  figures  which  are  tire  results  of  Thorpe  (1977)  agree  well  with  the  overall  trend 
of  Lake  Geneva  data.  The  probability  in.  Lake  Geneva  is  lower  for  the  very  small  scales  and 
slightly  Itigher  for  die  intermediate  .scales.  This  documents  the  effect  of  the  microscales  which 
have  iiOi  been  measured  here. 


For  isotropic  turbulence,  we  may  assume  that  «  - 1'  -  h'’  and  «’  lU  -  v'  /v  -  0.1  in  Lake 
Geneva.  Accordhig  to  the  currents  listed  in  Table  1,  w’  will  he  an  order  of  Icm/s  in  the  upper 


layer  and  O.lcm/s  in  the  lower  layer,  where  the  dynamics  arc  controlled  by  very  weak 
motions. 

Table  1  Typical  fluctuation  of  temperature  in  different  layers 


(data  from  Couchy 

S1S2  campaign) 

18m 

75m 

175m 

Tn*  (“O 

2.0 

0.4 

0.1 

U  (cm/s) 

6.0 

3.0 

1.0 

Ntrpi<»i(cps) 

0.0222 

0.0042 

0.0028 

Recently,  Omstedt  and  Murthy  (1993)  found  lliat  Richardson  numbers  near  the  bottom 
of  Lake  Ontario  are  mainly  below  the  critical  value  of  0.2S.  indicating  that  the  current  shear 
in  this  layer  is  strong  enough  to  overcome  stability  and  generate  turbulence.  In  Lake  Geneva, 
instability  may  frequently  occur  and  the  overturning  process  produces  patches  of  turbulence 
and  mixing  in  most  of  the  range  of  the  lower  layer.  In  the  epilimnion  and  thermocline  region, 
the  turbulence  was  mainly  damped  (Richardson  number  much  larger  than  1  by  using  the 
values  in  Table  1).  That  signifies  stable  conditions  for  the  upper  layer.  However,  some 
generation  of  turbulence  is  probably  still  taking  place  in  the  thermocline  region,  as  indicated 
by  a  small  inversion  percentage  in  tliis  layer. 

5.  Vertical  mixing 

Thorpe  (1987)  first  proposed  that  a  mixing  coefficient  can  be  determined  by  treating 
individual  vertical  profiles.  Considering  an  unstable  range  occupied  by  an  inversion  structure 
(or  eddy)  of  size  Lj.,  where  the  buoyancy  frequency  is  N,  die  eddy  mixing  coefficient  will  be 
K^  =  yeN-\  (Eq.3) 

where  e  =  l}„N^  and  the  constant  y  is  proposed  by  Ivey  and  Imberger  (1989)  as 

y  =  (Eq.4) 

Rj  is  the  flux  Richardson  number,  indicating  the  mixing  efficiency.  It  depends  on  the 
magnitude  of  the  ratio  ,  and  is  proposed  to  be  0.20  in  the  case  of  resulting  in 


y=0.25.  This  is  close  to  the  mean  estimate  (  y=0.24)  obtained  by  Oakey  (1985)  and  Gregg  et 
al.  (1986).  Dillon  (1982)  found  the  ratio  4/17- =0.8  for  oceans  and  lakes.  Although  doubt  still 
exists  about  the  appropriate  value,  we  shall  take  those  two  constants  (ii^=0.20  and 
L,/Lr=0.S)  for  Lake  Geneva  as  Thorpe  (1987)  did. 

The  mixing  coefficients  are  calculated  for  different  seasons  and  different  depths,  as 
shown  in  Fig.7  and  Fig.8  for  the  heating  season  and  the  cooling  season  respectively.  Fig.7 
indicates  that  the  mixing  coefficient,  as  expected,  increases  with  depth  until  a  depth  of  about 
l(X)m,  then  keeps  fluctuating  down  to  the  bottom.  Inversely,  during  the  cooling  season 
exhibits  large  scale  fluctuations  over  the  entire  profile  (Fig.8). 

Using  the  heat  flux  gradient  method  (budget  method),  we  estimated  vertical  mixing 
coefficients  for  Lake  Geneva.  Fig.8  shows  that  tlie  coefficients  calculated  by  the  budget 
method  are  larger  than  those  by  £q.3  in  the  upper  layer  during  the  heating  season.  This  is 
most  likely  because  the  mean  temporal  and  spatial  temperature  gradients  used  by  the  heat  fiux 
gradient  method  integrate  over  a  large  number  of  processes  on  different  time  and  length 
scales.  Ill  contrast,  the  coefficients,  quantified  by  Eq.3  and  shown  in  Fig.7  and  Fig.8,  are  only 
the  contribution  to  mixing  due  to  tlie  instantaneous  inversion  structures.  For  the  lower  layer, 
the  vertical  mixing  coefficients  give  values  comparable  to  those  obtained  by  the  heat  flux 
gradient  method  falling  into  the  range  of  0.3  to  5cm^  Is.  The  order  of  Xj  shown  in  Fig.7  and 
Fig.8  corresponds  to  the  results  in  the  literature  for  the  hypolimnion  of  other  lakes  (Hotter, 
1983;  Wuest,  1987),  and  observations  in  the  interior  of  the  ocean:  about  0.3  m*  /s  (Ivey, 
1987).  If  the  coefficient  is  an  indicator  of  the  intensity  of  turbulent  morions,  we  may  conclude 
that  the  intensity  of  turbulence  and  the  potential  of  mixing  in  the  hypolimnion  of  Lake 
Geneva  are  comparable  with  that  in  other  lakes  and  in  the  interior  of  oceans. 

6.  Conclusions 

Temperature  inversions  indicative  of  vertical  overturning  structures  were  observed  in 
all  profiles  at  all  depths.  Dynamic  analysis  distinguishes  two  ranges  in  z-t  space:  zone  A,  i.e.. 


a  strongly  stratified  zone  (upper  80m),  and  zone  B,  Le..  a  weakly  or  non  stratified  zone  (80m 
to  260m).  While  zone  A  shows  strong  seasonal  variation,  zone  B  remains  constant 

Energy  density  spectra  of  the  finescale  temperature  gradients  show  that  in  the  range 
between  20m  (just  below  the  seasonal  thermocline)  and  80  m  depth  where  mean  temperature 
gradients  display  a  strong  seasonal  variation,  the  energy  level  changes  with  season,  being 
highest  in  August  when  stratification  is  strongest  and  lowest  in  February  when  the  lake  is  near 
homo  thermal.  The  spectral  slope  remains  constant  at  around  2.5.  From  80m  to  260m  depth 
where  seasonal  variations  are  not  evident,  spectral  energy  is  found  to  remain  at  the  level  of 
that  of  February  in  the  above  layer  during  all  seasons. 

Thorpe  scales  calculated  from  the  temperature  profiles  show  slightly  larger  values  in 
the  lower  layer  (80-260m  depth)  arid  during  the  destratified  period.  A  lognormal  distribution 
of  the  Thorpe  scale  can  be  established  for  all  profiles,  which  is  comparable  to  the  one  found 
by  Thorpe  in  Loch  Ness.  The  vertical  mixing  coefficients  calculated  by  die  Thorpe  scale  and 
die  buoyancy  frequency  in  this  study  are  smaller  than  those  calculated  by  the  budget  method 
for  the  upper  layer  during  the  heating  season,  and  give  values  comparable  to  those  obtained  in 
other  lakes  and  in  interior  of  ocean  in  the  lower  layer.  Imberger  and  Patterson  (1989)  had 
shown  that  in  "typical"  lakes  the  bottom  boundary  layer  starts  immediately  below  tliC 
stratified  layer.  All  tliree  analyses  show  that  in  Lake  Geneva  there  is  a  200ni  thick 
in*£imediate  layer  that  has  the  characteristics  of  the  ocean  interior. 
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Fig.l  Buoyancy  frequency,  N  (cph),  in 
time  and  space  field:  zone  A  and 
zone  B  are  marked  (data  from  SI, 
1990). 
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Fig.3  "steak"  pattern  of  epilimnion 
spectrum  (data  from  SI,  1936  to 
1991, 60  profiles  used) 
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Fig.4  "bone"  pattern  of  hypolimnion 
spectrum  (data  from  SI,  1986  to 
1991, 60  profiles  used) 
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(data  from  SI,  S2,  S3;  1988-1993;  bu;ge  stnicturai  excluded) 
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Fig.S  Profile  Thrjrpe  scale  as  a  function  of  month  (150  profiles  used) 
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Fig.6  a)  Empirical  probabilities  and  results  of  Thorpe  (1977),  b)  fitted  lognormal 
model  and  regression  curve 
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Fig.7  Mixing  coefficients  as  a  function  of  depth,  compared  with  the  results  of  the 
budget  method  calculated  for  the  stratification  period  (data  from  SI,  1987- 
1992,  heating  season) 
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Fig.8  Typical  mixing  coefficients  as  a  function  of  depth  during  the  cooling  season 
(data  from  SI,  1990-1991,  cooling  season) 
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1  Introduction 

In  the  region  where  the  Norwegian  Trench  approaches  the  coast  of  Norway  in  the 
vicinity  of  the  entrance  to  the  Fensfjord  (figure  1),  strong  bottom  bottom  currents  (> 
0.5  ms“^)  have  been  observed.  As  shown  in  figure  2,  the  outer  Fensfjord  bathymetry  can 


Figure  1 :  Location  of  the  model  domain 

be  characterized  as  an  east-west  trough  superimposed  on  two  sills  then  intersected  by  a 
north-south  channel. 
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Figure  3:  (a)  Fensfjord  model  bathymetry.  Note  that  isobaths  have  been  axtificially 
extended  to  the  southern,  northern  and  eastern  boundaries  in  order  to  fill  the  rectangular 
model  grid,  (b)  along-trough  bathymetry  profile  (corresponding  to  dashed  fine  in  (a)) 
and  initial  interface  locations.  Current  meter  mooring  locations  are  designated  by  (*) 
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It  has  been  hypothesized  (McClimans,  1993)  that  strong  bottom  currents  in  the  Fens- 
fjord  region  are  caused  by  sill  overflow  events  associated  with  eddies  in  the  Norwegian 
Coastal  Current  and  retrohected  Atlantic  Water  in  the  Norwegian  Trench.  To  examine 
,the  potential  role  of  sill  overflow  dynamics  in  driving  strong  bottom  currents,  a  numerical 
model  was  developed  for  the  region. 

The  Miami  Isopycnic  Coordinate  Ocean  Model  (MICOM)  (Bleck  et  al.,  1992)  was  em¬ 
ployed  for  this  purpose.  MICOM  is  a  three-dimensional,  primitive  equation,  general  ocean 
circulation  model  in  which  the  vertical  structure  is  represented  as  a  series  of  constant- 
density  layers  separated  by  isopycnic  surfaces.  Because  positive-definite  transport  algo¬ 
rithms  are  employed  within  MICOM  to  compute  layer  thicknesses,  disappearing  layers 
(zero  layer  thickness)  associated  with  isopycaal  outcropping  at  the  surface,  intersection 
of  isopycnals  with  the  bottom  and  merging  of  internal  isopycnic  surfaces  do  not  present 
any  difficulties  in  the  numerical  computations.  This  property  is  extremely  important  in 
regions  of  abrupt  topography,  such  as  in  the  FensQord  area. 

2  Model  Configuration 

The  model  domain  is  as  shown  in  figure  3a.  The  domain  is  18  km  long  iu  the  east-west 
{x)  direction  while  it  is  11  km  wide  in  the  north-south  (y)  direction.  The  east  and  west 
boundaries  are  open.  Camerlengo  and  O’Brien  (1980)  radiation  conditions  are  applied 
to  the  upper  two  layers  of  the  western  boundary  and  to  all  three  layers  on  the  eastern 
boundary.  The  lower  layer  on  the  western  boundary  is  forced  with  a  prescribed  inflow 
velocity.  Free-slip  sidewalls  are  imposed  on  the  north  and  south  boundaries.  The  model’s 
horizontal  grid  size  is  200  m.  Three  isopycnic  layers  are  employed  in  the  model. 

3  Baseline  Experiment 

A  baseline  experiment  was  conducted  to  examine  the  behaviour  of  the  system  under 
conditions  representative  of  October  8-15, 1993.  Low-pass  filtered  time  series  observations 
of  along-trough  lov/er  layer  currents  at  the  5  locations  shown  in  figure  3b  are  displayed 
in  figure  4.  The  low-pass  filter  has  a  half-power  point  at  31.5  hr.  The  strong  bottom 
current  event  is  chai-actcrized  by  a  duration  of  nearly  4  days  during  which  the  along- 
trough  velocities  remain  near  the  maximum  values.  Siuce  the  response  to  this  event  is 
quasi-steady,  it  was  decided  to  perform  a  numerical  experiment  in  which  the  lower  layer 
inflow  velocity  along  the  western  boundary  was  spun-up  from  rest  to  a  steady  value  of  0.1 
ms^'  over  an  interval  of  2  days.  The  results  are  examined  at  day  10  of  the  simulation,  by 
which  time  a  steady  circulation  has  developed. 

Initially,  the  upper  layer  is  85  m  thick  and  the  middle  layer  is  145  m  thick,  as  depicted 
in  figure  3b.  The  equilibrium  layer  thicknesses  and  along-trough  velocity  components  for 
the  along-trough  transect  are  shown  in  figure  5.  The  density  difference  across  the  upper 
two  layers,  is  1.1  kg/m®,  while  the  difference  across  the  lower  two  layers  is  0.2 
kg/m®,  giving  phase  speeds  of  0.81  ms"'  and  0.40  ms“^  for  the  first  and  second  internal 
modes,  respectively,  at  the  mooring  no.  7  location. 

In  this  simulation,  the  lower  interface  rises  to  intersect  the  upper  one,  thus  demonstrat¬ 
ing  the  ability  of  MICOM  to  accommodate  disappearing  layers.  The  lower  layer  becomes 
supercritical  at  the  second  sill  (km  7.5,  figure  5).  The  maximum  speed  attained  in  the 
supercritical  state  is  0.8  ms“T  The  lower  layer  returns  to  a  subcritical  state  after  passing 
through  an  internal  hydraulic  jump  at  km  9.  The  equilibrium  lower  layer  along-trough  ve¬ 
locity  components  from  this  simulation  are  superimposed  on  the  corresponding  observed 
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Figure  4:  Low-pars  filtered  time  series  observations  of  along-trough  velocity  components 
and  final  equilibrium  model  values  £or(a)  mooring  7  at  3  m  above  bottom  (m.a.b.),  (b) 
mooring  I.”,  at  12  m.a.b.,  (c)  mooring  16  at  12  m.a.b.  (d)  mooring  6  at  12  m.a.b.  and  (e) 
mooring  5  at  3  m.a.b. 

current  .mooring  time  series  observations  in  figure  4.  While  the  agreement  between  the 
3i':.  \l.'.ced  and  observed  values  is  generally  good,  the  model  tends  to  overestimate  the 
veloc'r/  by  as  much  as  60%  in  the  supercritical  region  of  mooring  16.  This  is  not  surpris¬ 
ing  since  neither  layer  entrainment  nor  interfacial  shear  stress  has  been  applied  in  this 
simulation.  The  only  dissipacion  mechanisms  active  during  the  simulation  are  quadratic 
Lot  lorn  stress  and  a  deformation-dependent  horizontal  viscosity.  It  is  anticipated  that 
;n»erfac'al  mixing  will  be  required  to  produce  realistic  velocities  in  the  supercritical  zone 
(Cristodoulou,  1986,  Fernando,  1991). 

The  observed  time  series  at  mooring  5  (figure  4e)  displays  a  surge  in  the  current  during 
the  Lnttrval  October  12-15  that  is  not  evident  at  the  other  mooring  locations.  The  current 


<a)  Along-Trouyi' ./liiu  Interface  Locations 


f’igure  5-  (a)  Layer  interface  and  (b)  ?'ong-(rougb  velocity  component  taken  from  a 
tr  insect  along  the  centre  txis  of  the  trough 
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(a) 


Lovfsr  Laye.  Velocity 


(b) 


Lower  Leyer  Velocity 


Figure  6:  Lower  layer  velocity  in  the  vicinity  of  the  ravine  (a)  with  Coriolis  and  (b) 
without  Coriolis 

speed  associated  the  surge  is  significantly  larger  than  the  model  equilibrium  value.  It  is 
likely  that  exchange  processes  in  the  north-south  channel  account  for  this  anomaly. 

Although  the  trough  is  narrov/  (~  '  '•>  the  vicinity  of  the  critical  section  (km 

8-10)  relative  to  the  first  and  second  in.  jrmation  radius  values  of  6.4  km  and 

3.1  km,  earth's  rotation  still  has  an  influence,  can  be  seen  from  figure  6.  The  baseline 
simulation  (figure  6a) ,  in  which  Coriolis  is  included,  shows  a  rightward  deflection  of  the 
vectors  relative  to  the  non-rotating  case  shown  in  figure  6b.  In  addition,  the  high  velocity 
region  in  the  rotating  case  is  focused  over  the  ravine  (km  9-10),  v.-hereas  in  the  non- 
rotating  case  the  velocities  are  high  along  a  greater  length  of  the  trough  (km  6-10).  The 
maximum  speed  (0.8  ms“^)  is  the  same  in  both  cases. 

4  Sill  Overflow  Experiment 

To  examine  the  transient  response  of  the  system  to  a  sill  overflow  event,  an  extreme 
case  is  considered.  The  Atlantic  Water  of  the  lower  layer  is  initially  taken  to  be  entirely 
below  and  to  the  west  of  the  first  sill,  as  shown  in  figure  7a.  An  inflow  is  spun  up  in 
the  lower  layer  on  the  western  boundary,  as  described  previously.  A  sequence  depicting 
the  evolution  of  the  layer  interfaces  over  the  first  30  hours  of  the  simulation  is  shown  in 
figure  7  (a)-(f).  Within  the  first  hour,  whole  bottom  layer  propagates  as  a  front  past 
the  first  ridge.  By  hour  6,  the  flow  has  become  supercritical  over  the  whole  length  of  the 
second  sill  and  the  ravine  (km  8.5-9).  As  the  inflow  progresses  downstream,  an  internal 
hydraulic  jump  forms  at  km  9,  over  the  location  of  mooring  6.  A  second  critical  section 
forms  east  of  the  small  sill  at  km  13.5.  Depending  upon  the  stage  in  the  development  of 
the  overflow,  the  internal  hydraulic  jump  can  be  to  the  east,  to  the  west,  or  immediately 
over  the  mooring  location  6  at  the  bottom  of  the  main  slope.  Model  low^er  layer  velocities 
of  0.5-0. 6  ■  for  this  case  are  consistent  with  observations  at  mooring  6,  12  m.a.b., 
of  0.4  ms“’  from  March  29-April  1,  1993,  during  what  appears  to  be  an  overflow  event. 
As  at  mooring  16,  model  velocities  would  likely  be  reduced  to  more  realistic  values  by 
inclusion  of  an  appropriate  entrainment  parameterization  for  the  lower  layer. 

5  Discussion 

Although  MICOM  was  desigued  for  basin-scale  and  mesoscaie  general  ocean  circula¬ 
tion  problems  (Bleck  et  al,  1992),  as  opposed  to  the  small-scale  interniii  hydraulic  pro- 

6 


1 

I 

I 


( 


1 


MgJlWtaBHflBiil 


Figure  7:  (a)-(f)  Evolution  of  layer  interfaces  at  times  0  hr,  1  hr,  6  hr,  12  hr,  18  hr,  and 
30  hr,  respectively 

cesses  addressed  here,  it  has  proven  to  be  a  remarkably  useful  tool  for  these  purposes. 
Supercritical  flow,  as  well  as  internal  hydraulic  jumps,  can  be  simulated  with  MICOM. 

The  model  displays  no  numerical  difficulties  in  the  presence  of  ever.  e.‘’.tremeiy  abrupt 
topography.  North  of  the  ravine  {x  =8.5  km,  y  =6.5  km,  on  figure  3a)  topographic  slopes 
as  great  as  1.0  are  present  in  the  bathymetry.  While  it  is  likely  that,  in  nature,  processes 
in  such  regions  are  non-hydrostatic,  it  is  encouraging  that  MICOM  is  robust  enough  to 
“filter”  potentially  troublesome  large  vertical  accelerations. 

The  model  is  producing  results  which  are,  in  a  general  sense,  consistent  with  the 
observations.  A  more  detailed  model-data  comparison,  in  which  the  dynamic  response 
of  the  model  ir.  assessed,  requires  that  a  number  of  uncertainties  be  addressed.  On  such 
a  small  domain  (18  x  11  km),  the  influence  of  open  boundary  conditions  is  peiramount. 
Actual  coaditions  at  the  upstream  (western)  and  downstream  (eastern)  boundaries  are 
unknown.  They  can  only  be  inferred  from  information  from  the  interior  of  the  domain. 
Furthermore,  boundary  conditions  on  the  north-south  channel  intersecting  the  domain 
are  unknown.  In  the  simulations  discussed  here,  the  north  and  south  lateral  boundaries 
are  closed.  However,  in  actuality,  there  is  likely  to  be  transport  through  this  channel, 
as  suggested  by  the  observations  at  mooring  5  (figure  4e).  Current  development  of  the 
model  entails  the  implementation  of  flow  relaxation  boundary  conditions  (Martinsen  and 
Engedahl,  1987), 

Further  validation  of  the  model  will  also  require  information  on  the  vertical  density 
structure  at  the  same  time  that  currents  are  measured  during  an  overflow  event.  Vertical 
density  profiles  are  required  to  assess  the  computed  evolution  of  the  layer  structure. 

In  order  to  improve  the  description  of  supercritical  flow  regimes,  the  model  requires  a 
realistic  representation  of  lower  layer  dissipation  and  entrainment. 
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Summary 

Quantification  of  small-scale  turbulent  diapycnal  diffusivity  in  the  ocean  thermo- 
cline  still  poses  a  problem.  Values  inferred  from  microstructure  measurements  are 
typically  an  order  of  magnitude  smaller  than  values  obtained  with  tracers.  In  order 
to  evaluate  this  discrepancy,  a  comparison  study  was  conducted  in  the  hypoiim- 
nion  of  a  lake  over  a  period  of  one  month.  Diapycnal  diffusivity  was  estimated  by 
tracer  (SFe)  spreading,  and  a  high  resolution  temperature  profiler  was  used  to 
determine  diapycnal  diffusivities  from  dissipation  rates  inferred  from  temperature 
gradient  spectra. 

The  comparison  reveals  that  the  benthic  boundary  is  the  most  turbulent  zone 
in  the  hypolimnion.  Based  on  assumptions  for  the  functional  form  of  ttie  buoyancy 
flux  in  the  bottom  boundary  layer,  microstructure  and  tracer  diffusivities  agree  to 
within  a  factor  2.  We  conclude  that  the  two  techniques  yield  the  same  results  as 
long  as  the  mixing  processes  are  adequately  sampled.  The  results  of  this  study 
support  recent  findings  from  the  open  ocean. 


1.  Introduction 


Density  structure  and  thermocline  circulation  in  the  oceans  as  well  as  the  global 
geochemical  fluxes  are  affected  by  turbulent  fluxes  across  isopycnais.  Despite 
extensive  efforts  by  modelers  and  experimentalists  over  a  long  period,  quanti¬ 
fication  of  small-scale  diapycnal  diffusivity  in  the  ocean  thermocline  still  poses  a 
problem.  Values  inferred  from  microstructure  or  dissipation  measurements  in  the 
main  pycnocline  in  the  open  ocean  (Gregg,  1987)  are  typically  an  order  of  mag¬ 
nitude  smaller  than  values  found  in  tracer  diffusion  studies  (Sarmiento  et  al.,  1976; 
Ledwei!  et  a!.,  1836),  which  are  close  to  the  canonical  value  of  1  cm^s-*  (Munk, 
1966). 

This  study  attempts  to  explain  this  apparent  important  discrepancy  observed 
between  the  two  methods.  In  a  naturally  densily-straNfied  lake,  the  diapycnal 
diffusivities  were  determined  from  the  vertical  spreading  of  deliberately  injected 
suifurhexafluoride  (SFe)  and  from  temperature  micirostructure  data  taken  during 


the  same  period  of  one  month.  A  lake  was  regarded  as  an  ideal  site  as  turbulent 
mixing  in  the  pycnocline  of  lakes  is  generally  shear-induced,  as  in  the  ocean,  and 
lacustrine  diapycnal  diffusivities  (Imberger  and  Patterson,  1989;  Imboden  and 
Wuest,  1994),  which  are  usually  determined  by  budget  methods,  show  similar 
values  as  oceanic  thermocline  diffusivities. 

Assuming  horizontal  homogeneity,  we  determined  the  diapycnal  diffusivity 
of  the  tracer  by  measuring  the  temporal  rate  of  spread  of  the  vertical  tracer 
variance  o2(t)  using  the  relation  K*  =  0.5  •  da^/  dt. 

The  dissipation  method,  a  completely  different  approach,  uses  the  balance 
equation  for  turbulent  kinetic  energy  in  density-stratified  water.  We  assume  statio¬ 
nary  and  homogeneous  conditions,  where  the  production  of  turbulent  kinetic 
energy  is  equal  to  the  loss  by  dissipation  e  plus  buoyancy  flux  Jb,  which  expresses 
the  work  against  stratification.  Buoyancy  flux  Jb  is  related  to  diffusivity  K*^  and 
stability  by  Jb  =  K^-N^  (where  =  -  g  p'"*-  3p/9z:  g  =  acceleration  due  to  gravity; 
p  =  density  and  z  =  vertical  coordinate,  positive  upward).  Furthermore,  one  has  to 
assume  that  the  ratio  of  buoyancy  flux  Jbto  dissipation  c  can  be  expressed  by  an 
empirical  function  This  leads  to  the  relation  1^  =  Yn'jix  •  e  •  N‘2  (Osborn,  1980).  In 
this  study,  dissipation  e  is  determined  by  fitting  the  theoretical  Batchelor  shape  to 
spectra  of  temperature  fluctuations.  For  Y,nix  applied  different  parameterizations. 

2.  Experiment 

The  comparison  study  was  conducted  in  July  1989  in  Lake  AIpnach  (Fig.1)  where 
local  wind  exposure  leads  to  diapycnal  diffusivities,  comparable  to  ocean  thermo¬ 
cline  values.  Lake  AIpnach  has  a  length  ~5  km.  a  width  ~1  km,  and  a  maximum 
depth  of  34  m  (Fig.  1).  in  July,  density  stratification  is  strong  (maximum  stability 
-2.5-1 0'3  s-2  at  7  m)  and  almost  unaffected  by  dissolved  solids  (salinity  -  0.3  %o). 
Shear-induced  mixing  is  caused  by  internal  seiching  driven  by  predominantly  diel 
winds  blowing  parallel  to  the  major  axis  (Miinnich  et  at.,  1992).  Internal  motions 
along  the  lake  axis  were  monitored  at  10  min  intervals  by  three  Aanderaa 
thermistor  strings  (Fig.  1),  each  consisting  of  eleven  evenly-spaced  sensors.  For 
the  tracer  experiment,  52  g  of  SFe  were  released  in  two  streaks  over  a  total  length 
of  6  km  (Fig.  1)  at  a  depth  of  -17  m  in  Lake  AIpnach.  To  minimize  the  initial 
diapycnal  spread  of  SFe,  injection  was  adjusted  to  the  isopycnai  corresponding  to 
the  8°C  isotherm  using  a  CTD.  From  the  CTD  record  during  injection,  we 
calculated  an  initial  variance  of  the  vertical  tracer  distribution  of  Oo^  «  4.4  m2  (Fig. 
2).  To  determine  the  diapycnal  spreading,  57  SFe  profiles  were  collected  over  8 
days.  SFe  concentrations  wore  measured  using  a  gas  chromatograph  with  an 


Fig.1:  Map  of  Lake  Alpnach  (situaled  in  central  Switzerbnd):  The  locations  of  theiinistor 
strings,  labeled  A  (length:  20  m),  M  (30  m)  and  N  (15  m),  are  marked  by  “4 A  meteo¬ 
rological  buoy  was  moored  at  M.  Depth  contours,  lake  surface  elevation  and  heights  of  nearby 
mountains  (asterisks)  are  given  in  m  a.s.1.  The  outlet  of  Lake  Aipnach  is  a  passage  3  m  deep 
connecting  Aipnach  to  Lake  Lucerne. 

Inset  Cumulative  distribution  of  the  square  of  the  wind  speed  at  mooring  M  (vectors  shown  in 
the  direction  of  the  wind).  Adapted  from  MUnidch  et  al.  (1992). 


electron-capture  detector  (Schlatter  et  al.,  1990).  Sirnultaneously,  CTD  profiles 
were  collected  to  match  the  SFg  sample  depth  with  tempterature  (density). 

On  9  days,  130  casts  of  temperature  microslruoture  were  collected  with  a  self- 
contained  profiler  (Carter  and  Imberger,  1986),  rising  al  about  0.1  m/s  and 
collecting  data  at  100  Hz  from  a  pair  of  FP07  thermistors.  Data  was  filtered  as 
required  for  response  matching  (Fozdar  et  a!.,  1985).  To  select  those  mixing 
events  whose  temperature  fluctuations  fulfil!  the  criterion  of  stationary  turbulence, 
a  special  algorithm  was  used  (Imberger  and  Ivey,  1991).  Power  spectra  were 
estimated  from  these  segments,  and  dissipation  e  was  determined  by  a  Batchelor 
fit  (Gibson  and  Schwartz,  1960;  Dillon  and  Caldwell,  1980).  The  quality  of  each  fit 
was  checked,  and  subsequent  analyses  were  earned  out  using  only  the  data  frern 
segments  following  the  characteristic  Batchelor  spectrum. 

For  each  of  the  130  casts,  bin-averaged  dissipation  estimates  were  obtained 
for  two  series  of  bins:  "depth  bins*  beginning  at  the  lake  surface  and  extending 
downwards,  and  "height  bins"  beginning  at  the  lake  bottom  and  extending  up¬ 
wards.  Averages  were  weighted  with  the  segment  length  by  assunring  zero  dis- 
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Fig.  2:  Vertical 
variance  of  the  tracer 
SFfi  as  a  function  of  time 
aft^  tracer  release  (June 
26).  K‘  =  0.5-dc3^/dt 
was  determined  by  linear 
regression.  The  fitted 

initial  variance  (t=0) 
is  close  TO  the  value 
determined  by 
continuous  CTD 
recording  during  tracer 
release  (open  symbol). 
The  errors  of  the 
variances  were 
determined  by  fitting  a 
Gaussian  distribution  to 
the  vertical  profiles. 


sipation  outside  turbulent  segments.  Since  most  of  the  observed  hypolimnion  is 
non-turbulent,  the  averages  are  clearly  lower  than  the  individual  dissipation  in  the 
turbulent  segments.  The  arithmetic  mean,  as  well  as  the  maximum  likelihood 
estimate  (Baker  and  Gibson,  1987)  were  both  calculated. 

3.  Observations 

Tracer  SFe :  Within  the  first  10  days  after  injection,  SFe  concentrations  were 
highly  variable  due  to  input  heterogeneities.  Thereafter,  horizontal  mixing 
(Peeters,  1994)  eliminated  horizontal  gradients.  To  achieve  statistically 
representative  vertical  variances  of  the  tracer  distribution,  we  averaged  the  profiles 
to  obtain  daily  means.  To  remove  reversible  displacements  due  to  internal 
seiching,  SFe  profiles  were  averaged  in  bins  of  constant  temperature  and 
averages  were  retransfered  to  depth  by  using  the  daily  mean  temperature  profiles. 
The  increase  of  (from  2.1  m  to  4.3  m  within  the  one  month  period)  is  plotted  in 
Fig.  2  as  a  function  of  time  after  injection.  The  diapycnai  diffusivity  was  calculated 
by  linear  regression  and  yielded  0.5-3a2/at  =  0.030  cm2s-^  (Fig.  2). 

Wind  and  Internal  seiches:  The  diurnal  wind  (Fig.  1)  excited  internal  seiching 
motion  as  exemplified  in  Fig.  3.  Spectral  analysis  revealed  two  dominant  periodi¬ 
cities  that  correspond  to  the  first  vertical  first  horizontal  and  second  vertical  first 
horizontal  seiche  modes  (f/.unnich  et  al.,  1992).  A  subsequent  field  campaign 
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Fig.  3;  Part  of  the  time  series  (July  10  to  26  1989)  of  the  depths  of  two  selected  isotherms 
calculated  from  thennistor  chain  data  taken  at  mooring  N.  Data  was  low-pass  filtered  with  a 
2.5  h  cutoff.  Two  peak  periodicities  of  24  h  and  7.5  h  ate  well  developed.  The  shorter  period 
(see  e.g.  July  1 1)  represents  the  first  vertical  mode,  and  the  24  h  seiching  (e.g.  July  14  to  20) 
the  second  mode  (Miinmch  et  al.,  1992). 

revealed  that  for  both  modes,  bottom  currents  along  the  major  axis  of  the  lake 
correlate  perfectly  with  the  displacements  of  the  hypolimnetic  isotherms  in  Fig.  3 
(Gloor  et  al.,  1994).  The  corresponding  phases  reveal  that  the  whole  hypolimnetic 
water  body  is  excited  by  modes  of  first  horizontal  structure.  With  this  simple 
structure  it  was  possible  to  determine  the  basin-wide  hypolimnetic  velocity  field  by 
a  topography-dependent  seiche  model  (Milnnich,  1993).  Thus  we  were  able  to 
identify  the  regions  of  high  seiche-induced  vertical  shear,  relevant  to  diapycnal 
mixing:  i-e.,  the  upper  thermocline  and  the  benthic  boundary  layer. 

Dissipation:  Arithmetic  means  of  dissipation  e,  averaged  in  vertical  "depth  bins* 
(over  the  130  casts),  cannot  directly  be  used  to  calculate  diapycnal  diffusivily  since 
these  horizontal  averages  do  not  necessarily  yield  a  representative  dissipation. 
Since  most  of  the  casts  extended  tosslepths  between  20  and  32  m,  the  upper  ther¬ 
mocline  averages  contain  data  mainly  from  the  interior  of  the  water  body,  whereas 
deep  water  averages  are  dominated  by  turbulence  in  the  bottom  boundary  layer.  In 
order  to  obtain  adequate  averages,  we  have  divided  the  water  column  into  two 
regions:  "interior"  (distance  from  bottom  >  10  m)  and  "boundary  layer". 

Fig.  4  displays  separate  arithmetic  averages  for  the  two  regions  in  "depth  bins’ 
(Fig.  4a)  and  in  ‘height  bins"  (above  sediment;  Fig.  4b).  Dissipation  in  the  interior 
region  decreases  with  depth,  rapidly  reaching  its  detection  limit  (Fig.  4a},  whereas 
dissipation  increases  towards  the  bottom  (Fig.  4b)  and  is  approximately 
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Fig.  4:  Average  dissipation  of  the  130  casts:  a)  Averaged  in  "depth  bins";  b)  In  (bottom- 
pa^el)  "height  bins".  The  single  sided  error  bars  are  the  variances  of  the  maximum 
likelihood  estimate.  Within  these  error  bars,  dissipation  follows  a  h'l  slope. 


proportional  to  h''<  (h  =  distance  to  the  local  bottom),  as  predicted  by  the  classical 
boundary  iayer  theory.  Within  the  vertical  range  of  interest,  i.e.  between  12  and  20 
m  depth,  where  over  50%  of  SFg  was  located,  dissipation  is  dominated  by  turbu¬ 
lence  in  the  benthic  boundary  layer,  as  shown  by  a  simple  calculation  based  on 
the  ratio  of  sediment  surface  A  to  water  volume  V. 


4.  Comparison  of  Diffusivlties 

Like  dissipation,  the  average  buoyancy  flux  in  12  to  20  m  depth  comprises  contri¬ 
butions  from  the  “interior"  water  body  and  from  the  “boundary  layer*.  The  results  of 
the  two  different  methods  used  to  form  volume  averages  are  given  in  Table  1 .  For 
case  (a)  we  assumed  that  the  dissipation  e  is  proportional  to  u^  (kh)''’  down  to  the 

boundary  of  the  viscous  layer  (6v),  and  that  the  buoyancy  flux  is  a  constant  fraction 
Ymix  dissipation  throughout  the  boundary  layer.  In  case  (b)  we  assumed  the 
buoyancy  flux  to  increase  towards  the  sediment,  as  in  (a),  but  to  remain  constant  In 
the  homogenized  lower  part  of  the  bottom  boundary  layer  Smix-  Integration  formula 
and  parameter  values  are  summarized  in  Table  1  and  described  in  more  detail 
elsewhere  (Wuest  et  a!.,  1994). 

Both  results  are  compatible  to  within  a  factor  2  with  the  tracer  diffusivity  (Fig.  2, 
Table  1).  A  physical  interpretation  of  the  two  cases  reveals  that  (a)  probably  yields 


Table  1:  Comparison  of  diffusivities  at  17  m  depth 


Method 

Applied  formula 

K  (cm2/s) 

Passive  tracer  (SFe): 

1  3o2 

2  dt 

0.030  ±  0.004 

Dissipation  (Composition  of  “interior"  and  botton.  “boundary  layer"); 

5b 

a)  Integration  to  Ju*(kz)-id2]  0.027  ±0.CX)4 

6v 

b)  Constant  buoyancy  flux  (2) 

,,3 

Ymix  r_17m.3A‘^*  5b  \ 

N2  [e,  *av  k  5^) 

0.017  ±0.003 

)  Integration  down  to  the  viscous  boundary  layer  of  thickness  5v;  e  [  :  dissipation  in  the  interior ; 
N^;  stability ;  u*;  friction  vetocity;  k:  von  Karman's  constant;  Sb  =1  Om  (thickness  of  the  Prandtl  layer). 
Assumption  of  constant  buoyancy  flux  in  the  homogenized  boundary  layer  of  thickness  Stnix- 


an  overestimate  of  the  buoyancy  flux  (and  consequently  of  the  diffusivity),  and  that 
(b)  Is  more  a  realistic  assumption  as  mixing  in  a  mixed  layer  (of  thickness  Smk )  is 
less  efficient.  Taking  into  account  that  tracer  undersampling  generally  over¬ 
estimates  diffusivity,  agreement  is  most  probably  even  better  than  a  factor  2. 

5.  Conclusion 

This  study,  which  compares  diffusivity  ir.  the  thermocline  of  a  lake  over  a  period  of 
one  month  using  tracer  and  temperature  microstructure  techniques,  yielded  two 
important  results;  (1)  the  main  source  of  turbulent  kinetic  energy  is  the  benthic 
boundary  layer;  (2)  diapycnal  diffusivity  is  due  to  a  combination  of  buoyancy  flux  in 
the  interior  and  at  the  boundary  layer.  If  averaged  adequately,  the  results  obtained 
by  the  t'.vo  methods  show  agreem.ent  to  within  less  than  a  factor  2,  which  is  less 
than  the  discrepancies  found  in  the  ocean.  The  results  of  this  study  support  recent 
findings  from  the  open  ocean  (Ledweil.,  1993). 
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Abstract 

Quantification  of  mixing  in  the  surface  layers  of  lakes  is 
important  for  the  understanding  of  various  biological  processes . 
Our  study  is  a  case  in  point  where  we  attempted  to  obtain  mixing 
rates  of  fertilizer  added  to  the  surface  layers  in  order  to 
enhance  biological  productivity.  In  this  report  we  focus  on  the 
observations  taken  on  June  8,  1992  in  Kootenay  Lake,  British 
Columbia,  during  a  period  of  strong  near  surface  stratification 
and  shear  as  well  as  indications  of  vigorous  mixing  at  one  of 
three  moored  temperature  profilers.  These  observations  were  made 
near  a  constriction  in  the  lake  cross-sectional  area.  An  acoustic 
doppler  current  prof iler (ADCP) ,  a  conductivity-temperature-depth 
profiler (CTO ,  dye  patch  dispersion  and  meteorological  data 
complemented  the  mooring  data. 

During  the  middle  of  that  day  strong  winds  (7  m/s)  blew  for 
6  hours.  Shortly  before  the  start  of  the  wind  and  after  six  hours 
of  steady  wind  high  freguency  temperature  fluctuations  were 
observed  at  the  thermistor  chain  located  in  the  flow  constriction. 
The  two  events  appeared  to  be  active  at  this  location  for  over  an 
hour  and  a  half,  with  the  region  of  greatest  activity  occurring 
from  a  depth  of  10  m  to  around  20  m.  At  the  beginning  of  the 
mixing  period  continuous  temperature  profiles  recorded  with  the 
CTD  were  smooth,  however,  three  hours  later  the  temperature 
profiles  had  developed  a  step-like  structure,  indicating  possible 
vertical  mixing.  At  the  same  time  current  shear  measured  by  the 
ADCP,  when  combined  with  the  observed  buoyancy  frequency  profile 
deduced  from  the  tenperature  profiler,  yielded  gradient  Richardson 
numbers  in  the  range  0.25  to  0.6  over  upper  20  m  of  the  water 
column  at  locations  several  kilometres  downstream  in  the  direction 
of  flow. 

Additional  evidence  of  vigorous  vt  tical  mixing  was  derived 
from  concurrent  observations  of  dye  injected  into  the  upper  10  m. 
From  direct  measurements  of  horizontal  dye  dispersion  and 
dispersion  theory  (Fischer  et  al.  1279)  it  is  possible  to  infer 
estimates  of  the  rate  of  turbulent  kinetic  energy  dissipation. 
Dissipation  rates  from  the  dye  and  scaling  analysis  of  the  high 
frequency  temperature  fluctuations  are  from  ten  to  one  hundred 
times  larger  in  the  mixing  zone  than  those  found  in  the  ocean  and 
in  ocher  lakes. 

INTRODUCTION 

The  interaction  between  basin-scale  motions  in  lakes  and  the 
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small  scale  physics  thought  to  be  responsible  for  mixing  continues 
to  be  of  great  interest  to  liranologists .  In  the  long  but  narrow 
lakes  of  concern  in  this  study  Hamblin  (1977)  observed  high 
frequency  internal  waves  in  the  vicinity  of  a  large  river  inflow 
and  at  a  mid-lake  location  during  episodes  of  intense  basin-scale 
internal  seiche  activity,  Hamblin ( 1978) .  Farmer(1978)  observed 
high  frequency  internal  waves  and  evidence  of  mixing  following  the 
passage  of  internal  surges  in  a  long  narrow  lake.  Such 
observations  in  lakes  have  rarely  been  accompanied  by  measurements 
of  the  background  shear  necessary  to  interpret  the  suspected 
mixing  events  unlike  the  case  in  the  ocean  where  a  laige  number 
of  studies  have  concurrently  observed  both  the  large  and  small 
scale  physics,  for  example,  Carr  et  al.(1992),  Marmarino  and 
Trump  (1992  &  1991)  and  Peters  et  al.(1991). 

The  desire  to  better  understand  mixing  in  stratified 
environmental  flows  as  exemplified  by  our  field  observations  of 
some  small-scale  events  which  possibly  indicate  mixing  provides 
the  focus  for  the  present  study.  The  emphasis  here  is  on  the  links 
of  the  small-scale  physics  to  the  large-scale  physical  setting  as 
determined  by  the  meteorological  forcing,  lake  basin-scale 
internal  wave-induced  shear  and  stratification. 

BXPERlHENTAli  DETAIZiS  AHD  BAXA  AHAZiYSZS 

During  a  2 -week  long  study  of  Che  mixing  characteristics  of 
the  surface  waters  of  Kootenay  Lake,  British  Columbia  for  the 
purposes  of  optimizing  the  dispersal  of  nutrients  added  to  Che 
lake,  we  observed  several  small-scale  events  at  one  of  three 
moored  temperature  profilers  on  June  8,  1992.  The  data  discus.sed 
here  were  observed  at  a  meteorological  station,  a  thennistor  chain 
and  by  two  motor  vessels  whose  tracks  are  shown  in  Figure  1. 
Moored  temperature  data  were  also  collected  at  the  meteorological 
station  and  at  a  another  location  about  9  km  to  the  north  of  the 
station.  The  meteorological  station  consisted  of  a  raft  supporting 
wind  speed  and  direction  sensors,  relative  humidity  and 
temperature  of  the  air  and  incoming  solar  radiation.  A 
solar-powered  data  logger  recorded  all  variables  every  ten 
minutes.  The  position  of  the  vessels  was  determined  electronically 
by  Miniranger  fixes.  At  Che  thermistor  chain  temperatures  were 
recorded  at  one-minute  intervals  over  ten  unevenly  spaced  depths 
from  1  m  to  50  m.  Aboard  one  vessel  a  yo-yoing  CTD  profiler 
recorded  temperature,  conductivity  and  Rhodamine  dye  fluoresence 
profiles  while  on  the  other  a  1.2  MHz  ADCP  of  RDI  manufacture 
sampled  flow  over  1-m  depth  bins  down  to  25  m.  The  ADCP  data  were 
used  to  estimate  average  shear  over  2-m  depth  ranges  from  five 
sequential  velocity  profiles  selected  for  least  variability  in 
ship's  speed  and  heading.  The  error  in  shear  is  estimated  to  be 
0.006(s"M.  Due  to  cross-bin  averaging  the  narrow-band  ADCP  is 
known  to  underestimate  shear.  Thus,  an  experiment  was  conducted 
on  another  data  set  where  ADCP  and  standard  current  meter 
measurements  were  observed  concurrently.  Based  on  Che  70 
individual  comparisons  of  the  2-m  shear  between  the  two  methods 
of  current  measurement  there  w'as  no  statistically  significant 
difference  in  shear.  At  the  approximately  2  m/s  ship  speed  the 
shear  would  be  averaged  over  a  distance  of  150  m.  It  was  found 
that  averaging  over  greater  or  smaller  distances  increased  the 
variability  of  the  shear.  In  order  to  caJculate  profiles  c'l: 
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Richardson  nvmiber,  Ri,  associated  with  the  shear,  30-inin  average 
profiles  of  stability  or  Briint-Vaisala  frequency,  N,  were  formed. 


Ri= _ — _ ; 

/  du\2^t  dv^  j  p  dz 

'  dz'  '  dz’ 


where  p  is  the  density  ,g  is  the  acceleration  of  gravity  and  u  and 
V  are  the  horizontal  velocity  components . 
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multiplied  by  the  usual  mixed  layer  efficiency  factor  of 
1.23 (Fischer  et  al.,1979). 

Unfortunately,  no  direct  measurements  of  turbulence  such  as  the 
rate  of  turbulent  kinetic  energy  dissipation  were  available. 
Instead,  turbulent  mixing  was  inferred  in  bulk  from  the  horizontal 
and  vertical  spreading  as  determined  by  the  shipboard  profiler  of 
a  8-Kg  release  of  dye  at  the  position  marked  10:21:48  on  Figure 
1  over  a  5 -hr  period.  Secondly,  small-scale  teit^jerature  “activity" 
served  as  an  indicator  of  turbulent  mixing.  This  activity  has  been 
defined  by  Marmarino  and  Trump  (1991)  as  the  magnitude  of  the  first 
difference  of  the  1-min  ten^jeratures  at  each  thermistor  normalized 
by  the  local  vertical  temperature  difference.  According  to 
Marmarino  and  Trump  this  activity  parameter  serves  as  a 
qualitative  measure  of  the  likelihood  that  mixing  has  occurred. 

DXSCUSSXOH 

During  the  present  experiment  stratification  was  developing 
rapidly.  From  an  examination  of  the  isotherm  displacements  at  the 
other  thermistor  chains  to  the  north  it  appeax-ed  that  a  first  mode 
internal  seiche  was  taking  place  with  flow  at  the  surface  to  the 
north  until  June  10.  The  drift  of  the  dye  as  seen  in  Figure  1  and 
the  ADCP  data  corroborate  this  with  both  indicating  a  northward 
flow  of  25  to  30  cm/s  at  the  surface  decreasing  to  much  lower  flow 
at  25  m  depth.  Contours  of  vertical  shear  squared.,  stability 
frequency,  and  Richardson  number  are  shown  on  Figure  3  as  a 
function  of  depth  and  horizontal  distance  along  the  line 
A-B (Figure  1)  from  the  dye  release  point.  It  is  noteworthy  that 
shear  is  strongest  towards  the  southern  end  of  the  line  which  is 
closest  to  the  narrows  or  constricted  flow.  A  plot  of  the  shear 
as  a  function  of  time  (not  shown)  does  not  show  a  trend  despite  the 
onset  of  strong  wind  forcing  at  11:30.  This  suggests  that  the 
northward  trending  flow  as  evidenced  by  the  dye  trajectory  of 
Figure  1  and  the  ADCP  data  is  associated  partly  with  basin-scale 
internal  waves  and  consequently  should  have  existed  before  the 
period  of  data  displayed  in  Figure  3 .  The  likely  southward 
intensification  of  the  shear  and  continuity  consideration  suggest 
that  at  the  thermistor  chain  the  average  shear  could  be  up  to 
twice  as  large  as  that  measured  by  the  ADCP  in  the  more  open 
portion  of  the  lake  to  the  north.  A  plot  similar  to  Figure  3  (also 
not  shown)  based  on  this  assumption  and  the  observed  temperature 
data  at  the  thermistor  chain  indicates  Richardson  numbers  less 
than  the  critical  value  of  0.25  over  the  upper  6  m  of  the  water 
colimn  for  the  entire  3 -hr  period  in  contrast  to  a  much  more 
limited  area  of  the  plot  shown  in  Figure  3 .  Either  plot 
deiiionst rates  that  the  stability  frequency  is  relatively  constant 
in  the  area  of  the  dye  release  hut  that  low  Richardson  ntimbers  are 
due  to  intensified  vertical  shear  as  the  surface  is  approached. 

Mixing  in  the  study  area  may  be  inferred  indirectly  by 
comparison  of  the  CTD  temperatures  with  those  upstream  at  the 
mooring  allowing  for  varying  advection  of  fluid  parcels  at  the 
appropriate  depths.  Stability  frequencies  at  the  mooring  are,  in 
general,  twice  as  large  as  those  downstream.  As  well,  despite  the 
surface  heating  due  to  penetrative  shortwave  radiation  and 
buoyancy  flux  surface  temperatures  are  1.5  “C  less  in  downstream 
zone,  presumably  due  to  vigorous  mixing.  Finally, the 
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Figure  3.  (a)  average  vertical  shear  squared  (s'^)  ;  (b)  (s'^)  ; 
(c)  Richardson  niimber:  note  uneven  contour  intervals.  Observation 
points  are  indicated  by  arrows.  Distance  from  dye  release. 

CTD  profiles  taken  in  the  area  of  the  dye  tracking  develop  a 
step-like  structure  which  may  be  an  indicator  of  mixing. 


While  a  surrogate  for  direct  measurements  of  turbulent 
mixing,  the  tenqperature  activity  is  a  more  direct  indicator  of 
turbulent  mixing  than  the  above  considerations.  The  activity  plot 
of  Figure  4  suggests  that  turbulent  events  over  depths  from  10  to 
20  m  occur  just  before  the  wind  increases  at  Che  meteorological 
buoy  and  also  after  the  wind  has  been  blowing  strongly  for  4  to 
5  hours.  It  is  evident  from  Figure  2  that  during  the  wind  event 
the  wind  stirring  is  about  Che  same  magnitude  as  the  counteracting 
buoyancy  flux.  Thus,  turbulent  energy  input  from  the  wind  and 
associated  wave  breaking  may  not  be  dampened  and  so  diffuses 
downward.  The  Question  arises  of  why  the  first  mixing  event  occurs 
apparently  before  the  wind  strength  increases.  This  may  be  due  to 
the  direction  of  Che  wind  disturbance  travelling  in  the  same 
direction  as  the  wind.  Since  the  wind  was  observed  about  9  km 
north  of  the  thermistor  chain  it  may  have  taken  an  hour  for  the 
wind  disturbance  to  reach  Che  meteorological  raft . 


Figure  4  Four  levels  of  tenqperature  activity  at  the  thermistor 
chain . 

The  tencerature  activity  seen  in  Figure  4  is  associated  with 
vertical  isotherm  displacements  of  amplitudes  of  about  1  to  2  m 
and  periods  of  6  minutes.  Since  temperature  activity  was  not 
observed  during  the  period  of  nocturnal  convective  cooling,  it  is 
hypothesized  that  the  activity  is  evidence  of  shear  instabilities. 
If  these  displacements  are  associated  with  Kelvin-Helmholtz 
instabilities  then  the  scale  of  the  most  energetic  overturns,  l^, 
may  be  estimated  as  0(0.1  times  the  billow  height  or  10-20 
cm) (Marmarino  and  Trump,  1991) .  A  10-cm  overturning  scale 
corresponds  to  an  rate  of  turbulent  kinetic  energy  dissipation  of 
(lo/1.25)^  or  B.xlO"*  cm^/s’.  The  dissipation  dovmst ream  may  be 
inferred  from  the  dispersion  of  a  patch  of  dye  according  to  the 
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standard  scaling  arguments (Fischer  et  al.,  1979).  Measured 
horizontal  dispersion  coefficients  of  ) .095,  0.7  and  0.12  m^/s  and 
patch  sizes  of  95,  400  and  3  00  in  respectively  are  consistent  with 
a  dissipation  rate  of  1  to  6xl0‘*  cm^/s^.  These  rates  are  from  10 
to  60  times  larger  than  oceanic  values (Fischer  et  al.,1979)  and 
those  observed  in  other  '  kes (Lawrence  et  al.,  1994) .  As  well  as 
enhanced  vertical  mixing  horizontal  mixing  may  be  accelerated  by 
turbulent  eddies  shed  by  flow  separation  downstream  of  the  flow 
constriction.  We  have  mapped  eddies  during  the  ADCP  surveys  near 
promontories  in  Kootenay  Lake.  It  is  noteworthy  that  dissipation 
is  possibly  even  larger  in  the  restricted  channel  at  the 
thermistor  chain. 

CONCLUSIONS 

The  ADCP  measurements  are  a  useful  complement  to  the 
underway  CTD  profiles  and  permit  Richardson  numbers  to  be 
calculated  and  consequently  zones  of  likely  mixing  to  be 
identified.  We  conclude  that  vigorous  mixing  can  occur  even  during 
periods  of  active  development  of  stratification  under  certain 
conditions.  Vertical  shear  associated  with  lake  basin-scale 
internal  waves  which  ha.s  been  enhanced  by  coincident  wind  forcing 
of  even  short-term  duration  and  focussed  by  basin  geometry  may 
increase  to  critical  levels  leading  to  mixing.  Under  these 
circumstances,  despite  the  stabilizing  effect  of  buoyancy  flux, 
mixing  rates  as  inferred  from  dye  dispersion  and  fine-scale 
temperature  activity  are  seen  to  be  more  intense  than  typical 
mixing  rates  found  in  the  ocean  and  other  lakes.  Direct 
measurement  of  such  turbulent  quantities  as  the  rate  of 
dissipation  would  have  been  required  in  order  to  parameterize  the 
mixing  rates  in  terms  of  readily  observable  large-scale  variables 
such  as  wind,  shear  and  stability. 

Acknowledgements;  We  are  grateful  to  Cheng  He  for  assistance  in 
preparing  this  manuscript . 
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Abstract 

An  analysis  of  wind  and  thermistor  chain  data  from  a  long,  narrow,  stratified  lake  is 
provided.  It  is  apparent  that  the  forcing  is  very  sporadic  relative  to  the  likely  response 
frequencies.  A  vertically  integrated  approach  provides  results  that  differ  in  some  respects 
from  inferences  based  on  data  from  specific  depths.  This  leads  to  the  observation  of 
horizontal  mode  two  internal  waves  and  in  one  instance,  over  a  two  month  period,  it  is 
possible  to  infer  potential  energy  losses  of  up  to  60%  from  the  energy  observed  in  the 
first  peak  tilt  after  the  wind  event  to  the  peak  a  single  wave  period  later. 

Introduction 

Internal  waves  are  a  ubiquitous  feature  of  stratified  lakes  and  their  description 
has  received  worthy  attention  in  the  literature  (e.g.  Hutter  1984).  The  elucidation  of 
their  behaviour  is  important  for  a  number  of  environmental  and  social  reasons.  For 
example,  salmon  populations  in  British  Columbia,  Canada,  are  extremely  sensitive  to 
rapid  temperature  changes.  Any  responsible  artificial  modification  of  lake  infiow  and 
outflow  must  consider  the  internal  dynamics. 

Considerable  advances  have  been  made  in  correctly  identifying  the  various  modes 
of  oscillation  (Hutter  1984)  and  identifying  the  nature  of  waves  (Thorpe  1974,  Farmer 
1978).  In  this  paper  we  consider  field  data  in  the  context  of  a  simple  lake  model. 
The  emphasis  here  is  on  the  links  between  the  wind,  the  internal  wave  response  and 
subsequent  amplitude  decay  in  long  narrow  lakes  where  the  periods  of  the  fundamental 
waves  are  long  and,  because  of  width  constraints,  the  effect  of  the  earths  rotation  is 
secondary. 

Analysis  ,  ... 

The  analysis  is  pursued  by  considering  a  depth  averaged  wave  equation  derived  from 
the  horizontal  component  of  the  equations  of  motion  and  continuity  for  an  enclosed  basin 
of  fluid  of  length  X,  constant  depth  h  and  breadth  with  an  overall  density  difference 
represented  by  a  modified  gravity  g'  and  forcing  /  (see  Fig.l).  We  arrive  at  the  following 
equation 

[u<f  -  CoUrt]  +  NL{u)  =  /i  +  D{k,  u)  (1) 

where  u  is  the  horizontal  velocity,  cq  is  the  long-wave  speed  in  the  system  given  by 


Co  =  y/ff'h 
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Figure  1.  Schematic  illustration 


where  g'  is  the  modified  gravitational  acceleration  and  k  is  the  eddy  diffusivity.  The 
t  and  X  subscripts  refer  to  partial  differentiation  with  respect  to  the  temporal  and 
longitudinal  dimensions  respectively.  Non-linear  components  of  the  equation  of  motion 
are  compiled  within  NL(u),  the  forcing  term  in  the  original  equation  of  motion  is  given 
by  f  and  the  diffusive  effects  are  contained  within  D(u,  k). 

Forcing  variations:  The  vertical  integration  has  removed  the  depth  dependence  which 
negates  any  detailed  vertical  specification  of  the  stress  distribution.  The  forcing  ap¬ 
pears  in  the  wave  equation  formulation  of  (1)  only  through  its  temporal  derivative. 
Consequently  in  a  linearised  and  non-diffusive  system  the  phase  difference  generated 
by  the  dviration  of  a  wind  event  is  fundamental  in  gauging  the  response.  A  change  in 
the  forcing  initiates  the  wave  response,  which,  in  the  absence  of  the  D  and  NL  terms, 
continues.  If  at  some  later  time  the  forcing  returns  to  its  initial  condition  a  negative 
wave  emerges.  In  the  unlikely  event  that  the  wind  duration  is  some  multiple  of  the 
fundamental  wave  period  there  would  be  zero  resultant  motion.  However  the  inclusion 
of  losses  and  dispersion  in  (1)  removes  this  possibility. 

Non-linearities  and  Diffusion;  While  the  non-linear  interaw:tions  axe  clearly  important 
they  ai'e  treated  extensively  elsewhere.  For  the  time  being  we  shall  concentrate  on 
identifying  how  energy  gets  from  the  wind  field  into  the  linear  wave  field.  The  coefficient 
of  eddy  diffusivity  is  a  function  of  the  flow,  consequently,  holding  D  constant  is  a  weak 
assumption.  Energy  from  the  wind  may  be  transferred  to  transverse  motions,  turbulence 
smd  higher  vertical  modes  (Mortimer  and  Horn  1982,  Munnich  et  al.  1992,  Roget  et 
al.  1993).  Most  of  these  “losses”  involve  transfer  of  energy  to  spatially  and  temporally 
varying  processes.  Thus,  we  can  assume  that  the  diffusive  term  in  (1)  is  represented  by 


D{k,u)  =  — 


(2) 


Observations 

The  wave  equation  (1)  is  discussed  here  in  the  context  of  the  extensive  data  set 
described  by  Wiegand  and  Carmack  (1986).  The  data  we  are  concerned  with  here  is 
that  recorded  by  three  thermistor  chains  placed  at  the  North  end  (SC),  middle  (PB) 
and  South  end  (TB)  of  Kootenay  Lake  in  British  Columbia,  Canada  (Fig.  2).  The  lake 
is  110  km  long,  4  km  wide  on  average  and  between  80  and  140  metres  deep  with  a  very 
steep  shoreline.  A  pair  of  meteorological  stations  recorded  radiative  fluxes  and  wind 
forcing. 

The  data  record  lasts  for  almost  three  years  and  as  such  is  one  of  the  longer  records 
available  of  these  types  of  observations.  This  paper  will  cover  only  the  middle  Spring- 
Summer- Autumn  period  of  1977.  The  largest  internal  waves  appear  in  the  latter  half 
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of  this  period  firom  late- July  through  to  the  end 
of  October;  the  enhanced  activity  in  October 
observed  by  Thorpe  (1974)  and  others  is  not 
evident  in  this  data. 

Wind  data:  A  digital  low-pass  filter,  using  an  8 
hour  period  for  the  cut-off,  was  used  to  remove 
the  high  frequency  information  in  the  wind 
speed  data  Ui,  recorded  at  a  height  4  m  above 
the  still- water  surface  (Fig.  3a).  The  modified 
data  show  peaks  of  8  ms~^  and  a  10  month 
average  of  siround  3  ms”^.  Farmer  (1978)  and 
Stevens  et  al.  (1993)  illustrate  the  directional 
variability  of  the  wind  field  over  the  surface 
of  a  lake,  consequently,  making  general  state¬ 
ments  about  the  wind  direction  and  strength 
based  on  point  measimements  from  a  few  loca¬ 
tions  is  ill-advised.  Fig.  3b  also  includes  the 
temporal  derivative  of  the  forcing  term  {7|  that 
indicates  the  spikiness  of  the  energy  put  into 
the  w'ater  column.  Finally,  as  discussed  below, 
differences  in  the  centres  of  masb  between  lo¬ 
cations  are  shown  in  Fig.  3c. 

Two  analyses  are  apphed  to  the  wind  time 
series;  firstly  by  including  the  direction  to  find 
some  along-axis  component  and  then  defining 
starts  and  ends  to  wind  “events”  based  on  zero 
crossings  it  is  possible  to  get  an  indication  of 
the  forcing.  The  average  wind  speed  during 
this  period  is  calculated  and  the  compilation  of 
total  number  of  events  over  the  full  three  year 
data  set  indicate  that  there  axe  only  about  5  to 
10  events  of  sufficient  duration  to  generate  the 
steady  state  conditions  described  by  Spigel  and 
Imberger  (1980).  A  scatter  plot  of  “duration” 
and  wind  speed  (Fig.  4)  shows  that  low  speed 
wind  events  generally  last  for  a  few  hours  but 
that  some  of  the  strongest  wind  events  can  last 
for  many  hours. 

Because  the  fundamental  period  varies  between  one  and  two  weeks  over  the  summer 
this  makes  for  coarse  results  when  examining  the  temporal  distribution  of  the  results 
of  fburier  transforms  of  the  wind  data.  An  alternative  analysis  involves  applying  the 
wavelet  transform  to  the  data  (Gao  and  Li  1993);  this  has  improved  temporal  resolu¬ 
tion  at  the  expense  of  frequency  response.  Practically  speaking  the  technique  involves 
convolving  a  time  series  with  a  window  (the  kernel)  that  has  temporal  and  frequency 
information.  In  a  series  of  convolutions  the  kernel  is  allowed  to  spread  (dilate)  so  that 
it  identifies  features  of  the  same  form  as  the  kernel  but  with  different  basic  frequency 
distributions. 


Figure  2.  Kootenay  Lake 
shoreline  and  station  positions 


Wavelet  transforms  of  the  absolute  wind  speed  for  the  1977  Spring-Summer- Aiitumn 
period  have  captured  four  distinct  pulses  of  energy  centered  around  a  period  of  7  days. 
This  corresponds  to  the  first  mode  period  in  the  middle  of  Summer  but  is  up  to  50  % 
too  rapid  earlier  and  later  in  the  season.  The  roughly  weekly  pulses  of  wind  energy 
correspond  presumably  to  a  peak  in  the  frequency  distribution  in  ,he  regioneJ  weather 
patterns. 

Temperature  data:  In  keeping  with  the  vertically  integrated  wave  equation  the  temper¬ 
ature  data  at  veirious  depths  is  converted  to  density  and  then  such  properties  as  the 
centre  of  mass  and  the  average  density  are  estimated  from  the  discrete  data.  The  centre 
of  mass  calculations  are  relative  to  the  fluid  of  minimum  density  recorded  in  the  time 
series. 

Differences  between  the  centres  of  mass  Cm  (Fig-  3c)  at  the  three  stations  (SC-PB 
and  PB-TB)  exhibit  quite  different  characteristics.  The  most  apparent  observation  is 
that  the  bulk  baroclinic  slope  is  of  opposite  sign  in  the  two  ends  of  the  basin;  the  centre 
of  mass  being  highest  at  the  PB  station.  In  addition,  the  weaker  Spring-early  Summer 
stratification  leads  to  markedly  greater  excm'sions  in  the  centre  of  mass. 

Discussion 

Internal  Waves:  The  lack  of  coherence  between  spectra  of  the  depth  of  the  8°C  isotherm 
at  different  locations  led  Wiegand  and  Carmack  (1986)  to  conclude  that  they  had  cap¬ 
tured  observations  of  underdamped,  free  oscillating  seiches.  This  means  that  observa¬ 
tions  at  any  time  are  an  integrated  response  to  many  previous  forcing  events.  However, 
a  convolution  of  the  baroclinic  tilting  based  on  differences  in  the  Cm  time  series’  at  the 
stations  with  the  wind  speed  record  yields  some  coherency.  The  difference  in  the  centre 
of  mass  position  between  Schroeder  Creek  and  Pilot  Bay  yields  an  identifiable  peak  in 
the  convolution  suggesting  a  phase  difference  of  approximately  2  days.  This  convolution 
has  other  peaks  of  comparable  amplitude  approximately  7  days  apart;  these  are  related 
to  the  cycle  in  the  wind  field.  This  coherence  does  not  exist  in  the  Pilot  Bay-Tvdn  Bays 
data. 

Anecdotal  evidence  reported  by  Wiegand  and  Carmack  (1986)  suggests  that  storm 
driven  v/ind  events  may  move  up  the  West  Arm  and  diverge  around  Pilot  Bay  moving 
Northward  in  the  North  Arm  and  Southward  in  the  South  Arm.  The  obvious  result 
from  this  is  that  horizontal  mode  two  waves  might  be  forced.  These  have  periods  of  3.5 
days  or  greater  and  are  thus  much  more  likely  to  be  forced  to  their  n  aximinn  steady 
state  amplitude.  Figure  3c  clearly  shows  the  opposite  sign  of  d(mldx  in  the  North  and 
South  Arms.  While  this  constant  difference  in  sign  can  possibly  be  related  to  variations 
in  local  mixing,  the  transient  response  shows  the  slopes  change  in  magnitude  by  similar 
amounts  but  in  opposite  directions.  ' 

Correlation  coefficients,  p,  between  the  the  filtered  and  the  difference  between 
Cm’s  at  the  various  stations  are  shown  in  Fig.  5abc  where  each  panel  is  based  on  a  two 
month  segment  of  data.  The  response  time  of  the  fluid  is  so  slow  relative  to  the  wind 
event  duration  that  there  is  no  correlation  between  the  Cm’s  and  dU^/dt.  Representative 
periods  of  the  first  modes  are  16,  7  and  10  days  respectively.  At  most  instances  the  full 
basin  correlation  lies  between  the  coefficients  for  the  two  arms.  The  Spring  record  (Fig. 
5a)  heis  generally  lower  values  of  p  than  the  two  later  records.  The  broad  peaks  and  low 
values  are  in  part  due  to  the  fundamental  period  changing  by  a  factor  of  2  during  this 
time  maldng  correlations  over  useful  times  difficult  to  achieve.  The  SC-PB  and  PB-TB 
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Figure  3.  Time  series’  of  (a)  Wind  Speed  C/4,,  (b)  dU^/dt  and  (c)  differences  in  (m 
between  the  stations.  The  ’s  are  measured  from  the  surface  down. 

having  different  signs  indicating  a  possible  horizontal  mode  two  response  although  the 
setup  occurs  more  quickly  than  basin  scale  periods  indicate.  The  same-sign  correlation 
at  around  9  days  is  equivalent  to  the  half  period  of  the  first  horizontsil  mode. 

The  mid-Summer  record  of  Fig.  5b  is  quite  different  in  structm’e  with  obvious  same- 
sign  correlations  at  3.5  and  8  days.  The  peaks  at  -7  days  could  be  linked  to  the  regional 
weather  bringing  in  strong  events  on  a  roughly  weekly  cycle.  The  PB-TB  record  has 
p  =  0  for  up  to  two  days  before  the  correlation  is  apparent  whilst  the  North  Ann  is 
tilting  downward. 

The  final  (Fig.  5c)  late  Summer-Autumn  record  clearly  shows  the  opposing  signs 
of  p  and  if  this  indeed  were  the  setup  due  to  a  horizontal  mode  two  wave  then  we  would 
expect  the  amplitude  to  peak  at  around  3.5  days  if  the  wind  were  of  sufficient  duration 


(2  days).  As  indicated  by  Fig.  4  this  is 
unlikely  so  Fig.  5c  shows  the  appearance 
of  a  partially  developed  mode  two  wave. 

This  is  followed  by  a  weaker  eqmvalent 
to  that  seen  in  the  Summer  record  with 
a  peak,  most  obvious  in  the  South  Arm, 
at  around  5  days. 

Damping:  Based  on  one  clear  observa¬ 
tion  from  Fig.  5c  where,  over  one  cycle 
of  the  second  horizontal  mode,  we  see  the 
maximum  local  p  decrease  from  0.14  to 
0.03  in  the  North  Arm;  a  drop  of  79%. 

The  South  Arm  is  significantly  less  dis¬ 
sipative  with  a  decrease  of  only  45  %. 

As  this  quadraticaily  represents  the  po¬ 
tential  energy  we  may  assume  that  this 
is  equivalent  to  between  60%  and  20% 
of  the  potential  energy  being  lost  in  one 
wave  cycle.  Monismith  (1985)  furthers 
this  avenue  by  considering  the  potential 
energy  of  a  tilted  barocUnic  structure  in 
a  small  lake  and  comparing  this  to  en¬ 
ergy  lost  through  typical  values  of  dissi¬ 
pation.  He  shows  that  it  is  possible  to 
lose  the  potential  energy  to  viscosity  in  a 
time  comparable  to  the  wave  period.  If 
we  reverse  this  argument  it  is  possible  to 
show  that  a  dissipation  per  unit  mass  of 
order  of  10“®m^s~®  is  required  to  provide 
the  measured  loss  in  energy.  This  is  a 

relatively  low  value  (Imberger  and  Ivey,  1991).  However,  observations  have  shown  sig¬ 
nificant  transverse  motion  introduced  by  the  numerous  variations  in  basin  width  (the 
bottom  is  relatively  smooth)  and  we  speculate  that  a  portion  of  the  energy  will  first 
be  transferred  to  transverse  motions  generated  by  variations  in  channel  width.  The 
enhanced  shearing  associated  with  this  will  lead  to  higher  levels  of  dissipation  through 
(2). 
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Figure  4;  Averaged  wind  velocity  as  a 
function  of  duration 


In  this  paper  we  have  shown  that  (i)  we  can  correlate  the  barochnic  response  to 
the  wind,  (ii)  horizontal  mode  2  waves  are  may  be  generated  and  (iii)  we  can  crudely 
estimate  the  loss  of  energy  from  the  basin  scale  waves.  We  have  demonstrated  that 
integrated  properties  of  the  water  column  prove  to  be  more  informative  with  respect  to 
longitudinal  variations  than  information  derived  at  a  single  depth.  Furthermore,  it  is 
the  energy  applied  to  the  fluid  that  generates  the  internal  waves,  so  that  comparison 
between  forcing  emd  response  is  better  served  by  using  the  wind  energy. 
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ABSTRACT 

The  numerical  model  TELEMAC-3D  simulates  three-dimensional  flows  in  rivers  and  in  coastal 
zones.  It  is  used  to  study  for  instance  mixing  of  fresh  and  salted  waters,  thermal  dilution, 
mixing  of  pollutant  in  ambient  waters,  suspen(^  sediment  transport 

The  code  is  described  and  the  simulation  of  the  water  flow  and  the  salinity  stratification  in  the 
lagoon  of  Berre  (Mediterranean  Sea)  is  presented.  The  numerical  results  are  in  good  agreement 
with  the  available  measurements. 


1.  INTRODUCTION 

For  about  a  decade  three-dimensional  models  have  been  used  in  practical  studies  to  compute 
free-surface  flows  in  rivers  or  in  coastal  areas  for  problems  related  to  pollution,  thermal  dilution 
or  suspended  sediment  transport. 

LNH  had  a  code  based  on  finite  difference  methods  to  solve  3D  flows  (Coeffd  ct  al„  1982). 
However  that  code  obviously  could  not  include  the  "user  friendly"  possibilities  allowed  by 
recent  developments  in  finite  element  methods,  e.g.  local  refining  of  the  mesh,  without 
increasing  dramatically  the  computation  cost.  Therefore,  using  the  modem  numerical 
techniques,  a  new  model  called  TELEN  -iC-SD  was  develop^  inside  the  system  TELEMAC 
which  also  include  models  for  2D  horizontal  flov/s,  wave  propagation,  sediment  transport  and 
water  quality  processes. 

The  lagoon  of  Berre  is  a  rather  difficult  case  both  for  numerical  and  physical  reasons.  For 
numerical  reasons  because  the  simulated  duration  is  quite  long,  of  about  height  days,  and  a 
small  numerical  inaccuracy  can  amplify  and  can  strongly  affect  the  frnal  result.  The  turbulence 
phenomena  is  also  a  difficult  point  because  it  is  partly  due  to  action  of  wind  and  induced  w'aves 
which  sometimes  destroys  the  stratification.  However  for  the  tested  conditions  presented  here 
the  wind  intensity  is  moderate  and  its  effect  on  the  mixing  of  momentum  and  salinity  is  not 
considered. 


2.  DESCRIPTION  OF  THE  NUMERICAL  MODEL  TELEMAC-3D 
2.1  THE  EQUATIONS 

The  basic  equations  of  the  model  are  the  Navicr-Stokes  equations  and  the  pressure  is  assumed 
to  be  hydrostatic.  The  code  also  solves  the  advcction-rtiffusion  of  the  temperature,  the  salinity 
and  any  other  needed  variables.  It  includes  physical  phenomena  which  affect  the  flow  and  the 
simulated  variables :  variation  of  density.  Coriolis  force,  turbulence  mixing,  wind  stress  at  the 
surface,  heat  exchange  with  the  atmosphere.  Variations  of  the  density  are  tScen  into  account  in 
the  momentum  equations  via  the  Boussinesq's  approximation. 


So  the  equations  to  be  solved  are  : 


Su  3u  9u  3u  1  dp  ,  d  du\  3  (  3u\  3  ( 
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with 


t,x,y,z 

dme  and  space  coordinates 

u,v,w 

velocity  components 

P 

pressure 

S 

free  surface  level 

PO 

density  of  reference 

Ap 

density  variation 

S 

salinity,  temperature  or  any 
otlier  variable 

vh,  Vz  eddy  viscosity  tensor 

(spherical  and  anisotropic) 
khs.  1'‘‘zs  diffusivity  tensor 
(spherical  and  anisotropic) 
fu»  fv»  4  source  terms  for  u,  v  and 
(Coriolis  force...). 
g  gravity 


2.2  THE  TURBULENCE  MODELLING 

The  turbulence  mixing  is  simulated  using  an  eddy  viscosity  either  constant  or  computed  by  a 
mixing  length  model  or  a  k-e  model. 


In  the  the  application  presented  here,  a  mixing  length  model  is  used.  Since  the  turbulence  is 
affected  by  density  giMents,  the  mixing  length  depends  on  the  Richaidstm  number  Ri: 


The  vertical  viscosity  and  diffusivity  read : 


|Vz  ^  f(Ri) 
Ivsz  fs(Ri) 


Im :  mixing  length 

for  constant  density 


If  z-zb  <  0.2d  Im  =  K  (z  -  Zb)  k  =  0.41  Karinan  constant 

Ifz-zb^0.2d  lm  =  0.2Kd  zb  bottom  level 

d  water  depth 

f  and  fs  are  damping  functions  illustrated  on  figure  1  (derived  from  Soliva,  1982). 
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2.3  TOE  NUMERICAL  SOLUTION  j 

TBLEMAC-3D  uses  recent  developnients  in  finite  element  techniques  (Janin  et  al.,  1992).  So  it  ) 

allows  local  refining  of  the  mesh  in  pans  of  interest.  The  adopted  discretizadon  is  a  finite  ; 

element  discretization  in  prisms  with  vertical  quadrangular  sides.  That  way  the  horizontal  2D  ! 

projection  of  the  mesh  is  made  of  triangles  and  the  mesh  grid  can  be  derived  from  a  two- 

dimensional  one,  easier  to  generate.  Moreover  it  makes  easier  the  intention  of  variables  over 

the  water  depth  required  in  the  numerical  method.  The  vertical  coordinate  of  any  point  of  the  I 

mesh  depends  in  time  on  the  motion  of  the  free  surface. 


The  equations  are  solved  by  means  of  a  decomposition  in  fractional  steps.  Each  numerical 
operator  can  this  way  be  treated  by  an  adequate  method : 

I  -  The  advcction  step.  It  is  computed  by  means  of  a  characteristics  curve  method  with  the 

(classical  change  of  variatde  called  o-transformatiou. 

-  The  diffusion  step.  The  two  main  points  in  that  step  are  the  computation  of  the  matrices 
and  the  lesolution  of  the  matrix  systan.  Ihe  diffusion  and  the  tnass  matrices  are  stored  element 

I  by  element, .except  for  the  diagonal  which  is  assembled.  On  vectorial  computers  such  a  data 

structure  allows  the  vcctorisation  of  matrix  vector  product.  The  derived  system  is  solved  by 
means  of  a  conjugate  gradient  algorithm,  which  is  well  suited  to  this  type  of  matrix  storage 
because  requires  only  matrix-vector  products. 

-  The  free  surface-continuity-pressure  step.  By  integrating  the  equations  along  the  vertical 
without  the  advective  and  diffusive  terms,  tlie  classical  shallow  water  equations  are  obtained. 
The  free  surface  level  is  calculated  with  the  two-dimensional  model  TELEMAC-2D  which  also 
!  takes  advantage  of  E.B.E.  methods  (Hervouet,  1992).  The  velocity  components  are  then 

deduced. 

i 


) 
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3.  STRAUFIED  FLOW  IN  THE  LAGOON  OF  BERRE 


The  lagoon  of  Berre  is  subjected  to  increasing  environmental  concern.  A  research  programme  is 
conducted  in  order  to  determine  strategies  of  pollutant  reduction.  This  presentation  only  focus 
on  the  modelling  of  currents  and  salinity  distribution. 

The  lagoon  extends  approximately  13  km  by  17  km  and  its  depth  increases  regularly  from 
about  2  m  in  the  North  to  9  m  in  the  South.  It  is  connected  to  the  Mediterranean  Sea  through  a 
channel  in  the  South-West  and  it  receives  fresh  water  from  the  River  Durance  in  the  North 
(fig.  2). 

The  domain  of  computation  includes  the  Gulf  of  Fos  on  the  Mediterranean  Sea  in  order  to 
simplify  the  boundary  counditions.  The  horizontal  mesh  grid  has  3426  nodes  and  the  size  of 
the  triangles  varies  from  27  m  at  the  river  outlet  to  5(X)  m  in  the  Gulf  of  Fos.  The  vertical  axis  is 
discreti^  with  12  prisms.  So  the  3D  mesh  grid  contains  44538  nodes. 

The  main  phenomena  which  generate  water  circulations  are  the  wind,  the  tidal  range  at  the 
linking  with  the  sea,  and  the  discharge  of  the  River  Durance  regulat^  by  upstream  power 
stations. 

A  typical  situation  was  simulated,  with  a  tidal  range  of  16.0  cm  prescribed  at  the  maritime 
boundaty,  a  discharge  of  190  m^/s  at  the  river  outlet  and  a  constant  NNW  wind  of  8.0  m/s. 
The  salinity  of  the  inflowing  waters  at  tlie  maritime  boundary  was  38  g/1  and  it  was  0  g/1  at  the 
river  outlet.  At  the  initial  time  still  water  was  specified  with  a  salinity  distribution  in  tlie  lake  of 
20  g/1  above  the  level  -7.0  m,  of  38  ^  under  -8.0  m  and  varying  linearly  between  these  two 
levels.  In  the  Mediterranean  Sea,  the  initial  salinity  was  homogeneous  and  equal  to  38  g/1.  The 
velocity  field  and  the  salinity  were  computed  for  16  tidal  cycles. 

At  the  latest  simulated  tidal  cycle  the  flow  pattern  is  stabilized.  The  current  ( fig.  3)  is  mainly 
driven  by  wind  stress  and  river  discharge  whereas  tidal  movement  have  a  rather  local  influence 
in  the  vicinity  of  the  channel  of  Catonte. 

At  the  siufacc  the  velocity  vectors  are  orientated  southwards  and  the  intensities  arc  of  about 
0.20  m/s.  In  the  lower  part  of  the  water  body  the  water  flows  northwards  and  the  intensities  at 
the  top  of  the  first  prism  (l/15th  of  the  water  depth)  are  of  about  0.10  m/s. 

The  fresh  water  at  the  river  outlet  is  driven  towards  the  surface  by  buoyancy  forces.  It 
generates  a  large  plume  which  extends  southwards  and  goes  out  of  the  lagoon  through  tlie 
channel  of  Caronte  (fig.  4).  In  the  lower  layer  salted  water  is  transfered  from  the  Meditenanean 
Sea  to  the  lagoon  of  Berre  and  a  stratification  takes  place.  The  salted  deepest  water  located  in 
the  center  of  the  domain  is  advected  northwards  by  currents  and  reaches  the  surface  in  the 
northern  part. 

'fhese  computed  results  agree  with  obrserv'ations  on  the  site  (fig.  3).  Accurate-  comparison  with 
measurements  arc  unfortunatly  not  possible  because  of  lack  of  extensive  data.  However  the 
results  enable  a  good  understanding  of  the  circulations  and  are  valuable  for  water  quality 
studies. 


surface 


bottom 


Vertical  mesh 


Power  station  of  Saint-Chamas 
River  Durance 


Gulf  of  Fos 
Mediterranean  Sea 

Horizontal  mesh 


F:G.  2.  The  DOMAIN  OF  COMPUTATION  AND  THE  MESH  GRID 


Fig.  4  S.\LINITV  DlSTRIBUnON  NEAR  THE  SURFACE  AND  THE  BOTTOM 


4.  CONLUSION 


The  progress  of  the  numerical  modelling  allows  engineers  to  use  such  tools  in  a  wide  range  of 
problems.  The  accurate  solution  of  the  free-surface  flow  equations  in  a  large  domain  with  a 
very  refined  mesh  grid  in  specific  areas  is  now  possible  with  TELEMAC-3D.  This  is  shown 
here  through  the  case  of  the  stratified  flow  in  the  lagoon  of  Bene 

Of  course  the  numerical  technics  could  be  improved  yet  to  have  more  and  more  efficient  tools, 
but  the  efforts  in  the  future  will  focus  on  the  physics.  Moreover  it  will  be  necessary  to  couple 
phenomena  in  connected  domain  such  as  hydrodynamics,  sedimentology,  biology,  chemistry 
and  water  quality. 
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1.-  Introduction 


The  vertical  structure  of  a  gravity  current  induced  by  thermal  differences  between  the  two  lobes 
of  a  small  lake  (figure  1)  and  the  description  of  how  this  current  spreads  all  over  the  bottom 
and  embodies  the  bulk  water  is  presented  from  temperature  data.  In  Roget  et  al.,  1993  it  is 
discussed  how  the  different  heating  between  the  two  lobes  is  due  to  their  different  mean  depth 
and  to  the  higher  underground  warm  inflow  into  one  of  them.  Further,  also  in  Roget  et  al., 
1993,  it  is  shown  that  at  the  end  of  Autumn  and  at  the  beginning  of  Winter,  because  of  this 
gravity  current,  the  water  in  the  northem  lobe  is  renovated  about  every  5  days  (that  is,  every  5 
days  there  is  an  overturn  of  the  whole  lake). 


Fig.  !.•  Bathymetric  map  of  Lake 
Baayoles.  (S1-S12)  itxlicate  undeigrouud 
spriogs.  A,  Cl,  C2,  F  and  E  are  the 
locatioBS  of  the  different  stations  where 
data  from  figures  2,  S  and  7  have  been 
lecoded. 


llie  effect  of  the  wind  over  this  current  is  discussed  in  Roget  et  al.,  1991  and  also  in  Roget  et 
al.,  1993,  from  real  data.  Summarising,  when  the  wind  blows  from  the  south,  the  increase  in 
pressure  in  the  northem  lobe  intensifies  the  bottom  gravity  current  wiiich  is  already  flowing 
from  north  to  south.  On  the  other  hand,  if  the  wind  blows  ffom  the  north  so  that  a  surface 
circulatioa  from  north  to  south  appears,  a  deqier  returning  flow  coining  from  the  south  appears 
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ffom  figure  2(a)  where  the  verticai  strocture  of  the  gravity  current  has  been  presented  from 
temperature  data  measured  at  .station  C2  (see  f  g.  1)  at  17, 16, 15, 14  13  and  8  m  depth,  during 
the  16th  and  17th  of  Nov.  1991. 


First,  however,  we  will  briefly  comment  how  in  Gg,2(a)  it  is  observed  that  tlie  temperatures 
at  8  and  13  metres  depth  evolve  analogously  but  tliis  is  not  the  case  under  15  metres  depth 
where  there  is  tlie  gravity  ctment.  This  can  be  clearly  seen,  for  instance,  when  after  the  8th 
hour  (day  16)  and  the  32ad  hour  (day  IV)  the  more  supeiflcial  layer  begins  to  warm  up,  but  the 
temperatures  at  15, 16  and  17  in  keep  on  decreasing  due  to  colder  water  which  is  horizontally 
advected.  So,  in  this  case,  it  can  be  assumed  that  at  station  C2,  the  thickness  of  the  bottom 
current  layer  is  at  least  3  metres. 
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Fig.  2.-  Wind  and'  water  temperature 
data  at  stations  C2  and  E  (see  fig.l) 
recorded  during  the  16th  and  the  17th  of 
November  1991. 


From  figJ:(a)  it  can  also  be  observed  that  during  the  afternoon  of  cither  the  16th  or  the  17th, 
the  temperature  of  almost  all  the  water  column  increases.  This  could  be  due  to  convective 
mixing  because  of  the  cooling  of  the  more  superficial  layer  but,  if  this  was  the  only  reason,  the 
fact  that  this  increase  in  temperature  is  observed  to  be  higher  in  the  deeper  part  of  the  water 
column  could  not  be  explained.  However  looking  at  figures  2(c  &  d)  it  is  observed  that 
during  this  time  the  wind  blows  from  the  north  and  so  it  forces  a  returning  current  over  the 
bottom  flowing  to  the  north  which  is  slightly  colder  (because  it  comes  from  the  southern  lobe). 
The  interaction  of  this  returning  current  and  the  gravity  current  already  present  explains  the 
increase  in  temperature  in  figJ5(a).  In  Roget  et  al.,  1993,  it  is  discussed  that  such  events  use 
to  happen  every  afternoon  due  to  the  very  regular  wind  pattern  in  the  area  during  this  time.  The 
wind  may  alter  the  vertical  structure  of  the  current  but  usually  does  not  stop  the  gravity  current 
flowing  towards  the  south,  although  its  velocity  is  observed  to  decrease. 

In  figure  2(b)  the  thermal  structure  of  the  column  at  station  E  (see  fig,  1)  has  also  been 
represented  so  that  differences  between  station  C2  and  E  can  be  evaluated.  In  fig.  2(b)  the 
temperature  is  repiwented  every  two  metres  because  the  thermal  gradient  at  this  station  is 
smaller  than  at  station  C2.  However  the  different  thermal  tendency  between  the  upper  and 
lower  layers  is  also  observed  at  station  E.  This  is  the  case  in  the  period  between  the  34th  and 
^  40th  hour  (day  28)  when  up  to  16  m  the  temperature  is  decreasing  while  at  the  upper  layer 
it  is  not.  Also,  during  the  27th,  a  different  thcnnal  evolution  between  the  superficial  and  the 
deeper  layer  is  found.  Although  tlie  difference  in  temperature  between  the  current  and  the  rest 
of  fee  column  at  station  E  is  smaller  than  at  station  C2,  the  thickness  of  the  current  is  grater. 
This  fact  indicates  that  this  current  embodies  the  quiescent  and  slighter  wairmer  water 
munediately  above.  Then  as  it  flows  further  south,  not  only  fee  thickness  of  fee  gravity  current 
increases  but  it  flows  slower  and  its  temperature  is  becoming  more  similar  to  that  of  the  rest  of 
fee  water  column  in  the  southern  lobe. 

2.-  Methods 

pi  ordCT  to  illust^e  fee  spatial  variability  of  this  gravity  current,  some  temperature  data  of  an 
intensive  campaign  were  taken  under  no  relevant  wind  conditions.  These  temjierature  data, 
which  ate  plotted  in  figures  4,  6  and  8,  have  been  simultaneously  recorded  by  two  sensors 
with  a  sensivity  of  0.05C,  10  consecutive  times  at  an  interval  of  4  seconds.  All  the  temperature 
values  represented  have  been  obtained  at  least  9  times  out  of  10.  If  tliis  was  not  the  case  or  if 
fee  different  case  was  the  last,  there  are  no  temperature  data  in  fee  schemes  represented  in  the 


figures  which  have  been  mentioned  above.  However,  no  data  can  also  mean  that  the 
temperature  has  not  been  measured. 

In  order  to  know  the  meteorological  conditions  during  the  campaign,  data  from  a 
meteorological  Aanderaa  station  placed  at  200  m  from  the  west  shore  of  the  lake  were 
available.  In  flgure  3  the  wind  pattern  during  the  campaign  period  is  summarised.  More 
precisely,  the  horizontal  line  under  the  x-axis  indicates  the  period  when  the  data  presented  in 
the  following  were  taken.  In  day  6,  for  instance,  measurements  were  made  from  2  p.m.  to 
S.p.m.,  when  the  wind  had  a  mainly  southern  component,  and  so  it  was  favouring  the 
baroclinic  current.  However,  in  this  case,  as  in  tlie  other  two  cases  the  wind  was  very  gentle. 


time  (bouts) 

Fig.  3.*  Wind  conditions  during  the  days  that  dam  represented  in  fig.4, 6  and  8  were  recorded.  More 
precisely,  the  horizontal  lines  under  the  x-axis  indicates  the  period  when  these  data  were  taken 


The  location  of  the  stations  have  been  detennined  by  the  references  of  three  different  points  in 
the  shoreline  together  with  an  accurate  balhymetiic  map  of  the  lake  (Moreno  et  al.,  1989)  and  a 
Scubapro  PDS  depthmetre  which  has  an  accuracy  of  0.5  m  and  a  resoludon  of  0.1m. 


Further,  temperature  data  presented  in  this  article  different  from  those  of  figs.4, 6  and  8  have 
been  record^  with  Aanderaa  TR7  thermistor  chains  which  have  an  accuracy  of  0.05C  and  a 
resolution  of  0.03  Finally,  an  Aanderaa  currentraetcr  RCM7  with  a  temperature  sensor 
included  was  used.  This  curreutmeter  has  a  velocity  threshold  of  1.4  cm/s  and  a  resolution  of 
0.1  ent/s.  The  characteristics  of  the  temperature  sensors  are  the  same  as  those  of  the  thermistor 
chains. 


3.-  Results 

In  figures  4  the  different  locations  where  temperature  data  have  been  taken  during  the  6th 
(4(a)),  the  11th  (4(b))  and  the  14th  (4(c))  of  November  are  indicated.  Further,  around  each 
location,  there  is  a  number  of  circles.  These  circles  represent  the  number  of  times  the 
thermistors  resolution  -0.05C-  can  be  divided  into  the  difference  in  temperature  between  one 
metre  above  the  bottom  at  that  starion  and  the  bulk  temperature  of  the  southern  lobe  (which  is 
warmer).  That  is,  the  fact  that  around  the  letter  D  in  frg.  4{b)  there  are  3  circles  indicates  that,  at 
that  location,  the  temperatuie  of  the  water  one  meter  above  the  bottom  is  0.I.5C  colder  than  tlie 
characteristic  mean  temperature  of  the  southern  lobe.  At  the  F  location,  this  difference  is  0.25C 
and,  at  location  L,  only  O.OSC.  So,  the  representation  drawn  in  these  figures  allows  an  idea  of 
the  space  distribution  of  the  gravity  current.  However  for  a  better  understanding  of  its 
distributions  in  the  lake,  the  thermal  vertical  structure  will  also  be  represented  for  some  cases. 

From  figures  4  and  assuming  that  the  number  of  circles  around  each  station  indicates  the 
strength  of  the  current  in  this  location,  it  can  be  stated  that  the  gravity  current  flows  mainly 
along  the  west  shore.  However  next  to  the  east  shore,  just  over  the  bottom,  there  is  also  water 
with  a  temperature  corresponding  to  that  of  the  gravity  current.  Further,  in  some  locations  in 
the  middle  of  the  plain  in  the  bottom  of  the  southern  lobe,  there  is  also  colder  water.  This  fact 
seenic  to  indicate  that  although  the  current  is  deflected  towards  the  west  shore  it  is  widely 
spread  in  the  direction  where  the  current  is  not  confined  by  the  shoreline. 


Fig.  4.-  Different  locations  where  temperature  data  have  been  taken  during  (a):  the  11th  of 
Novembre  1991,  from  1  p.m,  to  5  p.m.;  G>):tbe  6th  of  Novembre,  from  2  p.m.  to  5  p.m.;  (c):  the 
14th  of  Novembre,  from  10  a.nL  to  1  p.m. 

The  existence  of  this  shghtly  colder  water  just  over  the  bottom  is  not  due  to  a  boundary  layer 
effect  independent  of  the  gravity  cutrenL  This  can  be  deduced  after  finding  that  the  temperature 
variations  one  meter  above  the  bottom  at  station  F  (see  fig.  1)  is  hardly  correlated  with  the 
temperature  variations  of  the  upper  layer  but  with  a  time  shift.  In  figure  5  (reproduced  from 
Roget  et  al.,  1993),  a  shift  of  about  10  hours  can  be  observed  on  lookmg  at  the  relative  minima 
of  the  temperature  data  seiie  recorded  at  5  m  depth  in  Ore  northern  lobe  (station  A)  and  at  19  m 
depth  in  the  main  plain  of  the  southern  lobe  (station  F).  From  this  flgure,  it  is  clear  that  the 
gravity  current  flows  through  station  F:  the  daily  variations  observed  in  the  temperature  series 
are  due  to  the  day  and  night  effect  and,  because  at  14  m  depth  such  variations  are  not  observed, 
the  thermal  variations  at  19  m  depth  can  only  be  understood  if  there  is  water  horizontal 


advected  from  more  superficial  layers.  From  the  time  shift  and  taking  into  account  the  distance 
between  stations  A  and  F  is  1300m  a  mean  velocity  of  ^proximately  4  cm/s  is  deduced.  This 
value  agrees  with  cunent  data  recorded  in  the  neck  between  the  two  lobes  which  will  be 
present^  later. 


Fig.  5.-  Thermal  evolution  of  the  lake  at 
5  m  depth  in  the  northern  lobe  (smtion  A) 
and  at  19  m  depth  in  the  southern  lobe 
(station  F). 


In  figure  6  the  isotherms  in  a  vertical  plane  containing  points  F,  E  and  D  of  fig.  4(b)  have 
been  drawn.  Because  stations  F,  E  and  D  are  located  in  a  place  where  there  is  a  narrow  chaimel 
in  the  bottom  (see  fig.  4(b)),  the  assumption  that  tlie  thermal  profiles  represented  in  fig.6 
characterise  the  then^  structure  of  the  transversal  sections  containing  those  points  can  be 
taken.  If  this  is  assumed,  and  considering  that  from  a  thermal  point  of  view  this  current  can  be 
considered  to  be  conservative  -that  is,  diffusivity  of  heat  Ireing  non  relevant  if  related  to 
entrainment-  (Altinakar  et  al.,  1990)  the  amount  of  entrained  water  can  be  calculated  fiom  a 
heat  balance.  In  this  case,  firom  location  F  to  location  £  it  is  found  that  the  entrained  water  into 
the  current  is  20%  of  &e  current  flow,  while  from  E  to  D  it  is  70%.  Such  a  high  difference 
should  be  explained  by  the  fact  that  the  flow  regime  depends  strongly  on  the  bottom  slope 
(Alavian,  1986) 
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Fig.  6.-  Scheme  of  the  isotherms 
derived  &om  the  tbeimal  profiles  tneasured 
at  the  locadoDs  F.  E  and  D  indicated  in 
fig.  4(a). 


Considering  that  from  continuity,  die  downstream  divergence  in  mass  flux  should  be  equal  to  a 
entrainment  constant  (dQ/dx=Ke),  the  above  percentages  of  entrained  water  correspond  to 
Ke=0.02  m^/s  and  K«=0.07  nfl/s,  respectively.  These  values  arc  between  one  and  two  orders 
of  magmtude  less  than  the  entrainment  constants  reported  in  Hamblin  et  al.,  1978  for  a  volume 
flux  which  is  also  between  10  and  100  tunes  that  of  the  gravity  current  in  Lake  Banyoles. 

However,  usually,  the  entrainmeat  is  assumed  not  to  be  constant  but  to  scale  to  the  entraiument 
rate,  E,  in  the  way  that  Ke=Eu  where  u  is  the  velocity  of  the  current  along  its  path  (Ellison  et 
al.,  1959).  Then,  if  this  is  considered,  the  non-dimensional  entrainment  rate  (  Eo=E(A)‘l^, 


where  A  is  the  mean  transversal  area  of  the  current )  for  the  two  cases  here  considered  is  found 
to  be  of  3  and  respectively.  These  values  are  in  accordance  to  the  results  summarised 
by  Alavian,  1986  (fig.  10)  when  taken  into  account  that  the  bulk  Richardson  number  -which 

accounts  the  stability  of  the  interface-  for  the  cases  considered  in  fig.6  is  Ri  =  g'cosG/u^  -  2 

(g'  being  the  reduced  gravity  acceleration  and  0  the  bottom  slope).  Also,  Hamblin  et  al.,  1987 
find  entrainment  rates  of  the  same  order. 
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4  Fig.  7.-  Characteristics  of  the  current 

3^1  measured  at  stations  Cl  during  the  6th  of 

2  > November,  when  data  presented  in  the 
,  previous  figure  were  t^n. 
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The  characteristics  of  the  current  measured  at  1  metre  above  the  bottom  at  location  Cl  (see  fig. 
1),  during  the  day  that  data  represented  in  fig.  6  were  taken,  are  repre'  *^ed  in  figure  7.  After 
7  a.  m.  the  current  velocity,  although  very  small,  begins  to  increase  to  m/'s  coinciding  with 
the  rise  of  a  wind  with  southern  component  (see  fig.3).  Later  on,  at  about  1 1  p.m.  a  sporadic 
wind  with  a  northern  component  causes  the  velocity  to  decrease  again,  but,  very  soon,  &e 
southern  wind  leappears  and  the  current  velocity  increases  up  to  4  cm/s.  In  any  case,  however, 
the  current  is  flowing  south  and  has  a  dimction  of  around  210  degrees  which  corresponds 
mainly  with  the  direction  of  the  bottom  channel.  Hiis  fact  makes  relevant  that  the  morphometiy 
of  the  bottom  strongly  influences  the  path  of  the  current. 

For  the  case  of  this  gravity  current  and  despite  tlie  small  dimensions  of  the  lake,  the  Rossby 
number  is  evaluated  to  range  between  0.1  and  1.  Further,  assuming  that  the  Coriolis  force 
should  compensate  the  centrifugal  force,  a  radius  of  the  orbit  between  100  and  1000  m  should 
be  expected  (Roget,  1992).  These  values  may  allow  the  Coriolis  force  to  be  relevant  in  addition 
to  the  confining  effect  of  the  bottom  morphometry.  Hamblin  and  C!annarck  (1978)  reach 
similar  conclusions  for  the  case  of  the  incoming  Thomson  river  in  the  Kamloops  Lake  (British 
ColumbiaJEUA).  Alavian  et  al.,  (1992)  refer  to  this  case  as  an  example  of  the  importance  of 
the  Coriolis  effect  in  large  lakes  (Kamloops  Lake  is  25  Km  large  and  2.1  Km  narrow) 
however,  looking  at  the  magnitudes  related  to  river  Thomson  it  is  found  that  its  characteristic 
dimensions  are  of  the  same  order  of  magnitude  than  those  of  the  gravity  current  in  the  Lake 
Banyoles  (Roget,  1992).  That  is:  river  'fiiomson  enters  the  lake  in  an  area  of  about  1200  m 
wide,  has  mean  velocities  of  about  10  cm/s  and  flows  towards  its  right  so  that  after  about  15(X) 
m  it  reaches  the  shoreline.  So,  beside  the  effea  of  the  bottom  morphometry,  the  Coriolis  effect 
may  not  be  neglected  in  advance,  although  its  importance  is  not  demonstrate. 

In  figiure  8(a)  an  schematic  analogous  to  that  of  fig.6  is  drawn  from  the  thermal  profiles 
measured  at  locations  O,  G  and  E  of  fig.4(a).  Once  more  it  can  be  observed  that  the  gravity 
curreiii  deflects  towards  its  right  hand.  For  this  case,  values  of  K®  and  Eo  are  respectively  of 
0.01  m2/s  and  0.01.  These  value:,  have  been  calculated  by  linear  interpolation  in  space  between 
temperature  data  recorded  at  0,  G  and  K 

Another  isotherm  scheme,  now  of  a  transversal  area  located  further  south,  is  represented  in 
figure  8(b).  In  this  case,  at  stations  J  and  G,  which  are  nearer  the  west  shore  (see  fig.4(b)) 
the  baroclinic  current  is  observed  at  least  from  IS  m  depth  to  the  bottom  which,  at  those 
locations,  coincides  with  the  main  plain  of  the  southern  lobe  (see  fig.4(b)).  At  stations  H  and 
C,  located  nearer  the  eastern  shore  in  an  area  deeper  than  the  main  plain  of  the  southern  lobe. 


the  current  is  also  found  over  a  wanner  layer  of  16.49C.  The  existence  of  this  layer  is  due  the 
underground  water  flowing  into  the  source  S2  (see  fig.l  and  fig.4(b))  which  is  located  in  this 
zone  (Casamitjana  and  Roget,  1993).  The  fact  that  at  location  H  the  colder  water  is  slightly 
warmer  than  the  colder  water  at  C  should  be  explained  if  it  is  assumed  that  the  under^ound 
water  mixes  with  that  of  the  gravity  current  and  it  is  displaced  towards  the  south.  This  will  also 
accelerate  the  lenovation  time  of  the  water  in  the  hole  where  source  S2  is  located. 
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Fis.  8.-  Representadoos,  analogous  to  that  of  fig.6,  of  the  tbetmal  proxies  at  different  locations 
indicated  in  («):  fig.4(a);  (b):  fig.4(b);  (c):  fig.4(c). 


From  flg^(b)  it  is  also  observed  that  &om  20  m  up,  the  water  column  in  J  is  colder  than  in 
C.  This  feature  is  found  very  often  independent  of  &e  time  of  the  day,  that  is,  independent  of 
the  sun  elevation  and  it  should  be  explain  either  by  penetrative  convection  (at  this  time  of  the 
year  the  mean  daily  surface  heat  flux  is  of  about  -100  W/m^  and  during  day  keeps  often  under 
negative  values  (Colomer  et  al.,  1991))  or  by  wind  stirring  (Fischer  ct  al.,  1979).  ITie  fact  that 
vertical  mixing  is  only  observed  from  temperature  data  along  the  west  coast  is  due  to  the  non 
simetiic  path  of  the  density  current;  near  the  western  shore  the  density  current  is  strong  enough 


to  affect  the  temperature  of  the  whole  column  of  water  when  it  is  mixed  but  near  the  eastern 
shore  it  is  not. 

The  presence  of  the  baroclinic  current  in  the  hole  of  source  S2  can  also  be  observed  from 
figure  8(c)  (see  also  fig.  4(c)y  Data  represented  in  this  figure  have  been  collected  8  days 
later  than  those  in  fig.8(b)  ,  and  then  the  warmer  layer  under  the  current  is  not  observed 
anymore.  In  fig.8(c),  as  in  fig.8(b),  the  fact  that  the  baroclinic  current  is  more  important  along 
the  western  shore  than  to  the  eastern  is  also  observed.  Further,  from  ^  inclination  of  the 
isotherms,  a  transverse  advection  from  west  to  east  can  be  deduced,  if  it  is  not  counteracted  by 
other  factors. 

4. -  Conclusions 

-  Entrainment  constants  of  order  10*2  m^/s  corresponding  to  volume  fluxes  of  about  10  m^/s 
and  non-dimensional  entrainment  rates  of  order  10'2  have  been  found  for  a  gravity  current 
continuously  fed  by  density  differences  due  to  differential  heating  (Ri~2). 

-  The  slope  of  the  bottom  is  found  to  greatly  affect  the  entrainment  so  that  a  variation  of  the 
slope  from  0  to  3%  implies  that  the  entrained  water  into  the  current  varies  from  20%  to  70%  of 
the  current  flow. 

-  The  current  is  deflected  towards  its  right-hand  (being  confined  along  the  western  shoreline) 
but  it  widely  spreads  in  the  opposite  direction  so  that,  although  mean  gradients  of  up  to  2 10^ 
degrees/m  are  found  in  the  transverse  area  of  the  current,  the  gravity  current  can  still  be 
identified  along  the  east  coast  from  temperature  data. 

-  The  deflection  of  the  current  is  obviously  due  to  the  effect  of  the  bottom  morphometry  but 
Coriolis  effect  may  not  be  neglected  in  advance,  although  its  importance  has  not  been 
demonstrate. 

-  As  the  density  current  is  not  homogenously  distributed  along  the  transverse  area  of  the  lake, 
vertical  mixing  will  create  horizontd  gradients  in  the  upper  part  of  the  water  column  and  so 
transversal  transport  should  be  expected  at  any  depth. 

-  The  wind  not  only  affects  the  disttibution  in  the  space  of  the  current  but  it  also  modifies  its 
vertical  structure. 
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Abstract 

Density  interfaces  that  coexist  with  contiguous  turbulent  layers  are  ubiquitous  in  natiue. 
and  turbulent  mixing  across  them  plays  a  major  role  in  the  dynamics  of  environmental  flows.  In 
nature,  density  interfaces  are  form^  by  the  buoyancy  forcing  on  turbulent  fluids  and  they  can  be 
destroyed  by  turbulence  itself  when  such  forcing  is  absent  Mass  and  momenmm  transfer  across 
stratified  interfaces  are  much  weaker,  and  often  they  control  heat  and  mass  balances  in  Ae 
atmosphere  and  oceans;  here  tlte  rate  limiting  step  is  the  rate  of  mixing  across  intarfaces.  In  this 
paper,  a  brief  review  of  turbulence  and  mixing  in  density  stratified  fluids  is  presented,  paying 
particular  attention  to  interfacial  mixing.  Some  new  results  pertinent  to  turbulence  and  mixing  in 
stratiried  fluids  are  also  presented. 

1.  Introduction 

Density  stratification  and  turbulence  are  ubiquitous  features  in  natural  environments. 
Furthermore,  they  often  exist  together.  Turbulent  flows,  while  difficult  to  predict  for 
homogeneous  incompressible  fluids,  are  vastly  more  complicated  in  the  presence  of 
stratification.  Nevettheless,  they  must  be  dealt  with  in  geophysietd  and  industrial  flow  modeling. 
As  a  result,  there  is  a  continued  interest  in  understanding  and  modeling  of  the  interaction 
between  stratification  and  turbulence.  Some  common  examples  of  naturally  occurring  stratified 
turbulent  flows  are  (i)  the  upper  ocean  mixed  layer,  which  is  located  above  the  thermocliiie  and 
driven  by  Ae  wind  strus  (the  atmospheric  counterpart  is  the  planet^  boundary  layer  topped  by 
the  inversion  layer),  (ii)  turbulence  in  the  main  oceanic  thcrmocline,  which  is  beUev^  to  be 
caused  by  mechanisms  such  as  Kelvin  Hehnholtz  instabilities,  internal-wave  breaking  or  critical- 
layer  absorption,  (iii)  oceanic  boundary  turbulence  induced  by  the  tides  or  the  reflection  of 
intenial/inertial  waves  at  the  continental  margins,  and  (iv)  the  oceanic  benthic  boundary  layer. 
These  turbulent  flows  play  a  pivotal  role  in  navigation,  human  and  other  biological  activities, 
pollutant  and  nutrient  distribution  in  the  ocean,  long-range  aerosol  and  other  green  house-gas 
transport  in  the  atmosphere  and  the  evolution  of  cUmaie  systems. 

One  of  the  important  practical  applications  of  small-scale  mixing  parameterizations  of 
stratified  turbulent  flows  is  the  development  of  atmospheric  and  oceanic  general  circulation 
models  (GCM's),  including  atmosphere-ocean  coupling.  State  of  the  art  oceanic  GCM's  have  a 
resolution  of  a  few  tens  of  kilometers;  scales  that  are  siller  than  this,  which  include  turbulence, 
need  to  be  parameterized  properly  based  on  the  dynamics  of  stratified  turbulence.  Cunently,  to 

obtain  realistic  predictions,  oceanic  GCM's  employ  an  eddy  diffusivily  of  the  order  1  cm^s'^ 
(Bryan  1987)  but  the  measurements  of  tiie  microstructure  community  indicate  a  value  of  the 

order  0.1  cm^s'^  (Lcdwell  1994);  the  reason  for  this  discrepancy  is  a  subject  that  is  in  the  heart  of 
oceanic  microstructure  research.  In  current  weather  forecasting  models  (e.g.,  the  European 
Center  for  Medium  Range  Weather  Forecasting,  ECMWF),  the  vertical  resolution  is  of  the  order 
of  a  few  hundred  meters,  and  the  mixing  at  the  inversion  layer  is  parameterized  by  assuming  a 
uniform  entrainment  late  across  the  int^ace,  irrespective  of  the  local  conditions  (their  earlier 
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models  did  not  consider  entrainment,  and  performed  poorly!).  Perhaps,  an  improved 
parameterization  based  on  governing  variables  may  improve  the  predictive  capabilities. 

This  paper  reviews  some  salient  developments  in  stratified  turbulence  research,  paying 
particular  attention  to  inteifadal  phenomena  such  as  mixing  across  density  interfaces.  Some  new 
results  peninent  to  stradHed  turbulent  flows  will  also  be  presented.  Section  2  is  devoted  to  the 
fundamentals  of  stratified  turbulence  and  Section  3  deals  with  mixing  across  shear-free  density 
interfaces.  Sheared  density  interfaces  are  discussed  in  Section  4. 

2.  Turbulence  in  Stratified  Fluids 

Perhaps  due  to  the  difficulty  of  the  subject  matter,  the  number  of  studies  reported  in  the 
open  literature  on  the  dynamics  of  stratified  turbulent  flows  is  much  less  than  that  for  classical 
engineering  turbulent  flows.  A  key  feature  of  stratified  turbulence  is  the  suppression  of  venical 
diffusion  teyond  a  limiting  vertied  length  scale,  at  which  buoyancy  effects  become  important 
(Richardson  1920;  Pearson  et  al.  1983).  Beyond  this  scale,  different  scales  of  the  flow  evolve 
differently  (Riley  et  al.  1981;  Lienhard  &  Van  Atta  1990;  Holt  et  al.  1992).  In  the  early  days  of 
turbulence  research,  the  effects  of  stratification  on  turbulent  motions  have  been  studied  by 
meteorologists  such  as  Richardson  (1920)  and  Taylor  (1931),  who  also  identified  the  key  non- 
dimensional  parameter,  now  known  as  the  Richardson  number,  that  governs  stratified  turbulence. 
Interest  in  this  subject  was  renewed  in  the  1960's  with  the  identification  of  a  vertical  length  scale, 
beyond  which  the  turbulent  diffusion  is  inhibited;  this  scale  was  independently  derived  by 
Dougherty  (1961)  and  Ozmidov  (1965),  in  the  atmospheric  and  oceanic  context,  respectively,  as 
Lr  «  (e/N3)l/2,  where  e  is  the  rate  of  dissipation  of  turbulent  kinetic  energy  (TKE)  and  N  is  the 
background  buoyancy  frequency.  With  the  rapid  improvement  of  measurement  techniques  for 
turbulence,  the  necessity  of  presenting  oceanic  and  atmospheric  data  on  a  solid  theoretical 
framework  was  realized.  I'o  this  end.  Cibson  (1980)  proposed  a  theory  based  on  scaling 
arguments  to  explain  the  evolution  of  oceanic  turbulence;  somewhat  similar  concepts  were 
advanced  earlier  by  Long  (1978)  in  the  context  of  turbulence  in  stratified  fluids.  Gibson  (1980) 
assumed  that  oceanic  tu^ulence  is  sporadically  generated  by  powerful  events  (Caldwell  (1983) 
referred  to  this  as  the  Big-Bang  hypothesis)  as  turbulent  patches,  which  grow  by  entraining  fluid 
from  the  surroundings.  The  total  energy  within  the  patch  was  assumed  to  be  constant;  fiom  this 
assumption,  the  r.m.s.  vertical  velocity  w  was  calculated.  Duiing  the  growth  of  the  patches,  the 
vertical  inertial  forces  of  the  eddies  w^/L,  where  L  is  the  integral  length  scale  and  w  is  the  r.m.s 
vertical  velocity  of  turbulence,  decrease  and  the  buoyancy  forces  against  which  the  eddies  must 
overturn  N^L  increase.  Since  the  patch  cannot  grow  beyond  a  scale  which  is  determined  by  a 
balance  between  these  two  forces,  the  limiting  vertical  lengthscale  should  be  given  by  L),  =>  w/N. 
Thus  the  stratification  begins  to  play  a  key  role  when  the  turbulent  Froude  number  Fr,  =  u/NL  is 
of  order  one,  where  u  (~  w)  is  the  r.m.s.  horizontal  velocity  (Ivey  &  Imberger  1991;  Taylor 
1992).  Assuming  high  Reynolds-number  turbulence  within  tlie  patch,  which  yields  e  *  w^/L,  Lj, 

at  this  limiting  height  can  be  evaluated  as  Lb'-LR  where  Lr  and  Lf,  aie  called 

Ozmidov  and  buoyancy  lengthscales,  respectively,  llius,  if  the  size  of  the  turbulent  patch  is  Lp 
(~  LA  then,  during  the  initial  growth,  Lp  «  Lr  or  Li,,  but  as  the  turbulence  evolves  and  buoyancy 
effects  set  in,  all  three  length  scales  become  of  the  same  order. 

Three  more  length  scales  are  often  used;  they  aie  the  overturning  length  scale,  defined  as 
Lq  =:  b/N^  ,  where  b  is  the  r.m.s.  buoyancy  fluctuation  of  turbulence,  the  Tho^  length  scale  Lp 
and  the  maximum  Thorpe  displacement  Lr^-  former  was  introduced  by  Ellison  (1962),  and 
was  later  modified  by  Stillinger  et  al.  (1983)  and  Gargctt  ct  al.  (1984)  (so  in  some  cases  a 
numerical  factor  is  used  in  front  of  it),  llte  latter  was  introduced  by  Thorpe  (1977)  to  facilitate 
the  interpretation  of  oceanic  mlcrostructurc  data,  which  often  consist  of  a  single  vertical  cut  of 
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temperature/sslinity  through  the  ocean.  If  turbulence  is  present  (this  is  somedmes  wrongfully 
inferred  by  the  presence  of  iitversions  in  the  vertical  profile),  the  individual  density  values  of  the 
profile  are  rearranged  to  obtain  a  stable  density  proille;  the  displacements  required  are  called 
Thorpe  displacements  dj,  and  both  the  maximum  (Ljin)  and  the  r.ai.s  (Lp)  values  of  dfs  are  used 
as  measures  (Dillon  1982, 1984). 


Using  a  laboratory  experiment,  Fernando  (1988)  investigated  the  growth  of  a 
continuously  forced  turbulent  patch  in  a  stratified  fluid.  It  was  found  that  the  growA  of  the  patch 
is  inhibited  at  a  cridcal  verdcal  thickness  after  a  dme  of  Ntc  4.  Thereafter,  the  formadon  of  a 
strong  density  gradient  layer,  at  the  edges  of  the  patch,  which  supported  a  field  of  internal  gravity 
waves  forced  by  the  patch  turbulence,  was  observed.  Later  stupes  (DeSilva  &  Fernando  1992) 
indicated  that  the  dcsmicdon  of  the  stradficadon  within  the  patch  is  relatively  slow,  and  is 
completed  only  after  a  time  of  the  order  Nt  -  100;  thereafter,  the  patch  grows  slowly  (beyond  the 
Ozmidov  scale)  due  to  the  breaking  of  waves  in  the  gradient  layer  at  the  edges. 

Gibson  (1980'1993),  in  a  series  of  papers,  extended  the  big-bang  idea  to  interpret  oceanic 
microstructurc.  His  tlieory  appears  to  be  sound  in  a  fluid  dynamic  sense,  but  its  applicability  to 
the  ocean  has  been  repeat^y  questioned  by  the  microsmicture  community.  The  theoiy  assumes 
that,  after  the  patch  grows  to  Lr  ,  eddies  of  the  size  of  the  integral  scale  cannot  overturn  against 
the  stratification;  turbulence  is  now  said  to  be  fossilized  (following  its  first  usage  by  Woods 
(1969)).  The  term  "fossil  turbulence"  has  also  been  used  by  Nasmyth  (1970)  to  describe  the 
temperature  microstructure  field  that  is  left  behind  after  the  decay  of  oceanic  turbulence,  but  the 
necessity  of  velocity  fluctuations  for  the  existence  of  temperature  fluctuations  is  recognized  in 
Gibson's  theory,  ^dies  of  size  smaller  than  the  integral  scale  can  overturn  and  mix  tlie  fluid 
within  the  patches,  with  the  largest  overturn  being  of  the  order  Lj^ .  When  Lr  becomes  of  the 
same  order  as  the  Kolmogorov  length  scale  Lk.  the  turbulence  ceases  to  exist,  and  the  flow  is 

said  to  be  completely  fossilized;  it  was  shown  that  this  occurs  when  the  paraixwtcr  G  - 
where  v  is  the  kinematic  viscosity,  falls  below  a  critical  value  More  piecisely,  Gibson's 
theory  predicts  that  the  scales  larger  than  1.2L{t  are  non  turbulent,  and  the  scales  1.2  Lr  >  ^  > 
15Lk,  are  actively  mixing.  When  1.2  Lr  *•  IS  Lk.  the  turbulence  is  completely  fossilized  at  all 
scales.  Laboratory  experiments  show  that  Gg,  can  vary  from  about  8  to  25,  with  Gibson's  (1980) 
prediction  being  30.  Further,  this  theory  pi^icted  the  spectra  for  velocity  and  microstructure 
fields,  based  on  the  evolution  of  a  single  patch. 


In  oceanic  measurements,  only  a  single  cut  through  a  turbulent  patch  is  possible  and 
obtaining  information  on  the  state  of  the  patch  is  an  onerous  task.  Fossil  turbulence  theory 
assumes  that  the  maximum  Thoipe  scale  Lfm  repiesents  the  size  of  a  growing  patch,  and  if  the 
patch  is  in  the  fossilization  stage,  Ltid  ri  a  measure  of  the  patch  size  at  the  onset  of  fossilization 
(i.e.,  maximum  Thorpe  scale  d(^  not  collapse  or  change  for  long  times).  If  so,  the  rate  of 

dissipation  at  the  onset  of  fossilization  Co  can  be  calculated  using  the  measured  Ltdi  at  any  time 


as  £o  -  N^L^b,;  if  the  dissipation  at  this  time  is  £,  the  state  of  the  patch  can  be  prescribed  using 


the  "turbulence  activity  parameter"  A  «=  (e/Eq)!^.  By  invoking  experimental  constants,  A  can 

also  be  written  as  Co  =  l3DCoN2  =  16.5  N3 1^- ,  where  D  is  the  molecular  diffusivity  and  Co  is 
the  Cox  number.  Based  on  such  estimates,  which  can  conveniently  be  dejiicted  on  so-called 
hydrodynamic  phase  diagrams,  Gibson  (1987, 1991)  concluded  that  the  oceanic  mi^structurc  is 
heavily  undersamplcd,  and  at  the  time  of  the  observations,  most  of  the  patches  are  in  a  fossilized 

state. 


To  investigate  some  of  the  modeling  outlined  above,  a  series  of  laboratory  experiments 
was  carried  out  at  Arizona  State  University  to  study  the  evolution  of  stratified  tu^ulence.  The 
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experiments  were  performed  in  a  12.2m  x  0.4m  x  0.3m  towing  tank,  with  salt  stratification.  The 
towed  bodies  included  monoplanar  grids,  spheres  and  cylinders;  turbulence  within  the  wakes  of 
these  bodies  was  investigated  to  identify  the  properties  of  stratified  turbulence.  Some  salient 
results  of  these  studies  are  summarized  below. 

Figure  1  shows  the  dispersion  of  a  blob  of  passive  scalar  that  was  released  in  the  wake  of 
a  grid;  note  the  initial  spreading  of  tlie  blob  in  all  diiecdons,  as  in  a  homogeneous  fluid,  but  its 
growth  is  arrested  at  a  time  2  <  Nt  <  13  (exactly  at  Nt  -  4),  whence  the  formation  of  a  layered 
structure  signified  by  horizontal  intrusive  motions  can  be  seen.  Particle-tracldng  velocimetry 
clearly  indicated  initial  three-dimensional  (3-D)  motions  and  the  formation  of  2-D  striations  in 
the  far  wake  representing  the  final  stage  of  turbulence  decay  (Pearson  &  Linden  1983).  Figure  2 
shows  a  lengthscale  diagram  constructed  using  the  measurements  in  a  stratified  cylinder  wake; 
the  scales  were  selected  in  concurrence  with  Gibson's  model.  Note  the  initial  decay  of  Lr,  the 
gradual  growth  of  Lk,  the  onset  of  buoyancy  effects  when  1.2  Lr  >  Ltid  at  Nt  ~  l.S,  and  the 
complete  fossilization  when  1  .2Lr  «  15Lk  at  Nt  -  6.  The  results  clearly  sthow  that,  if  there  is  no 
external  energy  source,  mrbulcnce  in  stratified  fluids  is  short  lived  and  decays  rapidly  leaving 
behind  internal  wave  motions;  the  persistence  of  Lb  beyond  ISLg  '^L2  Lr  illustrates  that, 
although  turbulence  is  absent,  internal  wave  motions  can  penist  in  the  far  wake  (Figure  3). 

Another  important  aspect  is  the  decay  of  the  Thorpe  scale  and  the  maximum  Thorpe 
displacement;  see  Figure  4  p^nent  to  the  wakes  of  spheres.  For  this  case,  Lt  (and  also  Ltih) 
cannot  remain  constant,  and  it  decays  because  of  the  settling  of  heavy  fluid  elements  that  were 
displaced  during  the  active  phase  of  turbulence.  When  settling  to  their  equilibrium  positions, 
these  panicles  tend  to  migrate  under  the  inertia-viscous  balance,  while  being  affected  by  the 
molecular  diffusion  and  exchanges  with  the  environment.  Sometimes,  these  settling  motions  con 
become  turbulent,  and  the  resulting  flow  is  called  "zombie  turbulence."  Gerz  &  Yamazald 
(1993)  argued  that  the  migratory  motion  of  buoyant  particles,  after  the  decay  of  turbulence, 
should  be  characterized  by  the  stratification  number  St  «  (Lbo/b')/(dbR/dz),  where  b'  and  Lbo 
are  the  initial  r.m.s.  buoyancy  fluctuation  and  the  integral  temperature  lengthscale,  respectively, 
and  dbg/dz  represents  the  background  stratification.  Turbulent  motions  are  said  to  be  initiated 
when  St  <  1,  although  one  might  expect  that  they  should  also  be  dependent  on  the  molecular- 
diffusive  parameters.  In  all,  it  appears  that  Ltm  may  not  be  a  good  indicator  of  stratiried 
turbulence  at  the  onset  of  fossilization.  According  to  C.H.  Gibson  (^vate  communication),  the 
relaxation  time  of  Lthi  can  be  a  function  of  the  Reynolds  number  and  in  high  Reynolds-number 
oceanic  environments  Lthi  niay  persist  for  long  times;  this  assertion  remains  to  be  tested. 

As  mentioned,  the  microstructure  community  has  taken  a  different  view  on  oceanic 
turbulence.  They  assume  that  oceanic  turbulence  is  more  persistent  than  what  Gibson's  theory 
predicts  (Caldwell  (1983)  refers  to  this  as  the  "Continuous  Creation"  view  point).  The  isolated 
turbulent  regions  in  the  ocean  arc  thought  to  be  in  equilibrium  wiUi  the  "environmental"  energy 
sources  such  as  mean  velocity  shear  (Dillon  1982;  Caldwell  1983;  Crawford  1986;  Dillon  et  al. 
1989)  or  the  near-inertial  wave  shear  (Gregg  1984, 1987),  thus  maintaining  active  turbulence;  for 
example,  an  isolated  patch  that  is  in  an  active  state  has  been  recently  detected  by  Hebert  et  al. 
(1992)  during  measurements  in  the  Pacific  Equatorial  Undercurrent.  Dillon  (1982)  reported  that 
oceanic  patches  obey  the  empirical  relationship  L^  =  0.8Lr,  except  when  they  arc  in  the  surface 
mixed  layer  (according  to  Taylor  (1992),  this  corresponds  to  Frt  =  0.86).  Gibson  (1991) 
interpreted  these  patches  as  fossils,  although  others  have  argued  to  the  contrary.  Crawford 
(1986)  and  Imberger  &  Ivey  (1991)  have  also  reported  cases  for  which  the  above  correlation  was 
satisfied.  According  to  DeSilva  &  Fernando  (1992),  such  a  correlation  is  valid  only  when  the 
patches  are  well  mixed  due  to  sustained  agitation. 
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Figure  2:  The  evolution  of  Ozmidov  (Lr),  Kolmogorov  (Lk)  and  Thorpe  (Lt)  scales  in  a 

stratified  cylinder  wake.  Tte  measiuements  were  made  at  different  downstream 
distances,  which  could  be  converted  to  non'dimensional  evolution  times  Nt  (Xu, 
1994).  The  Reynolds  and  Froude  numbers  based  on  cylinder  diameter  are  46{X) 
and  4.6,  tespecavely. 
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1  Figure  3:  The  evolution  of  the  overturning  lengthscale  (normalized  by  the  mesh  size  M) 

with  the  non-dimensional  time  in  the  wake  behind  a  towed  grid  in  a  stratified 

fluid.  The  Reynolds  number  is  defined  as  Re  =  UM/v,  where  U  is  the  tow 
velocity. 


Vertical  diffusion  of  fluid  particles  that  are  released  from  a  steady  source  in  a  stably 
stratified  fluid  is  also  of  interest  (Canady  1964).  If  the  stratification  is  absent  and  the  turbulence 
is  homogeneous,  then  the  particles  will  disperse  according  to  the  theory  of  Taylor  (1921);  i.e.,  the 

mean  square  displacement  after  a  time  t  from  the  release  is  given  by  (Pearson  et  al.  1983) 


(1) 


where 


R,(T)dt 


is  the  Lagrangian  integral  timescale,  W*=w*  is  the  mean  square 


velocity  and  RwC”!)  =  W(t)W(t  +  t)  is  the  Lagrangian  autocorrelation  function.  As  t  and 
3'l  *  0,  (1)  becomes  as  if  it  is  governed  by  the  diffusion  equation  with  diffusivity 


w^T^;  for  short  time  intervals,  jt^,  and  the  r.m.s.  displacement  is  expected  to  grow 

linearly  with  dme.  For  stratified  turbulence,  (1)  is  valid  only  for  short  time  periods,  before  the 
stable  stratificadon  comes  into  play.  Figure  5  shows  the  r.m.s.  pardcle  displacement  behind  a 
towed  grid,  measured  by  tracking  the  displacement  of  neuartlly  buoyant  panicles.  The  r.m.s. 

displacement  appears  to  follow  (^^)^^  -  t,  undl  Nt  ~  0(1),  and  then  levels  off  because  of  the 
suppression  of  turbulence  by  the  stradficadon. 


Not  many  studies  have  been  devoted  to  invesUgate  the  role  of  molecular-diffusive  effects 
in  stratified  turbulent  mixing.  Previous  wind  and  water  tunnel  cxjicrimcnts  as  well  as  direct 
numerical  simuladons  show  that  such  effects,  signified  by  the  Prandll  number  Pr  (or,  more 
generally,  Schmidt  number  Sc),  play  a  role  in  the  evolution  of  stratified  turbulent  flows  because 
of  their  dominant  role  in  small-scale  mixing  and  homogenizadon  (Lienhardt  &  Van  Alta  1990; 
Holt  et  al.  1992).  Consider  a  turbulent  flow  with  r,m.s.  velocity  u  and  integral  Icngthscale  L.  A 
scalar  inhoniogeneity  generated  at  the  scale  L  will  be  broken  down  along  the  hierarchy  of  scales 
via  non-linear  processes,  while  uldmatcly  reaching  the  molecular  mixing  stage.  If  So  1.  then 
the  non-linear  processes  are  terminated  at  the  Kolmogorov  scale  Lk  =  (v3/e)i/4,  and  thereafter 
the  inhomogencitics  are  disintegrated  by  the  sttaining  modons  of  Kolmogorov  eddies.  The  urne 
scale  tk  for  the  scalar  to  bicakdown  to  Lk  can  be  evaluated  by  noting  that  die  dansfer  rate  of 
scalar  fluctuations  at  any  wave  number  k  in  the  inertial  sub-range  is  given  by  (Broadwell  & 
Brcidenthal  1982) 


^=f(e,k)~(£k*f  (2) 

or 

2r.lL,  ,, 

Jdk/k’'’'-e‘'’jdt.  (3) 

2</L  0 

where  f  is  a  function.  Thus  i|c  -  L/u,  indicating  that  the  scalar  flux  reaches  Lk  in  a  time  scale  of 
the  order  of  the  eddy  lum-over  scale.  Thereafter,  the  breakdown  of  inhomogeneities  is 
performed  by  the  straining  motions  of  the  Kolmogorov  eddies,  and  the  final  homogenizadon 

takes  place  at  the  Batchelor  scale  L8=(D^v/e)'^^.  The  change  of  scales  (wave  numbers)  by 
such  straining  motions  can  be  written  as  (Townsend  1976) 
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The  r.m.s  vertical  particle  displaceraeat  in  the  turbulent  wake  of  a  towed  grid  in  a 
stratified  fluid. 


(4) 


dk,  ^  9U, 
dt  dx, 

where  dU^/dx,  is  the  velocity  gradient;  for  the  case  of  wave-number  distortions  by  simple 
elongational/compressional  motions  due  to  Kolmogorov  eddies,  (4)  can  be  written  as 


Ihus,  the  scalar  should  bieak  down  form  Lk  to  Lb  during  the  time  period 

ta  £a{S^'^)~^^Y  to(Sc).  (6) 

or  |i-Re-*'*/n(Sc).  (7) 

where  Re=uL/v.  The  total  time  required  to  complete  molecular-scale  mixing  can  be  written  as 

^=ai+ajRe"‘'’Ai(Sc),  (8) 

where  ai  and  a2  are  constants.  From  (8),  it  is  clear  that  the  molecular-diffusive  effects  should 
play  only  a  secondary  role  at  high  Re,  In  the  case  of  low-Reynolds  number  flows,  the  Sc  effects 
should  come  into  play  especially  when  Re  drop  to  values  of  the  order  of  [a]/a2^n(Sc)]*^;  such 
low  Reynolds  numbers  are  not  uncommon  in  laboratory  situations. 

Because  of  the  low  mixing  rates  of  large  Sc  flows  at  low  Re,  decaying  turbulence  in  salt 
stratified  fluids  (Pr  -  1000)  may  produce  positive  buoyancy  fluxes.  If  turbulence  is  introduced  to 
a  stratified  fluid,  initially  the  flow  behaves  as  if  there  is  no  stratification;  the  fossilization  starts  at 
the  scale  Lr,  whence  the  turbulence  begins  to  decay  rapidly.  If  most  of  the  molecular  mixing  has 
not  taken  place  during  the  initial  growth  phase,  the  ensuing  fossilized  flow  will  contain  unmixed 
fluid  parcels,  which  may  migrate  to  their  equilibrium  positions  while  producing  "zombie 
turbulence"  at  times.  It  is  interesting  to  note  that  laboratory  wind  tunnel  experiments  with  heat 
stratification  does  not  produce  restratification,  which  can  be  altiibuted  to  the  low  Sc  or  Pr  of  air 
(-1). 


3,  Turbulent  Mixing  Across  Shear  Free  Density  Interfaces* 

A  large  number  of  studies,  both  experimental  and  phenomenological  modeling,  have  been 
carried  out  to  investigate  turbulent  mixing  across  shear-free  density  interfaces,  and  a  review  of 
pertinent  work  is  given  in  Fernando  (1991).  These  studies  have  been  motivated  by  geophysical 
applications  such  as  the  growth  of  atmospheric  day-time  convective  boundary  layer  as  well  as 
oceanic  nocturnal  boundary  layer  in  which  turbulent  modons  are  driven  by  buoyancy  forcing.  A 
typical  configuration  of  interest  is  shown  in  Figure  6;  here  a  thick  three-layer  fluid  system  with 
an  inversion  layer  of  thickness  h  is  depicted,  across  which  the  density  jump  is  Ap  (equivalent  to  a 


*  This  work  was  perfoimed  in  coUaboraiion  with  Professor  J.C.R.  Hunt  of  the  U.K.  Meteorological  Office. 
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buoyancy  jump  of  Ab).  The  turbulence  away  from  the  interface  has  integral  length  and  velocity 
scales  of  Lf^  and  respectively.  The  configuration  shown  here  is  common  in  the  atmosphere 
(when  the  Vagram  is  read  upside  down!),  where  during  the  day-time  evolution  of  the  convective 
boundary  layer  a  three  layer  system,  with  a  bottom  conveedve  turbulent  layer  that  is  topped  by  a 
wave-bearing  inversion  layer  in  which  the  buoyancy  frequency  is  N2  is  present;  above  that  is  a 
deep  layer  with  a  weaker  stratification,  for  which  the  buoyancy  frequency  is  IV3 
Sometimes  the  stratification  in  the  outer  layer  is  absent  and  region  (3)  is  either  turbulent  (double¬ 
sided  stirring  of  the  interface)  or  consists  of  irrotational  motions  (single-sided  stirring).  If  h  is 
considered  as  an  independent  variable,  then  the  problem  can  be  described  by  the  following  three 
parameters. 

Ri  -  (Richardson  number) 

Ri(i)  =  =  N^h  (Internal  Richardson  number]  (9) 

UR 

e=  N-i  I N2  (frequency  ratio)  or  RIq)  = 


region  2 


waves 


region  3 


internal  waves  or  turbulence 


Figure  6.  A  schematic  diagram  of  a  density  interface  that  coexists  with  an  adjacent  turbulent 
region  (1)  and  a  weekly  stratified  layer  (region  3). 


This  flow  configuration  has  been  investigated  by  Camithers  &  Hunt  (1994)  using  a 
formal  theoretical  analysis.  Accordingly,  the  nature  of  the  interfacial  motions  are  governed  by 
the  internal  Richardson  number  Ri^y  If  Ri^j)  <  jt2,  then  the  intcrfacial  motions  consist  of  the  first 
mode  of  internal  waves  (called  the  flapping  mode);  this  is  typical  of  laboratory  situations  that 
have  thin  interfaces.  For  the  case  of  Ri^^  >  7t2,  many  wave  modes  are  possible  and  when  N^Nuyj 
<  nK,  where  n  is  an  integer,  there  exist,  at  most  n  solutions,  the  number  decreasing  with 
increasing  N2i<  Since  the  interfacial  structure  changes  with  the  number  of  available  internal 
wave  modes,  transitions  between  different  entrainment  regimes  can  be  expected  with  the  change 
of  Ri(i) . 
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A  theoretical  analysis  can  be  performed  to  investigate  the  nature  of  the  internal  wave  field 
of  an  interface,  that  is  forced  by  a  contiguous  turbulent  layer;  this  enables  one  to  calculate  the 
energy  absorption  into  the  interface  from  the  turbulent  layer.  Such  calculations  arc  important, 
because  the  absorbed  energy  is  key  to  the  estimation  of  mixing  rates.  The  technique  devised  by 
Hunt  (1984)  has  been  used  by  Camithers  &  Hunt  (1986, 1994)  and  Fernando  &  Hunt  (1994)  for 
the  analysis  of  a  wave  field  coexisung  with  a  turbulent  layer.  In  this  approach,  it  is  assumed  that 
turbulence  near  an  interface  can  be  described  by  the  superposition  of  a  homogeneous  turbulence 
field  and  a  distoned  field  The  homogeneous  field  is  represented  by  four-dimensional 
Fourier  uansforms. 


=  III)  , 


(10) 


where  k  =  (.ki,k2,  kj)  is  the  wave  number,  co  is  the  frequency,  the  Fourier  coefficients  satisfy  the 
relation 


Sf^*(kuk2,k3,0}  ]S!\kuk2,k3  co)  =  3  M  S{k3  -  ^3), 

and  xH  is  the  four-dimensional  wave-number-frequency  spectrum,  i.c., 

+W _ _ 


(11) 


(12) 


The  distorted  field  can  be  shown  to  be  iirotational,  and  hence  can  be  represented  as 
=  -  V  <j>,  where  is  the  velocity  potential  which  is  governed  by  V  <])  =  0;  see  Hunt  (1984) 
for  a  justification  of  this  assumption.  The  intcrfacial  wave  motions  are  assumed  to  be  governed 
by  the  internal  wave  equations, 

-~(W)-t-iV'(V»  =  0  (13) 

and 


dt^ 


+  N^w  =  - 


1  ay 

p,  dzdt  ' 


(14) 


where  (V  =  IV2  0  <  z  <  h,  /V  =  A'3  for  h  >  z,  w  and  p  are  vertical  velocity  and  pressure 

perturbation,  respectively,  and  -d^  !  dx^  +  f  dy^.  Assuming  that  the  turbulence  and 
wave  motions  are  statistically  stationary  and  w  and  the  other  components  of  velocity  (u;)  can  be 
expressed  as  a  Fourier  uansform  in  horizontal  wave  numbers  and  frequency  as 


w(x,y,z,r)  =  JIJ  _Jv{k^,kJ,z,wy''‘^^*^"'“'‘dk^^ik2dco,  (15) 
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it  is  possible  to  write  (13),  for  t!ie  region  (2),  as 


d^w 

dz^ 


+ 


a 


^  =  0 , 


(16) 


where  Ic^2  =  k^  +  lc^  . 

The  turbulent  and  wave  fields  are  matched  at  the  interfacial  boundaries  by  using  the 
kinematic  condition  and  the  continuity  of  pressure,  'nic:  solutions  of  the  resulting  equations  can 
be  obtained  in  the  form  of 


=  [([«<•  (kiM,2,co  )  “  )dkidk2da>,  (17a) 

=  III  ^ {ki,k:2,z,ct)  )  '>dkidk^Ci),  (17b) 


if  the  interfacial  motions  are  stationary.  If  the  flow  is  considered  to  be  unsteady  (e.g.,  in  the 
presence  of  growing  waves),  (16)  needs  to  be  modified  and  soludons  of  the  form 


H(  fet )  =  |j  }  e‘ (*i* + )  dk\dk2,  (1 8a) 

M  =  )1  )dkidk2,  (18b) 


should  be  sought.  Note  that  the  steady  solutions  cannot  extract  energy,  and  hence  unsteady 
solutions  have  to  be  used  for  energy  calculations.  To  close  the  equations,  an  expression  is 
required  for  the  four-dimensional  spectra,  and  it  is  usually  modeled  in  the  form  (Carruthers  & 
Hunt  1986) 


:dj  (fetw)  =  Oj (4) 5(|a)| - U 1  uw).  (19) 

where  ({y  is  the  three-dimensional  spectral  tensor,  and  it  is  assunied  iltat  tlte  main  cause  of 
time  variation  of  velocity  at  a  given  point  in  a  frame  of  reference  moving  with  the  mean  flow  is 
the  random  advection  of  fluid  elements  by  the  energy  containuig  eddies  with  velocity  and  length 
scales  Uf-j  and  L//,  respectively.  Thus  this  spectral  form  is  valid  only  for  frequencies  to  > 

A  more  exact  model  of  the  random  advection  changes  this  equation,  but  not  significantly  the 
results  for  waves  at  the  interface. 
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The  r.m.s.  velocities  and  wave  amplitude  can  be  calculated  using  steady  solutions  and  the 
unsteady  solutions  can  be  used  to  calculate  the  energy  flux  into  the  interface.  Of  course,  certain 
problems  arise  in  such  calculations  because  of  the  presence  of  growing  resonant  wave  modes 
within  the  interface.  These  waves  grow,  break,  and  dissipate  energy  -  an  aspect  not  readily 
amenable  to  theoretical  treatment  or  direct  numerical  simulation.  Some  modeling  ought  to  be 
invoked  to  circumvent  this  difficulty.  For  example,  Carmthers  &  Hunt  (1994)  considered  the 
case  where  the  density  interface  is  duck  (h  -  Ljj),  and  introduced  Rayleigh  friction  to  artificially 
remove  energy  from  growing  resonant  modes;  they  adjusted  the  Rayleigh  damping  coefficient  so 
that  the  r.m.s.  wave  slope  is  maintained  at  a  threshold  just  enough  to  initiate  breaking. 
Alternatively,  Fernando  &  Hunt  (1994)  employed  a  simpler  closure  hypothesis,  in  which  they 
assumed  that  breal^g  waves  produce  discontinuities  in  isopycnal  contours;  the  mathematic^ 
requirement  that  contours  with  discontinuities  should  lead  to  k-2  spectrum  in  tlie  wave  number 
space  and  oi-^  in  the  frequency  space  renders  the  velocity  spectrum  flat  in  the  wave-breaking 
regime.  The  vertical  velocity  spectrum  of  Fernando  &  Hunt  (1994)  consisted  of  a  linear  part,  for 
which  the  solution  is  known,  and  a  non-linear  part,  for  which  the  spectrum  is  flat  based  on  the 
above  argument  The  energy  was  assumed  to  be  equi-partitioned  among  linear  and  non-linear 
regimes  because  an  imbalance  would  cause  the  energy  to  redistribute  either  by  growing  waves  or 
by  non-linear  transfer  processes.  A  model  based  on  above  concepts  was  developed  for  the  case 
^  <  ic2.  and  satisfactory  predictions  for  the  r.m.s.  wave  amplitude  and  velocity  were  obtained 
(Figure  7). 

The  unsteady  calculations  for  the  case  where  Ri(j^  <  ifl,  Ri(3)  s  0  and  the  bottom  layer 
consists  of  irrotational  motions,  show  that  the  flux  of  energy  absorted  into  the  interface  (2*)  is 
given  by 


SP=g7?r',  where  (20) 

\|Lh  2 

If  it  is  assumed  that  the  breaking  of  waves  acts  as  a  sink  to  this  energy,  so  that  a  part  of 
the  energy  is  dissipated  (with  the  rate  of  dissipation  e)  and  the  rest  is  used  to  sustain  the 
buoyancy  flux  (q),  with  a  mixing  efficiency  of  q/(q+e)  =  0.25  (McEwan  1983),  then  it  is  possible 
to  estimate  the  entrainment  rate  for  the  single-sided  stirring  case  as 

Eb=^  =  0.l9Rr^-^\  (21) 

Ufi 


where  Ei,  is  the  entrainment  coefficient.  This  prediction  is  in  good  agreement  with  the 
measurements  of  Nokes  (19oo),  who  found  tliai  Ei,  =  0.15  Ri  -1-21.  it  should  be  noted  that  the 


above  entrainment  law  may  not  be  valid  for  thick  interfaces  with  Ri(j)  >  7c2.  In  such  cases  the 
amount  of  energy  absorbed  into  the  interface  as  well  as  interfacid  energetics  are  different; 
further,  the  resonant  modes  grow  faster,  thus  allowing  less  time  for  mixing  (Carruthers  &  Hunt 
1994).  Laboratory  experiments  performed  with  thick  interfaces  indeed  show  signiflcantly  lower 
entrainment  rates  than  that  of  thin  interfaces  with  same  Ri  (Figure  8);  and  a  comprehensive 
theoretical  treatment  on  this  discrepancy  is  yet  to  be  reported. 
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Figure  7:  A  comparison  of  the  predicted  (solid  line)  normalized  r.m.s.  venical  velocity 

w/UH  variation  with  Ri  with  the  experimental  results  (solid  symbols)  of  Hannoun 
&  List  (1988). 


Figure  8: 


A  comparison  between  the  entrainment  coefficient  versus  Ri  data  for  the  thin- 
interface  case  (solid  line)  with  a  thick-interface  case  (symbols);  the  results  are 
from  E  &  Hopfingcr  (1986)  and  Pcrera  ct  al.  (1994),  respectively. 


4.  Mudns  in  Stratified  Shear  flows 

The  flow  configuration  shown  in  Figure  6  does  not  incorporate  velocity  shear  that  may 
present  across  the  interface,  and  hence  it  represents  a  simple  flow  configuration  with  somewhat 
limited  applications.  However,  most  of  the  ruturai  density  interfaces  are  subjected  to  velocity 
shear,  and  hence  the  class  of  problems  that  deal  with  shea^  interfaces  is  of  prime  interest  A 
typical  example  is  the  upper  ocean  mixed  layer,  which  is  driven  by  wind  forcing  and  generates 
strong  velocity  shear  at  the  base  of  the  mixed  layer.  The  interface  is  now  subjected  to  the 
turbulence  of  the  mixed  layer  as  well  as  to  the  turbulence  that  is  generated  locally  by  the  shear 
instabilities  of  the  stratified  layer.  Theory  (e.g.v  Miles  1984),  lalwratory  experiments  (Rohr  & 
Van  Atta  1987)  and  field  observations  (Nieuwstadt  1984)  show  that  the  turbulence  in  the 

stratified  layer  is  generated  when  the  local  gradient  Richardson  number  N^/(dU/dz)^  where 
(dU/dz)  is  the  local  mean  velocity  gradient,  drops  below  a  critical  value  of  the  order  of  0.2  -  0.3. 
llius  the  entraiiunent  of  non-turbulent  fluid  from  the  interface  into  the  turbulent  layer  is  expected 
to  occur  either  by  the  engulfinent  of  fluid  by  the  mixed-layer  eddies  (this  mechanism  can  also  be 
present  for  the  shear-free  case)  and  by  the  shear  instabilities  of  the  interface.  These  two 
mechanisms  ate  H;cringc<»/t  below  in  detail. 

(a)  Eddy  enguffituat  nuchaaism 

Consider  the  flow  configuration  shown  in  Figure  9,  where  a  turbulent  mixed  layer  is 
driven  over  a  stratified  interface.  Eddies  of  various  space  time  scales  slosh  over  the  interface  and 
may  penetrate  and  scour  non-turbulent  dense  fluid  from  it.  If  these  eddies  penetrate  a  distance  5 
and  scour  fluid  particles  of  the  same  size,  then  the  buoyancy  associated  with  a  lifted  particle  is 

Ab,-^6.  (22) 

n 


If  the  size  of  an  inertial-subrange  eddy  involved  in  this  process  is  £,  then  its  vertical  velocity  can 
be  wiitten  in  terms  of  the  r.m.s.  velocity  and  the  integral  lengthscale  Lh  as 


(23) 


If  these  eddies  are  capable  of  carrying  scoured  fluid  particles  into  the  mixed  layer,  then  the 
resident  time  tR  of  the  fluid  particles  before  they  fall  back  on  the  interface  can  be  evaluated  as 


(24) 


Further,  it  is  possible  to  write 


(25) 


Note  that  the  maximum  penetration  and  hence  the  entrainment,  occurs  due  to  the  energy 
containing  (integral-scale)  eddies.  Combining  (23),  (24)  and  (2S),  the  resident  time  of  scout^ 
particles  can  be  written  as 


15 


r’ 

z 


Figure  9:  A  simplified  diagram  of  an  entraining  stratified  fluid  with  iuteifacial  shear,  drawn 

on  the  basis  of  the  experimental  observations  (Nahmousa  &  Fernando  1987).  The 
mixed  layer  is  fully  turbulent  and  the  shear  layer  (thickness  S,)  extends  above  the 
entrainment  interface.  Beneath  it  is  the  viscous  momentum  diffusive  layer 
(thickness  5„)  that  usually  extends  below  the  density  interfacial  layer. 
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Figure  10:  The  dependence  of  the  amount  of  molecular  mixing  in  a  shear  layer  on  the 
Reynolds  numbers  based  on  the  visual  shear  layer  thickness  ( 5,)  and  the  vorticity 
thickness  ( Sy)*  ^  velocity  jump  across  the  layer,  and  5^  is  the  product 
thickne.ss  defined  in  Koochesfahani  &  Dimotakis  (1986)  from  which  this  figure  is 
adopted.  The  solid  line  represents  the  gaseous  mixing  layer  results  of  Konrad 
(1976).  The  measurements  of  Brcidenthal  (1981)  are  also  shown  by  solid 
symbols. 
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(26) 


which  is  the  buoyancy  time  scale  of  the  interface.  While  heavy  fluid  particles  are  in  the  mixed 
layer,  they  are  broken  down  by  eddies  of  different  sizes  and  may  ultimately  homogenize  (or 
mixed)  with  the  turbulent  layer  thus  completing  the  entrainment  process.  Based  on  the 
arguments  presented  in  Section  2,  it  is  clear  diat  this  mixing  is  completed  within  a  time  scale  of 
the  order  ehi£,  hence  for  the  entrained  fluid  to  mix  moleculafly  before  falling  back  on  the 
interface,  the  following  condition  should  be  satisfied; 


Since  Ii/Lh  is  generally  small  (Stephenson  &  Fernando,  1991),  it  is  clear  that  only  small  eddies 
can  contribute  to  the  scouring  process  (derrse  fluid  particles  associated  with  larger  eddies  simply 
fall  back  on  the  interface).  However,  the  depths  of  fluid  5  entrained  by  such  eddies  are 
negligible  so  as  their  entrainment  abilities,  llius,  much  faster  mechanisms  such  as  resonant 
growth  of  waves  and  shear  instabilities  are  expected  to  play  the  dominant  role  in  mixing  across 
interfaces,  especially  at  high  Richardson  numbers. 

(b)  Shear  Instabilities 

It  appears  that  at  moderate  and  high  Richardson  numbers  inteifacial  mixing  is  caused  by 
local  shear  instabilities.  Depending  on  interfacial  conditions,  these  instabilities  may  appear  in 
different  forms,  for  example,  Kelvin-Helmholtz  (K-H)  billows,  Holmboe  instabilities  and 
growing  interfacial  waves;  see  Fernando  (1991).  Shear-layer  instabilities  without  stratification 
have  bron  studied  extensively,  particularly  by  the  Caltech  Aeronautics  group  (e.g.,  Konrad  1976; 
Breidenthal  1981;  Mungel  Sc  Dimotakis  1984;  Koochesfahani  Sc  Dimotakis  1986).  Their  results 
have  delineated  very  useful  information  on  entrainment  and  molecular  mixing  that  occur  during 
the  roll  up  of  the  shear  layer. 

Experiments  on  large  Reynolds-numbeJ*  shear  layers  show  that  the  mixing  processes  are 
dominated  by  the  dynamics  of  l^ge-scale  vortical  structures.  Initial  entrainment  of  one  fluid  to 
aiiotiier  leads  to  the  appearwee  of  markedly  different  concentrations  in  the  center  of  the  ^ear 
layer.  Of  course,  such  inhomogeneities  should  disappear  as  mixing  proceeds,  but  the 
obse^ations  indicate  that  molecular-mixing  time  scales  should  be  given  due  regard  in 
entrainment  studies.  Another  noteworthy  observation  is  the  existence  of  a  mixing  transition;  i.e., 
the  increase  of  molecularly-mixed  products  by  a  significant  factor  beyond  a  certain  Reynolds 
number  (Figure  10).  The  mixing  rates  tliereafter  do  not  seem  to  depend  on  the  Re^poids  number, 
and  the  tendency  for  molecular  mixing  in  gases  is  clearly  higher  than  that  in  liquids;  the 
differences  of  Setunidt  number  have  bran  attributed  to  this  disparity.  Does  this  mean,  for 
example,  that  mixing  characteristics  in  oceans  differ  from  that  of  the  atmosphere?  Data  from 
very  high  Reynolds  number  cases  are  required  to  addiess  such  questions.  Preliminary  studies 
indicate  that  gaseous  and  liquid  mixing  curves  merge  witli  each  o^er  at  large  Reynolds  numbers 
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Tlie  nature  of  instabilities  in  stably  stratified  shear  layers  is  different  from  nonstratified 
cases.  In  the  former,  the  instabilities  (usually  the  K-H  type)  are  possible  only  when  the  local 
gradient  Richardson  number  Rig  drops  below  a  critical  value,  and  this  local  vdue  can  be  much 
smaller  than  that  is  based  on  buUt  parameters.  For  example,  if  the  shear-layer  thickness  is  6,  and 

the  interfacial-layer  thickness  is  h.  then,  based  on  bulk  parameters.  Rig  w^AbS,/AU^j(5,/h), 

where  AU  is  the  velocity  jump  across  the  shear  layer;  if  5,  >  h.  Rig  Ab5,/AU^.  Although  the 
bulk  Rig  is  large  in  most  practical  situations,  its  local  value  often  falls  below  the  critical  value  of 
Rigc  necessary  for  instabilities  because  of  the  straining  of  the  interface  by  the  internal  wave  tield. 
The  experimental  results  of  DeSilva  et  al.  (1994)  clearly  show  the  possibili^  of  small  local  Rig 
values  for  high  overall  gradient  Richardson  number  situations.  Observations  that  have  been 
made  in  lakes  (Spigel  et  al.  1986),  oceans  (Hebert  ct  al.  1992)  and  in  the  atmosphere  (Nappo 
1991)  indicate  that  the  appearances  of  K-H  instabilities  are  rather  sporadic  and  are  possibly 
controlled  by  a  critical  Rig  criterion.  When  5,  is  small.  Rig  tends  to  be  small  and  K-H  billows 
may  appear;  consequent  mixing  causes  5,  to  increase  while  increasing  Rig;  mixing  is  ceased 
when  Rig  increases  beyond  a  critical  value  (which  is  of  the  order  of  0.3;  see  Thoipe  (1987)  for  a 
review).  If  background  tuibulence  is  present,  this  thickened  interface  can  eroded  thus 
decreasing  S,  again.  By  this  way,  recurrence  of  K-H  instabilities  is  possible  in  natural  shear 
layers. 


By  estimating  the  largest  possible  local  velocity  gradient  in  the  base  of  a  mixed  layer. 
Fernando  &,  Stephenson  (1991)  e.stimated  the  local  Rig  as 

(29) 

This  expression  can  be  employed  to  calculate  the  Ri  range  required  for  the  appearance  of  K-H 
instabilities  by  using  the  criterion  Rig  <  Rigc,  where  l^c  “  0.25.  Below  a  critical  Rl,  K-H 
instabilities  are  possible.  Above  this  value,  the  flow  is  dominated  by  wavc-like  instabilities 
which  grow  and  break  sporadically  (Narimousa  &  Fernando  1987).  At  very  large  Ri,  tire 
interface  tends  to  be  flat,  non-eniraining  and  dominated  by  molecular-diffusive  effects. 
Estimates  based  on  (29)  were  found  to  pi^ict  the  transitions  between  different  entrainment 
regimes  of  the  laboratory  experiments  of  Stephenson  &  Fernando  (1991)  satisfactorily. 

Entrainment  characteristics  of  sheared  interfaces  have  been  well  studied,  but 
unfortunately  no  unified  consensus  exists  on  the  entrainment  law;  see  Fernando  (1991)  for  a 
review.  In  addition,  there  are  some  outstanding  questions  concerning  the  energy  relation  past 
the  interface  into  the  stratified  te^on,  transitions  between  various  entrainment  regimes  and 
wave-turbulence  interactions  at  the  interface.  A  rigorous  theoretical  analysis  encompassing  these 
issues  is  yet  to  be  developed. 
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Gravity  currents  occur  whenever  fluid  of  one  density  flows  primarily  horizontally  into 
fluid  of  a  different  density.  Inviscid  currents  in  which  the  driving  buoyancy  is  due  to  com¬ 
positional  differences  were  first  considered  quantitatively  by  von  Karman  (1940)  and  later 
by  Benjamin  (1968).  This  presentation  will  concentrate  on  currents  which  are  driven  by 
particles  which  gradually  fall  out  as  the  current  propagates.  Examples  of  such  flows  include 
sediment-laden  currents  which  flow  over  the  sea  floor  (known  as  turbldites),  avalanches, 
and  ash-laden  pyroclastic  flows  ffom  volcanic  eruptions. 

After  a  few  introductory  remarks  about  gravity  currents,  a  shallow-water  model  of  a 
particle-  laden  current  will  be  described  for  which  the  dynamics  of  the  current  ar  e  assumed 
to  be  dominated  by  a  balance  between  the  inertial  and  buoyancy  forces.  The  bcal  density 
of  the  gravity  cunent,  and  the  contribution  this  makes  to  the  buoyancy,  depends  on  the 
local  concentration  of  particles.  The  transport  equation  for  this  particle  concentration  is 
based  on  the  assumption  that  the  particles  are  vertically  well-mixed  by  the  turbulence  in 
the  current,  are  advected  by  the  mean  flow  and  settle  through  a  viscous  sublayer  at  the 
bottom  of  the  current.  In  addition,  it  is  assumed  that  no  entrainment  of  ambient  fluid 
into  tire  current  takes  place.  The  resulting  equations  describing  the  instantaneous  release 
of  a  fixed  volume  of  a  suspension  onto  a  horizontal  floor  have  been  solved  numeric.'.Ily  for 
various  geometries  (Bonnecaze,  Huppert  Sc  Lister,  1993;  Bonnecaze,  Hallworth,  Huppert 
Sc  Lister,  1994).  To  test  the  validity  of  the  theoretical  model  we  have  carried  out  a  series 
of  experiments  using  non-cohesive  silicon  carbide  particles  in  water.  In  each  experiment 
the  length  (or  radius)  of  the  current  as  a  function  of  time  and  the  resulting  deposition 
pattern  were  measured.  This  data  compared  very  well  with  the  theoretical  predictions, 
which  involve  no  adjustable  parameters.  Guided  by  the  theoretical  results,  we  will  then 
describe  the  interpretation  of  data  obtained  from  naturally  occurring  deposits  from  the 
deep  sea  (Dade  Sc  Huppert,  1994). 

We  (Dade,  Lister  Sc  Huppert,  1994)  have  also  investigated  the  propagation  of  and 
deposition  from  a  non-erading  gravity  surge  by  a  simple  model  for  a  two-dimensional,  well- 
mixed  buoyant  cloud  of  suspended  particles  moving  down  an  inclined  sinface.  The  model 
includes  the  effects  of  entrainment  of  ambient  sea  water,  deposition  of  suspended  sediment, 
sea  floor  friction  and  slope.  Solutions  have  been  obtained  to  the  coupled  equations  that 
describe  the  conseiv^ation  of  momentum,  total  mass  and  particulate  mass  of  the  surge.  The 
solutions  are  found  to  vary  on  two  length  scales:  Xt,,  beyond  which  the  behaviour  of  the 
surge  is  independent  of  the  inertial  momentum  and  shape;  and  Xr,  over  which  the  driving 
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buoyancy  of  the  surge  is  lost  due  to  particle  settling. 

The  amount  of  entrainment  of  ambient  fluid  into  the  head  of  a  gravity  current  prop¬ 
agating  along  a  horizontal  surface  will  be  discussed,  and  illustrated  using  a  novel  exper¬ 
imental  procedure.  The  technique  relies  on  the  neutralization  of  an  alkaline,  current  by 
entrainment  of  acidic  ambient  fluid,  which  is  visualized  by  using  a  pH  indicator.  Dimen¬ 
sional  analysis  indicates  that  the  proportion  of  ambient  fluid  entrained  into  the  head  of  a 
gravity  current  depends  only  on  the  initial  geometry  of  the  current  and  distance  from  the 
release  point,  and  is  independent  of  the  initial  value  of  the  density  difference,  a  result  which 
is  confirmed  by  the  experimental  data.  It  will  be  shown  that  measured  downstream  dilu¬ 
tion  is  in  quantitative  agreement  with  the  prediction  of  the  theoretical  model  (Hallworth 
et  al,  1993). 
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ABSTRACT 

Experimutal  zenlts  on  ihip  interul  mves  ptopagaiion  !ii  a  finid  witli  tlie  tlienaodisie  - 
type  stratificaiioa  in  preaence  of  favorable  legnlar  plane  internal  naves  of  vaiiou  freqaen- 
des  are  presented 

Tne  spectram  analyaia  tboiied  that  in  the  case  of  low  background  wave  frequency  the  iate^ 
action  between  two  internal  waves  systems  is  absent,  i.e.  resulting  internal  wave  spectrum 
is  a  superposiiion  of  the  background  and  ship  waves  spectra.  Fbr  higher  background  wave 
frequendes  the  initial  spectrum  transformed. 

1.  Introductioa 

Tlie  problem  of  internal  waves  interaction  with  submerged  obstacles  -  hydrodynamics 
of  submerged  bodies  as  well  as  waves  scattering  at  the  obstacle  -  is  one  of  important 
problems  of  the  stratified  fluid  theory. 

At  the  present  time  this  question  is  widely  examined  for  the  homogeneous  liquid  and 
surfase  waves  presence.  In  the  stratified  fluid  even  for  the  finear  assumption  and  r^ular 
internal  waves  in  the  ideal  incompressible  fluid  the  pointed  problem’s  solution  causes  a 
lot  of  difficulties. 

Theoretical  investigations  in  the  field  of  background  waves  influence  on  hydrodynamic 
characteristics  of  submerged  bodies  have  been  fufiUed  by  Wu  &  Eatock  Ihybr  (1987),  Wu 
(1991)  -  for  a  submeigrd  body  of  the  arbitrary  form  in  a  homogeneous  liquid  and  by 
Sturova  (1992,  1993)  -  the  {Jane  problem  on  the  surface  and  internal  waves  generation 
and  scattering  by  a  cyUnder  <lis{>oeed  under  the  sharp  density  jump  ( two-layered  and 
continuous)  in  the  case  of  {>otential  fluid  movement. 

The  author  is  aware  of  a  single  ex{)erimental  work  in  this  field  in  the  stratified  liquid. 
But  this  way  seems  to  be  one  of  the  pers{)ective  ways  of  hydrodynamic  investigations 
whkh  allows  to  avoid  serious  iheoieti^  problems.  In  the  work  by  Yetmanyuk  (1993) 
results  of  the  {)ower  influence  of  plane  r^ular  iniernal  waves  in  the  two-layered  liquid 
on  a  fixed  submerged  sphere  versus  amplitude  and  Irequency  of  internal  waves  and  the 
sphere’s  positioii  relatively  to  the  inner  interface  are  present^. 

The  aim  of  the  present  series  of  expeiimeuts  on  background  and  ship  internal  waves 
interaction  is  a  prehminary  study  of  a  phenomenon:  reve^  of  resonant  r^bnes  and  ship 
internal  waves  parameters  transfonnatbia.  An  another  destine  is  the  experimental  data 
use  for  the  inverse  hydrodynamics  problem:  calculation  of  the  wave  drag  on  a  submerged 
body  by  internal  waves  parameters. 

2.  Experimenal  equipment 
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Experiments  have  been  carried  out  in  the  thermostratified  tank  in  the  lAP  RAS  with 
the  horizontally  homogeneous  themocline  -  type  stratification  and  overall  dimensions 
L*B*H  rn?.  The  theimocline  ttfickness  was  d  =: 0.20 m  with  its  center’s 

depth  k  s  0.30  m.  The  upper  and  the  lower  layers  densities  were  equal  to  the  firesh  water 
density  for  the  temperature  t  =  20*^0  and  t  =  4**C  respectively.  Profiles  of  the  temperature 
i  =  f{z)^  the  Erunt-Vaisala  frequency  JV  =  f{z)  and  the  conventional  density  cr  =  f{z) 
are  ^own  in  Fig.  1. 

As  the  ship  internal  waves  source  a  sphm  of  diameter  0.15  m  with  its  center  position 
of  0.30  m  and  0.26  m  was  used.  lu  the  &st  case  sevei'al  lower  modes  were  exdted,  in  the 
latter  case  the  first  mode  prevailed. 

The  working  velocity  value  V  =  0.03  m/s  was  chosen  because  of  maximum  respective 
induced  internal  waves  amplitude  as  the  resonant  case  of  the  1-modc  generation  (  with 
respect  to  the  mode’s  phase  velocity  )  occurs. 

The  Reynolds  and  the  FVoude  numbers  provided  were  Re  —  3614  and  Ft  =  0.67 
respectively. 


Re  = 


V*D 

V 


(1) 


where 

V  sphere’s  velocity, 

D  diameter  of  the  sphere, 

V  the  firesh  water  kmemoUc  viscosity  coefficient  for  the  temperature  12^ 
(  water  temperature  in  the  center  of  the  thermociiue  ). 


Fi  =  v, 


V 


limax*D 


(2) 


Ntmuisi)  the  maximum  value  of  the  Brunt-Vaisala  firequency: 


where 

g  acceleration  due  to  gravity^ 

Po  water  density  at  the  cent^  of  the  ihermoclinc; 

dp/dz  density  variation  due  to  the  temperature  variation  at  the  horizon. 


The  data  recording  and  processing  system  is  completely  automated.  Internal  waves 
pattern  was  recorded  by  horizontal  chains  of  thermistors  placed  at  the  thermocline  center 
depth  and  at  a  distance  of  2D  from  the  sphere’s  trajectory.  Digitized  thermistors  signals 
were  visualized  at  the  TV  monitor. 

Plane  regular  internal  waves  generation  was  provided  by  the  horizontal  drculai  bemi- 
cylinder  of  a  diameter  0.10  m  installed  at  one  of  the  butt-^d  walls  of  the  basin  at  adcpth 
of  the  thermocline’s  center.  Wavemaker  oscillation  frequencies  were  0.11  0.18  s~^  and 

0.26  s~^  (are  shown  by  dashed  lines  in  Fig.  2)  with  the  maximum  Brunt-Vaisala  frequency 
Nmas  =  0.35  s~^.  The  amplitude  of  wavemaker  oscillations  was  equal  to  2.5  cm  with  the 
background  internal  waves  amiditude  of  about  0.5  cm  which  is  of  ^e  same  order  with  the 
ship  internal  waves  induced  by  the  sphere. 

One  of  the  serious  problems  for  experiments  on  internal  waves  generation  is  wave 
damping.  Wave’s  natural  relaxation  time  is,  as  a  rule,  lost  time.  In  the  case  of  a  iwo- 
layeied  liquid  this  problem  may  be  solved  by  means  aimiUr  to  surface  waves  damping. 


The  case  of  coatinuous  stratification  is  more  complicated.  In  this  experiment  a  rather 
simple  device,  made  of  a  great  munber  of  han^g  down  across  the  thennodme  narrow 
cellophane  ribbons,  fixed  at  a  horisontal  framework,  was  installed  in  the  far  end  of  the 
tank  and  reduced  waiting  time  twice.  The  device  consists  of  two  side  parts  (on  each  side 
wall)  with  a  centeiplane  space  for  a  towed  body  and  has  a  longitudinal  dimension  of  a  half 
of  typical  (for  this  tank)  internal  waves  length  (A  ^  1.40  m).  The  internal  waves  damping 
effects  due  to  scattering  of  the  running  wave  energy  whilst  the  wave  and  dampmg  ribbons 
interaction.  So,  the  regime  of  running  background  iniemasl  waves  was  provided. 


3.  £xpeiimeutal  results 

After  stationary  background  internal  waves  recording  the  sphere  was  towed  along  the 
tank  favourably  to  the  background  waves  propagation  and  resulting  internal  waves  profiles 
were  fixed. 

In  the  case  of  the  sphere’s  depth  h  —  0.30  ni  and  the  sphere’s  velocity  of  1/  —  0.03  m/s 
the  first  and  the  second  modes  generation  is  provided.  Q>rre8pondmg  ship  internal  waves 
frequencies  are  in  the  ’’middle”  range  -  about  half  of  the  Nr^{z)  =  0.35  s~^  (see  Figs.  2 
and  3). 

The  ship  internal  waves  transformation  has  been  examined  by  the  graphic  subtraction 
of  the  background  waves  profile  from  the  resulting  data.  The  spectrum  analysis  of  obtained 
profiles  showed  that  in  the  mentioned  case  the  background  wave  of  high  and  low  frequency 
( 0. 1 1  s~^  and  0.26  )  interacts  weakly  vrith  the  ship  internal  waves  system.  Le.  resulting 

internal  wave  spectrum  is  a  supeiposiiion  of  ship  and  background  waves  spectra.  But 
middle  frequency  (  0.11  s~^ )  seems  to  be  resonant  for  those  regimes  (see  Fig.  3). 

In  the  case  of  the  sphere’s  depth  h  =  0.26  m  the  first  mode  ptevailes  in  the  ship  waves 
system  and  ocaresponduig  higher  frequencies  close  to  Nmas{^)  ure  excited.  As  it  is  shown 
in  Fig.  4  the  bw-froquency  background  wave  didn’t  trancdorm  the  ship  internal  waves 
system  and  presented  a  sharp  line  in  the  resulting  spectrum.  For  higher  background  wave 
frequencies  the  initial  spectrum  transformed. 


Fig.  1. 

The  Brunt- Vsisala  frequency  (~~J 
the  water  temperature  and  ( *.*.i-*-*) 
the  conventional  density  ( °-?-°-5-°) 
versus  basin's  depth. 
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Fig.  3.  IW  spectra  (sphere  at  the  depth  h  s  0.3  m): 

a)  ship  waves  with  backgrotind  waves:  b)  ship  waves  only 

ship  and  background  waves, 
background  waves. 
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Fig.  4.  IW  spectra  (sphere  at  the  depth  h  =  0.26  m): 

a)  ship  waves  with  background  waves:  b)  ship  waves  only 

ship  and  background  waves, 
background  waves. 
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The  2-D  problem  on  radiation  and  scattering  of  the  small-  amplitude  surface  and 
internal  waves  by  a  horizontal  cylinder  moving  at  constant  depth  under  a  pycnocline 
is  considered.  The  fluid  is  nonviscous  and  incompressible.  The  sharp  and  smooth 
pycnoclines  axe  simulated  by  the  two-layer  fluid  and  the  three-layer  one  ,  respectively.  In 
the  two-layer  fluid,  the  upper  layer  can  be  both  iuiinite  and  bounded  by  a  rigid  lid  or  a 
free  surface.  In  the  three-layer  fluid,  tbe  upper  layer  is  bounded  by  a  rigid  lid.  In  all  the 
cases  concerned,  a  submerged  body  is  fully  located  in  the  lower  layer  of  infinite  depth. 

Previously  the  problem  of  a  submerged  body  advancing  in  regular-  water  waves  has 
been  considered  only  for  surface  waves  in  homogeneous  fluid.  The  most  efficient  method 
of  its  solution  for  bodies  of  complicated  shape  in  a  2-D  and  3-D  flows  is  recognized  the 
coupled  finite  element  method  (CFEM)  [1,  2].  The  velocity  potentied  is  represented  by 
the  finite  element  method  in  a  narrow  region  surrounding  a  body  and  by  the  boundary 
integral  equation  in  the  outer  region.  This  method  may  be  also  used  in  a  stratified  fluid 
if  the  density  varies  only  on  the  depths  above  and  below  a  submerged  body. 

This  paper  describes  the  author’s  results  given  in  [3-7].  The  case  of  the  two-layer 
fluid  under  a  lid  involving  a  possible  occurrence  of  the  only  free  internal  waves  is  most 
completely  analyzed. 

Let  the  fixed  frame  of  reference  be  taken  with  the  x-axis  directed  along  an  equilibrium 
position  of  the  interface,  orthogonally  with  respect  to  a  cylinder  axis,  and  the  y-axis 
pointed  vertically  upwards.  In  the  undisturbed  state,  the  upper  layer  with  the  thickness 
H  and  density  pi  occupies  the  -domain  ~oo  <  x  <  oo,  0  <  y  <  //  ,  the  lower  one, 
with  the  density  p2  =  pi(l  -[-£)(£>  0),  occupies  the  domain  — oo  <  x  <  oo,  y  <  0. 
The  fluid  flow  in  each  layer  is  irrotational. 

In  the  fixed  frame  of  reference  the  incident  potential  may  be  written  as 


=  ^4*^exp[i(a;of  ^  =  - 


cosh  ko{y  —  H) 
sinh  koH  ' 


=  e 


toy 


where  the  incident  wave  frequency  Wq  depends  on  the  wave  number  fco  according  the 
dispersion  relation, 


_  'I  »  r-  I  f-lT 


signs  ’-t-’  and  correspond  to  waves  travelling  from  right  and  from  left,  respectively, 
superscript  s  is  equal  to  1  for  the  upper  layer  and  2  for  the  lower  one,  g  is  the 
gravitational  acceleration. 

In  the  moving  reference  frame  x  —  x  —  Ut  the  total  potential  can  be  written  as 


$^''(x,y,t)  =  -Ux  -I- f/$^*^(x,y)-J-  y)e" 


where  $(*)  is  the  steady  poteatial  due  to  the  unit  forward  speed;  the  components 
(j  =:  1,2,3)  are  the  rzuliation  potentials  due  to  motions  of  the  cylinder  with  unit 
amplitude  in  each  of  three  degrees  of  freedom;  jjj  are  corresponding  motion  amplitudes; 

=  d’o*^  exp(Tifco3^)  <uid  $4*'  are  the  potentials  of  the  incident  and  diffracted  waves, 
respectively;  and  t/o  =  >74  is  the  incoming  wave  amplitude.  In  the  moving  reference 
frame,  the  incident  waves  arrive  with  the  encounter  frequency  u>  =  uoT  koU. 

Based  on  the  assumptions  of  linear  potential  flow  theory,  we  can  write  the  following 
governing  equations  for  the  steady  potential 


A$(‘>  =  0  {0<y<H),  A*('-‘)  =  0  (y  <  0)  (1) 


with  boundary  conditions 
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The  boundary  condition  for  should  be  satisfied  at  a  mean  position  of  the  body 
surface  L:  d^^’^^dn  =  n*  (x,y  G  T),  where  n  is  the  inward  normal  of  the  cylinder 
surface  and  n*  is  the  component  of  n  in  the  x-direction. 

The  radiation  and  diffraction  components  of  potential  satisfy  the  equations,  similar 
to  (1),  with  boundary  conditions 


d^f^/dy  =  0  (y  =  II),  (2) 

(1  +  £)D^f^  -  +  egd^f/dy  =  0,  d^f/dy  =  ditf^/dy  (y  =  0),  (3) 

d^f^/dy  -4  0  (y  -oo),  (4) 

dilyf^/dn  =  iuuj  -  Urrij  (j  =  1, 2, 3),  d^’^^^/dn  =  -d<Sl'i'> jdn  {x,  y  G  i) , 

where 


D  =  {Udldx  -^w)^  (Tii,n2)  =  («*,%),  na  -  (y  -  yo)?!*  -  (x  -  Xo)ny, 


(mi,  m2,  m3) 
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Xq  and  yo  are  the  coordinates  of  a  point  with  respect  to  which  the  body  oscillates 
rotationally. 

The  radiation  condition  for  (j  =  1,  ...,4)  slates  that  a  wave  travelling  in  the 
direction  of  the  forward  speed  and  with  its  group  velocity  larger  than  the  forward  speed 
is  fai'  in  front  of  the  body,  and  otherwise  the  waves  propagate  behind. 

The  moving  body  in  waves  is  affected  by  the  hydrodynamic  force  F  and  moment 
M  determined  by  integrating  the  fluid  pressure  p  =  —  I dt  +  |V$(^)p/2)  over 

the  cylinder  surface  L 


(5) 


The  represeatation  F  =  {Fi,F^),  M  =  F3  is  commonly  used  and  for  the  linearized 
problem  Eq.(5)  is  substituted  for  the  sum 

Fj  =  F,i  +  Re{F^j  +  (6) 

where  the  first  term  is  due  to  an  steady  speed  of  the  body  and  equals 

F,i  =  piU^  /dx  -  jV*(*^lV2)njdh 

The  second  term  in  (6)  is  the  contribution  from  the  unsteady  potentials  (j  =  Ij  2, 3). 
Three  components  of  the  force  and  the  moment  are  written  in  the  matrix  form 

Fn:  =  E  rj,  =  -P3  I  +  vW:^^)njdl, 

*=i 

where  V  =  -  2:)  is  the  velocity  vector  of  a  steady  flow  in  the  lower  layer 

relative  to  the  moving  reference  frame.  The  radiation  forces  are  represented  in  the  form 
Tjk  =  —  ikjXjk,  where  pjk  and  Xjk  are  known  as  the  added  masses  and  damping 

coefficients,  respectively. 

The  exciting  forces  are  determined  as  follows 

w  £t 

To  use  the  coupled  finite  element  method  it  is  necessary  to  determine  the  Green 
function  ,  satisfying  the  equations 

=  0  (0  <  y  <  H),  —  27r6{x  —  C,y  —  f])  (y  <  0) 

and  boundary  conditions  similar  to  (2)-(4).  The  solution  of  the  problem  for  the  Green 
function  in  the  lower  layer  takes  the  form: 

X  { [{U^e  -  wy  -  +  w^)n^(fc)]  cos k{x  -  0  +  2iwkUSl\k)  sin  k{x  -  O}  dk+ 

+7r{ai  exp[A:i(y  +  ?;  -  i(x  -  0)]  -  Qf2exp[/:2(y  +  >?  -  i(a:  -  0)]- 
-a3exp[i3(y  +  »?  +  j(i  -  0)]  +  ot*exp[k4{y  +  T]  +  i{x-  0)]}, 
where  pv  indicates  the  principal- value  integration, 

=  (X  -  0^  +  (y  -  vf,  r?  =  (X  -  +  (1/  +  r,)\ 


A.  2(fc)  =  Uk+uXfi  i1(k),  P3,iik)  =  Glc  -  w  q:  n{k), 


$=k 


i{\  -H  £)a{k.)B{k,) 
2k.[U  -  7c,(fc,)] 


(7  =  1  at  s  =  1,2,3  and  7  =  —  1  at  s  =  4), 


Caik,)  =  dil/dk  1*=*,  is  the  group  velocity  of  the  wave  k,.  The  equation  Pi(fc)  =  0 
has  two  simple  real  solutions,  ki  and  k'j,,  with  ki  >  fcj,  if  only 


U  <Ue,  U<  Uc,  (7) 

where  Uc  =  y/egif  is  the  critical  velocity  for  a  steady  problem  in  the  two-layer  fluid  and 

u)c  —  Hike)  —  Ukc  is  defined  post-solving  the  equation  Cj(fct)  =  U.  Solutions  ki  ^md 

ki  coincide,  if  u;  =  uJc,  and  are  absent,  if  conditions  (7)  are  not  met.  There  are  no  real 
solutions  for  equation  Piik)  =  0.  In  contrast,  the  equations  Pz{k)  =  0  and  Pi(fc)  =  0 
always  possess  unique  real  solutions,  such  as  ka  and  k^,  respectively,  with  k^  >  k^. 
With  H  oo,  the  k,  solutions  are  equal  to 

^’1.2  =  -2t±  s/l  -  4t),  k3,4  =  2§jr(^  +  ^  +  4r), 

where  t  =  LoUl'g,  g  —  £5/(2  +  c).  In  this  case  Wc  —  glW.  With  c  00  one  will 

obtain  the  known  solution  for  a  homogeneous  fluid  with  a  free  surface  [1]. 

The  numerical  calculations  are  performed  for  the  elliptic  cylinder 


where  a  and  b  are  the  large  and  small  half-axes  of  the  ellipse,  Ii  is  the  depth  of 
submergence  of  its  center  under  the  interface. 

The  steady  loads  (a  wave  resistance,  a  lift  and  a  trim  moment)  has  been  studied 
extensively  for  the  different  types  of  the  density  stratification  in  [3].  The  numerical 
calculations  are  compared  with  the  approximate  analytical  solution  based  on  the  use  of 
the  Kochin  function  and  suitable  for  a  body  deep-submerged  under  the  interface. 

For  simplicity  let  us  give  the  approximate  solution  for  a  wave  resistance  in  the  two- 
layer  fluid  under  a  lid  : 


F. 


(1  +  £)/>2fl(A)  r,2/  J, 

25(A)[17-c,(A)]''  ^ 


Here  A  is  the  root  of  an  equation  H(A)  —  U\,  which  exists  only  at  U  <  Ue  and  K 
is  the  Kochin  function  for  the  elliptic  cylinder 


/f(A)  =  2TrUb^J^^Ji{XV'a'^ 

where  Ji  is  the  Bessel  function  of  the  first  order.  For  small  values  of  the  product 
the  Kochin  function  may  be  presented  K(A)  ss  7rf/6A(a  -|-  b)e~^'^.  The  wave 
resistance  determined  by  this  means  is  called  the  dipole  solution. 

The  approximate  solution  for  the  wave  resistance  in  two-layer  fluid  with  a  free  surface 
presents  a  sum  of  surface  and  internal  wave  contributions. 

A  steady  loads  for  the  elliptic  cylinder  in  the  two-layer  fluid  with  a  free  surface 
determined  by  CFEM  with  the  element  number  m  =  18  are  shown  in  Fig.  1  for 
a  =  h  =  2b^  £  —  0.03,  H  =  b,  xq  =  0,  yo  =  ~h  (solid  lines).  The  following  designations 
are  used  (f'riFy)  =  i—FxtFv)lp2U‘^b,  M  =  ~Mj piU^b"^.  The  above  values  are  compared 
with  similar  those  for  the  two-layer  fluid  under  a  lid  (dark  points)  over  the  range  of  the 
Froude  number  0  <  Fr  =  Ul\/^  <  0.2  and  for  a  homogeneous  fluid  (e  =  0)  (light 
points)  over  the  rauge  0.2  <  Fr  <  3.  In  Fig.  1  are  shown  the  approximate  solution  (dot- 
and-dash  line)  for  a  wave  resistance  and  dipole  solution  (deush  line).  With  small  values 


of  the  hVoude  number,  the  internal  waves  are  principally  excited  and  their  characteristics 
agree  practically  with  those  of  the  two-layer  fluid  under  a  lid.  Then  with  increasing  Fr 
the  generation  of  the  internal  waves  ceases  and  the  only  surface  waves  are  excited.  The 
critical  velocity  of  the  body  for  internal  waves  shown  with  an  arrow  is  Uc/y/^  =  0.1224. 

In  the  three-layer  model  ot  a  smooth  pycnocline  the  fluid  density  distribution  in  the 
undisturbed  state  talces  the  form: 

'  Pi  iH,<y<H,+H2), 

p{y)  =  '  Pill  +  £(1  -  y/Hi)]  (0  <  y  <  Hi), 

.P2=Pi(l  +  e)  (y<fl), 


where  Hi,  Hj  are  the  depths  of  middle  and  upper  layers,  respectively.  The  fluid  flow  in 
the  upper  and  lower  layers  is  irrotatioual.  The  wave  flow  equation  for  the  middle  linearly 
stratified  layer  is  used  in  the  Boussinesq  approximation. 

The  steady  loads  in  the  three-layer  fluid  are  presented  in  Fig.2  at  e  =  0.03, 
Hi  =  b,  Hi  —  0.S6,  a  =  26,  h  —  1.56.  In  Fig.2  are  shown  the  results  of  CFEM  (solid 
lines),  the  approximate  solution  for  the  v;ave  resistance  (dosh-and-dot  line)  and  dipole 
solution  (dtish  line).  The  following  crivlcal  velocities  of  generating  appropriate  modes  of 
internal  waves  arc  depicted  (arrows  with  numbers):  U jyj^i  =  0,1137  (u  =  1),  0.0336 
(n  =  2),  0.0186  (n  =  3).  For  comparison  with  the  two-layer  fluid,  the  value  h  =  /i4-//i/2 
is  entered,  whicli  dciines  the  distance  from  the  body  centre  to  the  pycnocline  midline. 
Fig.  2  gives  the  only  range  of  values  >  0.013  wherein  there  are  yet  no  more 

than  three  internal  modes.  rVoin  the  comparison  of  h'igs.  1  and  2  it  is  obvious  that  the 
internal  wave  in  the  two-layer  fluid  and  the  first  wave  mode  in  the  three-layer  one  have 
a  similar  hydrodynamic  effect. 

'I’he  solution  of  radiation  and  dilfractiou  problems  at  U  =  0  are  obtained  for  the 
two-layer  fluid  bounded  both  by  a  rigid  lid  and  by  a  free  surface  [4,5],  In  the  dilfractiou 
problem,  apart  from  exciting  forces,  also  is  determined  the  behavior  of  scattered  waves 
in  a  far  field.  The  reciprocity  identities  relating  the  solutions  of  radiation  and  diffraction 
problems  are  derived.  The  first  diagonal  term  of  the  radiation  load  for  the  elliptic  cylinder 
ill  the  tv/o-layer  fluid  with  a  free  surface  is  demonstrated  in  Fig. 3.  The  flow  parameters 
coincide  with  those  used  in  Fig.l.  The  coefficients  Hu  and  arc  compared  with 
similar  values  for  the  two-layer  fluid  under  a  lid  (dark  points)  and  the  homogeneous  fluid 
(light  points).  For  the  damping  coefficient  An,  the  approximate  solution  obtained  by  the 
Kochin  function  is  shown  with  dash-aad-dot  line  and  the  dipole  solution  is  denoted  with 
dash  line.  With  small  frequency  of  body  oscillation,  the  iutciuol  waves  ate  significantly 
excited  and  their  characteristics  agree  practically  with  those  of  the  two-layer  fluid  under 
a  lid.  As  the  frequency  increases,  the  generation  of  internal  waves  is  weaken  and  the 
surface  waves  whose  characteristics  are  slightly  affected  by  the  density  variation  become 
dominant. 


An  interesting  peculiarity  of  the  diffraction  problem  for  stratified  fluid  is  that  when 
the  given  mode  wave  incidents  on  a  body  it  scatters  not  only  into  itself  but  also  into  all 
the  other  modes.  This  is  one  of  the  mechanisms  of  energy  redistribution  due  to  wave 
motions,  in  particular,  that  of  the  surface  wave  energy  transfer  to  depth. 

Baried  on  the  approximate  solution  for  a  deep  submerged  body,  the  influence  of 
anomalous  frequency  dispersion  of  internal  waves  on  the  processes  of  scattering  and 
generation  is  determined  [6].  This  internal  waves  are  characterized  by  a  nonmonotonic 


behavior  of  their  group  velocities.  One  example  of  this  fluid  is  a  three-layer  one  involving 
lineaiiy  stratified  upper  and  middle  layers  and  a  homogeneous  lower  one.  In  this  case  the 
mode  ’leap-frog’  is  observed  when  the  excitement  of  higher  modes  is  more  intensive  then 
of  lower  ones. 

For  radiation  and  difl'raction  problems  with  forward  speed  all  the  components  of  loads 
are  correlated  for  the  cylinder  moving  under  the  free  surface  in  a  homogeneous  fluid  and 
under  the  interface  in  the  unbounded  and  the  bounded  by  lid  two-layer  fluid  [7].  Contrary 
to  the  case  without  forward  speed  the  added  mass  and  damping  coefficients  have  no 
longer  the  symmetry  properties  and  there  are  some  motion  regimes  where  the  damping 
coefficients  take  negative  values.  Startirrg  from  the  assumption  of  a  deep  submersion 
of  a  body,  the  amplitudes  of  radiation  and  diffraction  waves  in  the  far  field  as  well 
as  the  diagonal  damping  coefficients  and  exciting  forces  are  calculated.  The  numerical 
calculations  of  Hjj  and  \jj  are  shown  in  Fig.4  for  the  elliptic  cylinder  located  under  the 
free  surface  in  the  homogeneous  fluid  (a),  under  the  interface  in  the  two-layer  unbounded 
fluid  (b)  and  in  the  two-layer  fluid  with  a  bounded  upper  layer  (c)  given  the  same 
parameters  as  in  Fig.3  and  Ul^/gb  —  0.4.  In  Fig-4  are  shown  also  the  approximate 
values  of  Ajj  for  the  same  three  cases  of  the  fluid  density  stratification.  The  following 
designations  are  used 

Mjj  -  Ajj  ==  (a^  -  6^)V8]- 

With  forward  speed  the  approximate  solution  is  seen  to  provide  a  quite  rough  representa¬ 
tion  for  damping  coefficients,  especially  for  A33.  The  values  ulhjg  =  0.3906  (Figs.  4a, b) 
and  0.3642  (Fig.  4c)  are  indicated  by  arrows. 
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Lee  waves  and  hydrodynanucal  loads  due  to  the  motion  of  a 
submerged  horizontal  circular  cylinder  in  a  three-layer  fluid. 

by  Oivind  A.  Amtsen,  Dr.ing., 

Department  of  Structural  Engineering, 

Tlie  Norwegian  Institute  of  Technology. 

Abstract:  Laboratory  experiments  and  analytical  studies  investigating  the  interaction  of 
two-dimensional,  uniform  stratified  flow  witii  a  submerged  horizontal  circular  cylinder  are 
presented.  Measurements  were  made  of  the  interfacial  waves  formed  behind  the  cylinder 
towed  horizontally  at  constant  speeds,  and  of  the  drag  and  lift  forces  exerted  on  the  cylinder. 
An  analytical  linear  model  that  describes  the  wave  field  and  associated  wave  induced 
drag  force  is  formulated.  In  this  model,  the  water  is  modeli:d  ?s  a  uniform  flow  of  three 
layers  of  inviscid  and  immiscible  fluids.  A  solution  is  found  ior  the  case  of  the  cylinder 
located  in  the  upper  layer.  The  experiments  showed  that  l?rge  amplitude  first  mode  internal 
waves  are  generated  when  the  cylinder  is  towed  at  about  one  half  of  the  long  wave  celerity 
of  first  mode  waves.  The  analytical  results  underestimate  the  wave-induced  forces,  but 
demonstrate  the  role  of  a  finite  stratified  layer.  The  results  are  applied  to  the  proposed  tube 
bridge  across  Hoegsi]orden  in  Norway. 

Introduction:  Norwegian  ^ords  often  exhibits  a  distinct  density  variation  in  tlie  upper 
water.  Between  the  upper  mixed  layer  and  the  salt  water  layer  a  transition  zone  exists  (often 
called  tlie  pycnocline).  This  region  of  strongly  variable  density  can  act  as  a  duct  for  lew 
energy  density  waves  that  propagate  on  the  pycnocline  without  significant  interference  with 
the  firee  surface  to  the  atmosphere.  The  free-surface  vertical  displacement  due  to  these 
internal  waves  is  much  smaller,  by  a  factor  Ap/pj ,  than  that  of  the  internal  disturbance;  and 
thus,  for  many  practical  applications,  the  free  surface  may  be  considered  as  a  "rigid-lid". 

Depending  on  th  ype  of  disturbance  and  the  basin  in  question,  different  types  of  waves 
may  occur,  standing,  propagating  or  combinations.  For  example,  the  disturbance  of  a  slowly 
moving  object  on  the  surface  of  the  water,  may  be  an  effective  internal  wave  maker,  while 
at  the  same  time  disturbances  on  the  free  surface  is  hardly  seen.  Similarly,  a  uniform  flow 
over  a  submerged  object  such  as  an  underwater  sill  can  originate  standing  internal  waves, 
known  as  lee- waves.  These  effects  are  closely  related  to  the  phenomenon  called  "dead- 
water".  This  effect,  known  for  sailors  for  centuries,  was  studied  for  the  first  time  by  Ekman 
(1906).  The  advent  of  offshore  activity  has  again  led  to  slow  tows,  and  a  re-appearance  of 
"dead-water"  was  documented  by  Amtsen  (1986)  during  a  towing  of  the  large  volume 
structure,  Condeep  GuUfaks  A,  off  the  Norwegian  coast  in  August  1985.  More  recently,  a 
renewed  interest  has  evolved  connected  with  the  effort  of  analyzing  the  induced  internal  wave 
pattern  produced  by  moving  vessels  using  remote  sensing  means.  The  emphasis  there  is  on 
determining  the  kinematic  features  of  the  internal  wave-field,  rather  than  the  wave  resistance. 

In  this  paper  I  address  a  somewhat  different,  but  related  problem.  During  the  last  years 
a  new  type  of  structure  has  been  proposed  to  be  installed  in  Norwegian  waters  -  the 
submerged  tube  bridge.  This  is  a  watertight  hollow  cylinder  (proposed  to  be  of  circular 
crossection)  with  an  inner  diameter  large  enough  for  road  traffic.  It  is  located  below  the  sea 
surface  deep  enough  such  that  ships  may  pass  over  it.  Carpenter  and  Keulegan  (1960) 
present  a  series  of  experiments  pertinent  to  the  topic  of  this  question.  Submerged  cylinders 
both  circular  and  non-circular  were  towed  at  constant  speed  in  water  consisting  of  two  layers 
of  water  with  different  salinity  (density)  and  an  extremely  thin  stratified  interface  layer.  The 
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noncircular  cylinders  had  a  length  to  thickness  ratio  equal  to  three  and  were  not  very 
streamlined.  They  found  that  the  main  characteristics  of  the  internal  waves  were  independent 
of  the  shape  of  die  cylinders.  Carpenter  and  Keulegan  give  also  a  linear  potential  solution 
for  the  flow  in  two  immiscible  fluid  layers  and  disturbed  by  a  disturbance  modeled  as  the 
flow  around  a  circular  cylinder  in  homogeneous  water.  Their  model  fails  to  estimate  the 
observed  wave  heights,  but  it  works  well  for  wave  lengths.  In  their  experiments  Carpenter 
and  Keulegan  did  not  include  measurements  of  the  hydrodynamic  forces  on  the  cylinder. 
They  suggested  that  the  total  drag  force  on  the  cylinder  can  be  estimated  by  adding  the  wave 
induced  drag  to  the  drag  present  in  homogeneous  water.  The  wave  induced  drag  is  to  be 
calculated  from  the  lee  wave  and  stratification  variables.  However,  it  is  not  as  obvious  as 
for  streamlined  obstacles  that  the  total  drag  force  is  given  by  this  sum.  The  presence  of 
stratification  may  move  the  point  of  separation  and  alter  the  form  drag  part  of  the  force. 

'fhe  investigation  discussed  in  this  paper  resembles  much  that  of  Carpenter  and  Keulegan. 
The  basic  difference  is  the  inclusion  of  force  measurements  in  the  experiments  and  that  the 
stratified  layer  is  of  finite  width  rather  than  shallow.  It  is  demonstrated  that  the  dispersion 
effect  of  a  finite  width  of  the  stratified  layer  down-shift  the  towing  speed  for  maximum 
"dead-water”  effect.  The  inclusion  of  a  stratified  layer  in  the  theoretical  framework  of 
Carpenter  and  Keulegan  shows  improvement  of  de.scribing  the  computed  internal  wave-field. 
In  spite  of  this  success,  the  observed  maximum  wave  height  is  about  two  times  the  value  of 
the  theoretical,  but  an  adjustment  of  a  free  parameter  7  can  correct  this  deficiency.  The 
investigation  provides  a  database  for  "dead-water"  forces  exerted  on  submerged  cylinders  in 
stratified  uniform  flows,  and  guidelines  for  applications  in  full  scale  are  suggested. 
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I)  eytimkr;  2}  support  bars;  3)  carriage; 
^  posltloii  lastsr;  S)  wires;  6)  railings: 

7)  pet  surptce;  8)  boundary  between 
mixed  and  stratified  layer;  9)  centre  ef 
the  stratified  Imtr;  10)  boundary 
between  stradfied  and  salt  water  layer; 

II)  flume  bottom. 

b) :  Stratification  eharacuristics. 

c) :  Defitadon  of  wave  htigU  and  length. 


Fig.  1  Definition  sketches  of  the  setup. 


Laboratory  experiments:  In  the  following,  a  brief 
description  of  the  present  experimental  arrangement 
and  techniques  for  the  measurements  of  internal 
waves  and  hydrodynamic  forces  are  given.  Only 
some  of  the  experimental  results  will  be  shown.  A 
more  detailed  description  and  presentation  is  given  in 
Amtsen  (1994).  The  work  presented  covers  two- 
dimensional  model  tests  of  a  fixed  submerged  circular 
cylinder  towed  at  constant  speed  in  three-layer 
stratified  water. Of  a  total  of  3S0  tows,  225  were  with 
shatification  and  125  in  homogeneous  water.  The 
runs  were  performed  in  a  test  channel  which  was  a 
6m  long,  Im  wide  md  0.4m  deep  plywood  tank.  Over 
a  distance  4m,  parts  of  the  side-wsdls  were  replaced 
by  perspex  fadlitating  optical  recording.  The  salt 
water  was  mixed  and  dye  was  added  such  that  the 
interface  became  distinctly  visible.  When  the  salt 
water  was  well  mixed  and  came  to  rest,  a  layer  of 
fresh  water  was  carefully  spread  on  the  top  of  the  salt 
water.  During  this  process  some  mixing  occurred  on 
the  interface  and  the  stratified  layer  developed.  This 
layer  (approx.  4cm  thick)  was  kept  unchanged 
throughout  the  experiments,  though  its  thickness  and 
location  changed  slightly  after  each  tow. 

Tlie  machined  circular  cylinder  of  diameter  50mm 
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and  spanning  the  width  of  the  tank,  was  mounted  under  a  carriage  that  was  pulled 
vibrationless  on  a  pair  of  tempered  steel  rods,  one  mounted  on  each  flank  of  the  tank.  I  he 
towing  speed  was  kept  constant  for  each  tow  and  the  start  and  tlie  stop  was  impulsive.  The 
cylinder  was  kept  in  position  at  a  chosen  depth  in  a  frame  attached  to  the  carriage.  A 
definition  sketch  of  the  model  is  shown  in  Figure  la  and  the  stratified  layers  are  as  in  Figure 
lb.  Before  each  tow,  small  particles  were  distributed  in  the  tank  approx.  10m  from  the  front 
wall.  These  particles  of  typical  dimension  2mm  and  with  densities  less  than  the  salt  water  but 
heavier  than  tiic  fresh  water,  were  excellent  tracers  of  maximum  vertical  displacements  of 
the  stratified  layer  during  tows.  When  the  tank  was  illuminated  from  behind,  the  dye  and  the 
particles  became  sufficiently  visible. 

For  the  measurements  of  the  forces  a  stiff, sensitive  and  accurate  system  was  needed.  The 
improvement  of  an  exisdng  shear  force  transducer  that  fulfilled  tliese  requirements  was 
accomplished  during  this  investigation.  A  pair  of  these  transducers  were  connected  to  a  50c/n 
long  section  of  the  cylinder  in  the  middle  of  the  tank,  and  provided  simultaneous 
measurements  of  flow-induced  in-line  and  transverse  forces  exerted  upon  it.  The 
documentation  of  each  tow  consisted  of  time  series  recordings  of  cylinder  position,  lift  and 
drag  forces  and  photos  and  video  recordings,  and  measurements  of  density  profile. 

The  wave  pattern  obtained  from  tows  like  this  is  fundamentally  the  same  as  for  the 
hydraulic  problem  of  steady  flow  past  a  fixed  cylinder.  The  difference  is  mainly  a  subtraction 
of  the  tow  speed.  A  difference  that  may  be  of  importance,  but  not  considered  1.  re,  is  the 
turbulence  level  of  tlte  undisturbed  flow.  In  these  exireriments  it  is  approximately  zero,  while 
in  a  steady  stream  it  can  be  considerable  and  witli  energy  in  a  wide  frequency  band. 
Disregarding  tliis  effect  and  by  correct  scaling,  the  model  data  can  be  used  to  determine  the 
•dead-water"  loads  on  a  tube  bridge  exposed  to  transverse  stratified  flow. 

The  flow  around  the  cylinder  petturbs  the  interface,  and  at  lower  speed  tows  a  series  of 
internal  w'aves  of  the  type  sketched  in  Figure  I.c  aie  formed  behind  the  cylinder.  The 
characteristics  of  these  waves,  the  wave  height  H  and  wave  length  X,  are  presented  in 
Figure  2  and  Figure  3  respectively.  The  wake  behind  the  cylinder  undergoes  changes  which 
is  of  importance  concerning  the  wave  resistance  (mean  in-line  force  per  unit  cylinder  axis 
length)  and  the  lift  force  (mean  transversal  force  per  unit  cylinder  axis  length)  on  tire 
cylinder.  These  results  are  summarized  in  Figure  4  and  Figure  5  respectively.  For  the  cases 
of  uniform  flow  of  homogeneous  water  past  a  cylinder  and  which  external  bounding  surfaces 
are  far  from  the  cylinder,  it  is  well  understood  !  hat  the  flow  character  depends  on  a  single 
dimensionless  variable,  the  Reynolds  number,  Re-UDIv,  in  which  v  is  the  kinematic 
viscosity  coefficient  of  water.  However,  with  the  presence  of  a  stratified  water  these  data 
show  that  there  is  a  flow  regime  where  a  densimetric  Froude  number 
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(1) 


Fig.  4  Variation  of  in-line  forces. 


Fig.  S  Variation  of  transverse  forces. 


in  which 


Pi  =  -S- 


(2) 


is  the  proper  dimensionless  variable.  The 
apparent  spread  of  the  data  is  mainly  due  to 
the  geometric  non-similarity  between  the 
tests,  g  is  the  acceleration  of  gravity  (local 
value  =9.81m/s^).  The  hydrodynamic 
coefficients  in  Figure  4  and  Figure  S  are 
defined  as 


0.5  pDU^ 


(3) 


The  range  of  the  experimental  input  variables 
during  the  experiments  were: 


0.2  <  1.4  ;  0<z^/jD<4.5; 

0.013  <  <  0.039  ;  0.7  <  IID  <  1.0  ; 

h'lD  =  3  ,  /J/Z>  «  5  ;  1000  <  Re  <  10000 


An  internal  wave  version  of  the  tow  resistance  formula  given  by  Lamb  (1932,  ait.:249) 
relates  the  fai'  downstream  waves  to  the  wave  induced  tow  resistance  ; 


R„  =  £(1  -  c/£/)  =  0.  l25ApgH‘^  (1  -  c^/U) ,  (4) 

where  i  is  the  mean  energy  per  unit  horizontal  area  due  to  the  presence  of  internal  waves, 
and  Cg  is  their  associated  group  velocity.  This  expression  has  been  compared  to  the 
difference  of  in-line  forces  measured  in  homogeneous  and  stratified  water.  ForO.4  <Fr^<0.6 
the  present  data  show  that  R^  is  a  good  estimate  for  the  increased  tow  resistance,  except  for 
tlie  case  when  the  cylinder  is  located  within  the  stratified  layer.  There,  the  in-line  force  does 
not  increase  but  decreases  in  stratified  water,  although  waves  of  appreciable  heights  were 


Fig.  6  Recommended  values  of  increased  drag 
coefficient  for  a  horizontal  cylinder 
exposed  to  stratified  flows. 


oljserved.  Else,  the  diagram  of  Figure  6  can 
be  used  for  calculation  of  the  internal  wave 
induced  drag  force.  Let  Fr^  „  define  when 
the  steady  in-line  force  in  stratified  water 
drops  below  the  similar  homogeneous  water 
value.  Comparisons  of  the  present  results 
with  those  of  Carpenter  and  Keulegan  (1960) 
suggests  an  HD  dependency  of  Fr^^.  As 
mine  experiments  reveal  maximum  w'ave 
heights  at  Fr^-0.5  and  Fr^^^O.O  and  the 
previous  had  maximum  waves  at  Frj=:0.8, 
this  suggests  that  Fr^,.^  =  0.9  for  those 
conditions.  This  presumption  is  used  in  the 
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construction  of  Figure  6.  The  graph  is  valid  if  0<fi/Z)<0.7S,  where  5  is  the  distance  from 
the  nearest  edge  of  the  cylinder  surface  to  the  center  of  the  undisturbed  stratified  layer,  and 
it  is  divided  into  three  ranges.  The  thick  lines  apply  if  ZglD>  1.3  where  the  //D-dependency 
is  included.  The  dashed  line  is  for  zJDmQ.l.  If  tlie  cylinder  touches  the  surface  Ae  dotted 
line  apply.  If  6 /D>  1.5  and  zJD'>  1.0  tliere  will  be  no  influence  on  the  drag  force  due  to 
stratification.  For  values  of  5/D  between  0.75  and  1.5  linear  inteipolation  of  the  forces 
seems  appropriate,  provided  zJD  >1.0.  For  z^/D  <1.0  and  5/D  >  1 . 5  the  presented  data  can 
not  tell  the  effect  of  stratification.  However,  this  situation  fits  the  conditions  of  the  theory 
presented  below  very  well. 


Theoretical  development:  These  experiments  showed  that  the  largest  internal  waves 
occurred  for  densimetric  Froude  numbers  somewhat  below  the  value  Carpenter  and  Keulegan 
found  in  their  investigation.  The  major  difference  between  my  experiments  and  those  of 
Carpenter  and  Keulegan  lies  in  the  width  of  the  stratified  layer.  Their  theoretical  approach 
to  tlie  problem  is  therefore  adopted  to  a  three  layer  fluid  system.  Only  the  case  when  the 
cylinder  is  moving  with  constant  horizontal  velocity  in  the  upper  layer  is  considered.  It  is 
assumed  that  the  surface  of  the  cylinder  is  located  fai'  from  the  interface  z-  -d.  A  rigid  lid 
boundaiy  condition  is  applied  at  z  =  0  and  the  method  of  successive  images,  (see 
Carpenter,  1958),  is  used  to  find  flow  potential  4>|  in  the  upper  layer  (with  velocity 
components  = 


-Vx  + 

+  iz+zf)^  X‘  +  {z+zff 


+  </>J  . 


(5) 


Here  </ii  represents  the  disturbance  potential  including  the  wave  motion.  7  is  a  factor 
accounting  for  an  effective  increase  of  the  cylinder  radius  due  to  the  image  doublets.  Wiicn 
the  cylinder  is  far  from  the  interface  z~-d,  7  is  a  function  of  (r=D/2),  and  is 
determined  by  the  methods  found  in  Carpenter  (1958)  and  plotted  in  Figure  7.  In  the  lower 
salt  water  layer  tlie  two  middle  terms  can  be  di.sregarded  and  the  flow  can  be  modeled  by 
the  potential: 

#3  =  -  Dx  +  .  «>) 


Both  potentials  satisfy  the  Laplace  equation: 

=  0  .  y-1,3  . 


(7) 


In  the  stratified  layer  the  motion  will  not  be  irrotational.  Following  Phillips  (1977)  and  the 
assumptions  of  small  disturbances  and  Boussinesq  approximation,  the  equations  of  motion 
for  the  disturbance  become: 


dwj 

dz 


+ 


y- 1.2.3  ; 


(8) 


dx^  dz^ 


ax" 


ax" 


(9) 


Here,  Uj  and  Wj  are  the  perturbed  horizontal  and  vertical  particle  velocities  within  each  fluid 
layer  /,  and 

0  ;  -d  <  z  <  0 

a  iin  .  -d-l  <  Z  <  -d 

p  dz 

0  ;  -d-l-s  <  z  <  -d-l 


tfl  =  -  =  v2  - 


(10) 
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Combined  with  the  proper  set  of  boundary 
conditions,  listed  below,  these  equations 
determine  the  resulting  non-viscous  flow 
around  the  submerged  cylinder. 


Zija 


Fig,  7  Variation  of  radius  factor  with  distance 
below  the  free  surface  (qfter  Carpenter  (1958)). 
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A  horizontal  Fourier-transform  method  is  used  to  derive  the  solution  of  the  problem.  The 
transform  pair  used  is  shown  in  eq.’s  (11  a,b).  The  inversion  integral  for  vertical 
displacement  {  is  found  to  be  as  in  eq.(12),in  which  >?■  -  (,N^IUk)'‘-  -  1 . 


MrZ)  =  [  f(x,z)  txp(-ikx)dx  ;  f(x,z)  =  ^  f  exp(ikx)dk 

•  00  •00 

I  (x,z:)  =  ?  cos(kx)dk  : 

i  T  Q(,k) 

where 

a):  S(k)  =  2  T  U  (yrf  cosh(fe„)  , 
by.  C(k)  =  1  {  12(1:)  +  T(,k)  sinh(iW)l  cos(/c  k  (z+d))  + 
-  lQ(k)  -  T(k)  cosh(W)]  sin(K  k  (z+d)) } , 

K 


(lla,b) 


(12) 


c):  T{k)  =  K  tgixkl)  tanh(l:5)  +  l.tg[Kkl)  +  tanh(l:j)  ■ 

K 
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d);  Q(k)  -  cosh(fa/)  { it[tanh(laf)  +  tanh(Aa:)l  - 

rg(<cl:/)  ['c^tanh(^d)tanh(l:j)  -  1]}  =  cos,\i{kd)q{k) , 

The  value  iix,z)  is  controlled  by  the  behavior  of  the  denominator,  QQc),  near  its  roots  in 
k-space.  2(1:)=0,  with  Uk  in  •:  replaced  by  «,  is  in  fact  the  dispersion  relation  for  waves 
freely  propagating  in  the  non-flowing  three  layer  fluid  system.  For  a  given  k,  g-C  as  a 
function  of  k  has  an  infinity  of  solutions,  Kj,  each  representing  a  different  wave  mode. 
However,  when  Nq  and  U  are  given,  the  number  of  solutions,  J,  is  bounded  by  the 


requirement;  <  V  <  Cq'  ,  where  Cq^  is  the  maximum  wave  celerity  for  wave  mode  no. 
J.  First  mode  internal  waves  (7=1)  are  the  most  dominant  obserx'cd  behind  the  cylinder.  It 
can  be  shown  that  Cq'* -Nyi/ao,  where  Sg  is  the  lowest  valued  nonvanishing  root  of 
is  (do)  ’‘aQ(d+s)l/{aQds  -  f).  The  Cauchy  integral  theorem  and  the  principal  value  (CPV)  give 
the  want^  solution.  Since  our  main  interest  is  placed  upon  the  condition  at  some  distance 
downstream  of  the  cylinder  where  only  die  oscillatory  part  of  the  CPV  value  is  significant, 
the  amplitude  of  the  vertical  displacement  (in  the  stratified  layer)  is  given  by  eq.  (13),in 
which  q'Qc^  « {dq{k)ldk)  and  is  the  lowest  valued  nonvanishing  root  of  4(A)  “0.  The 
value  AQ“2ir/X  is  the  wavenumber  of  the  internal  wave  standing  stationary  behind  the 
cylinder.  Maximum  vertical  displacement  occurs  within  the  stratified  layer  for  z=z„  defined 
where  w^fz)  has  its  maximum,  i.e.  where  3ti'2(A,z)/3z  »0,  which  yields 


io(2) 


2  Kq  S(kf^)  G{k0,z) 
coshikod)  q'{k^ 


(13) 


z„°-d-\  arag(l/(K  tanh  (Jal)  j/(<c/t) .  In  the 

derivations  above  it  is  assumed  that  no 
disturbancesare  present  far  upstream.  The 
experiments  confirmed  this  assumption. 
Recalling  the  assumptions  of  the  theory,  it 
Fig.  8  Dispersion  relation  for  different  stratified  only  apply  to  the  observed  waves  of 
layer  tlucknesses.  zJD  fsq\sad  0.7  or  1.3.  In  Figure  8, 

theoretical  and  observed  wave-lengths  are  compared  for  one  set  of  data.  The  dispersion  effect 
of  the  presence  of  a  stratified  layer  is  clearly  seen.  A  very  good  agreement  is  achieved  for 
UlCi  <  0.6.  Similar  results  are  obtained  for  other  data  sets.  In  Figure  9,  theoretical  curves 
fur  wave  amplitude  for  different  values  of  y  are  shown  together  with  one  set,  zJD  >>1.3  of 
the  observed  values.  According  to  the  method  of  Carpenter  (19S8),  the  proper  y-value  is 
1.02.  It  is  seen  that  the  observed  values  for  the  smaller  wave  heights  is  better  modeled  by7 
about  1.4.  Better  resemblance  between  theory  and  observations  is  achieved  when  z„/D-0.7, 
see  Figure  10.  This  configuration  is  also  in  more  accordance  with  the  theoretical 
assumptions.  In  light  of  these  findings,  it  is  concluded  that  the  theoretical  formulation  can 
be  used  to  model  the  wave  heights.  But  as  the  cylinder  t^roaches  the  internal  boundary,  ih&y-value 
needs  to  be  increased.  The  present  study,  suggests  >>  1.6  as  the  conservative  upper  limit, 
and  that  the  theory  is  valid  up  to  the  towing  speed  corresponding  to  the  observed  maximum 
wave  heights. 


Fig,  9  Variation  of  wave  height,  comparison  Fig.  10  Variation  of  wave  height,  comparison 
with  theory.  zJD=1.3,  l/h'=0.3,  Ap/pj=0.039.  withtheory;Z(/D—0.7,  l/h'~0.3,£a>/p^=0.024. 


Application  -  Hoegsljord  tube  bridge,  Norway:  The  aims  of  the  model  tests  and  the 
theoretical  approaches  were  fundamental,  and  do  not  directly  apply  to  a  scaled  model  of  a 
particular  bridge.  However,  the  results  agree  fairly  well,  so  together  with  realistic  site 
specific  hydrographic  data  and  some  simplifications,  the  major  influence  which  stratification 
has  on  the  hydrodynamic  loads  exerted  upon  tlie  bridge  can  be  derived.  For  all  calculations, 
it  is  assumed  that  the  bridge  is  a  smooth  circular  cylinder  of  10m  diameter,  lying 
horizontally  with  its  axis  at  z„--25m.  Based  on  site  measurements,  four  extreme  stratified 
conditions  have  been  determined  for  the  analysis  of  ’dead-water’  effects,  these  are  listed  in 
Table  1.  Eidnes  &  al.  (1988)  recommend  design  current  ^teed  « 90 c/n/i  at  z  =  -  5/n  and 60 cm/r 


at  z  =  -20m  and  deeper.  For  depths  in  between,  linear  interpolation  is  used. 

First,  I  consider  steady  in-line  forces.  An  important  parameter  in  the  discussion  of  loads 
is  which  is  defined  as  the  lowest  possible  Froude  number  at  design  current  speed. 

If  >  Fr^  ^^,  the  design  loads  determined  for  homogeneous  water  need  not  be  changed. 
If  the  conservative  value  of  Frj  „-0.8  is  used,  Fr^^  is  larger  than  Fr^  ,^  at  z- -5.71,  but 
less  for  z=-20m.  For  the  stratifications  ElO,  E15  and  E20  the  design  spSed  gives 
Frj^-0.7.  Therefore,  should  be  increased.  Referring  to  Figure  6,  an  increase  of  0.4 
is  conservative  with  respect  to  the  force  value.  This  has  the  same  effect  as  if  the  design 
current  speed  were  increased  from  0,6  to  0.8  m/s  and  without  changing  the  valid  for 
homogeneous  water. 

Referring  to  Figure  4,  maximum  ’dead-water’  effect  occurs  at  Fr^  =  0.5 ,  and  Figure  6 
gives  an  increase  of  Cq  by  0.4.  For  stratifications  as  in  Table  1 ,  this  occurs  at  C/  =  0.45ffi/s . 
The  appropriate  drag  coefficient  in  homogeneous  water  is  0.5.  Thus  at  this  speed  the  effect 
of  stratification  increases  the  in-line  drag  from  520  N/m  to  940  N/m  bridge  length. 

For  densimetiic  Froude  numbers  below  0.45  and  the  tube  located  near  the  stratified  layer 
(6/D<l),  the  laboratory  experiments  show  the  possibility  of  a  mean  lift  force.  Maximum 
lift  occurs  when  the  tube  has  a  clearance  to  the  center  of  the  stratified  layer  equal  of  about 
D/2 .  The  magnitude  of  the  lift  is  independent  of  whether  tlie  tube  is  locat^  above  or  below 
the  stratified  layer  (but  negative  for  tubes  below  the  pycnocline).  Referring  to  Figure  5, 
maximum  lift  occurs  at  Frj-0.3.  When  the  model  data  aie  scaled  to  prototype  values  it  is 
found  that  a  steady  flow  induced  lift  force  of  400  -  500  N/m  length  of  the  bridge  may  occur 
during  moderate  flows  (»0.3  m/s)  and  strong  stratification  (E15). 


Table  1  Extreme  stratification  in  Hoegsfiorden. 


Stratification; 

ApfkKW] 

A/n[rad./sl 

/[mj 

Q  \mJs] 

ES 

5 

10 

.16 

3.8 

0.70 

ElO 

10 

7 

.13 

4.0 

0.82 

E15 

15 

5 

.10 

4.8 

0.85 

E20 

20 

4 

.10 

3.9 

0.88 
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ABSTRACT  :  In  order  to  investigate  the  flows  over  a  topography  in  atmospheric  context, 
we  have  experimentally  studied  the  wake  structure  of  axi-symmetric  gaussian  obstacles 
towed  in  a  linearly  stratified  medium.  Three  dimensionless  parameters  govern  the  flow 
dynamics  :  F,  the  Froude  number  based  on  the  topography  height  h  ;  Re,  the  Reynolds 
number  based  on  the  width  2L  measured  at  the  mid-height  and  the  aspect  ratio  r=h,4^  The 
main  regimes  determined  for  the  sphere  by  Chomaz  ct  al  (1993)  are  retrieved.  For  F<0.7 
the  flow  is  observed  to  go  around  the  obstacle  and  the  wake  consists  mainly  in  a  quasi-two- 
dimensional  layer  with  vortical  motions  .  This  layer  is  topped  by  a  region  only  afected  by 
the  lee  wave  whose  amplitude  is  an  increasing  function  of  r  and  F.  For  0.7<F<l/r  the  flow 
is  entirely  dominated  by  a  lee  wave  of  saturated  amplitude  which  suppresses  the 
detachment  of  the  boundary  layer  from  the  obstacle.  Above  the  critical  value  1/r,  the  lee 
wave  amplitude  decreases  with  F  and,  a  recirculation  zone  reappears  behind  the  obstacle. 
Simultaneously,  coherent  large  scale  vortices  start  to  be  periodically  shed  from  the  wake  at 
a  Strouhal  number  that  decreases  as  1/F  until  its  neutral  value. 

1.  Introduction 

Recently,  a  large  research  effort  has  been  devoted  to  the  study  of  geophysical  flows  over  a 
topography.  Such  phenomena,  are  particularly  important  in  meteorological  context  since 
the  earth  topographies  generate  internal  gravity  waves  that  transfer  energy  from  the 
surface  to  the  upper  atmosphere.  The  processes  induced  by  the  propagation  of  internal 
waves  are  important  and  ought  to  be  taken  into  account  in  weather  forecasting  models.  New 
developments  of  non-hydros  ta tic  models,  requires  precise  laboratory  experiments  in 
order  to  document  test  cases.  Brighton  (1978)  and  Hunt  and  Snyder  (1980),  studying  reliefs 
with  aspect  ratios  (r=h/L)  close  to  1,  have  shown  that  such  flows  are  mainly  controlled  by 
the  Froude  number  F=uA9h,  where  U  designs  the  flow  velocity  and  N  the  characteristic 
Brunt- Vakssala  frequency  of  the  medium.  Tliey  demonstrated  that  for  small  values  of 
F,  the  near  wake  is  quasi-two-dimensional,  and  that  for  F-l,  the  flov’  separation  line  is 
conditioned  by  the  generated  lee  wave  field.  Chomaz  el  al  (1993)  and  Bonneton  et  al 
(1993)  have  extended  such  an  investigation  by  examining  the  dynamics  of  the  stratified 
flow  past  a  sphere  for  a  large  range  of  Froude  numbrrr. 

Theoretical  analyses,  of  the  stratified  flow  over  an  obstacle,  have  been  elaborated  by  Smith 
fl980),  in  the  hydrostatic  frame  work,  and  by  Crapper  (19.59),  Lighthill  (1978)  and  Voisin 
(1992)  for  the  non-hydrostatic  approach.  In  this  paper  we  describe  the  near  wake  structure 
of  axi-symmetric  gaussian  obstacles  towed  uniformly  in  a  linearly  stratified  fluid.  We 
demonstrate  the  influence  of  both,  the  Froude  number  and  the  aspect  ratio,  on  the  flow 
structure.  Experiments  were  performed  in  a  water  towing  tank  of  size  0.5  *0.5*4  mAlTiis 
tank  was  filled  with  a  linear  stratification  using  salt  solutions,  a  wide  range  of  N  has  been 
explored  :  Ne[0.67,  2  rad/s].  Four  gaussian  models  :  r=0.28,  r=0.56,  r=0.8and  r=1.12 
were  used  in  the  experiments.  The  towing  velocities  were  varied  from  0.5  to  25  cin/s, 
when  for  a  given  stratification  N  and  a  given  model  r  the  velocity  is  varied,  the  two 
dimensionless  numbers  F  and  Re  (Re=U(2L)/v,  where  V  is  the  fluid  kinematic  viscosity), 
evolve  proportionally  in  the  form  Re=Re(F=l)F,  where  Re(F=l)=:2NrL2/v.  In  the  present 
study,  F  was  varied  from  0.2  to  14  and  Re  from  800  to  25000. 


Visualisation  and  measurement  techniques  applied  in  the  experiments  presented  here  have 
here  have  been  described  in  detail  in  Chomaz  et  a)  (1993). 


2.  The  lee  wave  dynamics 

Particle  streak  photographs  of  the  flow  over  two  gaussian  models  r=0.28  (figures  l.a,  l.b, 
l.c)  and  r=0.8  (figures  l.d,  l.e  and  l.f)  illustrate  the  evolution  of  the  lee  wave  versus  F. 
At  large  F  (figures  l.a  and  l.d)  a  three-dimensional  (3D)  recirculation  zone  is  present 
behind  the  obstacles.  Both  the  size  and  the  unsteadiness  of  this  zone  increase  with  F, 
whereas  the  lee  wave  amplitude  decreases.  For  F  close  to  1  (figures  l.b  and  l.e)  the  flow  is 
entirely  dominated  by  a  saturated  lee  wave  (SLW  regime).  For  F  smaller  than  0.7  (figures 
l.c  and  l.f),  the  lee  wave  amplitude  decreases  and  a  two-dimensional  (2D)  layer  appears 
close  to  the  ground.  For  r=0.28  (figure  l.c)  the  wave  amplitude  is  much  smaller  than  for 
r=0.8  (figure  l.f)  and  only  the  first  crest  is  visible. 


Figure  1  :  Vertical  particle  streak  photographs  for  r=0.28  (Rc{l)=  1600)  and  for  r“0.S  (Rc(l)=2100) 


On  figure  2,  we  have  plotted  measurements  of  the  lee  wave  wavelength  as  obtained  from 
'  e  particle  streak  visualisations  for  three  gaussian  models  (r=0.25,  0.8  and  1.12),  we  have 


•r. 


also  reported  Hanazaki  numerical  results  (dashed  line)  for  a  sphere,  and  the  point  source 
linear  theory  predictions  (continuou,s  line).  We  ob.serve  that  measurements  are  in  good 
agreement  with  the  theoretical  predictions  without  influence  of  the  body  shape  detail.  From 
such  visualisations  we  have  determined  the  spatial  distribution  of  the  vertical  component  of 


the  velocity  field,  which  enables  us,  to  deduce  the  correspondent  distribution  of  the  local 
amplitude  of  the  lee  wave.  We  have  reported  on  figure  3,  for  r=0.28  and  r=0.8,  the  angle  e 
between  the  horizontal  and  the  direction  where  the  local  wave  amplitude  is  maximum.  We 
may  sec  that  for  both  models,  0  decreases  notably  between  F«<1.2  and  1.6.  Even  if,  the 
precision  is  rather  poor  for  r=0.28  when  F  is  close  to  0.4,  because  of  the  small  amplitude  of 
the  lee  wave,  figure  3  clearly  demonstrates  that  0  is  much  larger  for  r=0.28  than  for  r=0.8. 
For  small  r  and  small  F,  the  measured  angle  0  is  close  to  the  value  90°  given  by  the 
hydrostatic  approach  (Smith  (1980)),  whereas,  for  large  r,  the  limit  value  of  0,  as  F  goes  to 
zero,  is  consistent  with  the  point  source  linear  theory  prediction  0=45°  (  Lighthill  (1978) 
and  Voisin  (1993)). 


Figure  2 

Evolution  of  llic  icc  wave  wavelength  vcisus  F 
for  several  models  and  seven]  Rc(F=t). 


Figure  3 

Evolution  of  the  angle  between  the  borizoiitai 
and  the  direction  of  maximum  local  amplitude 
veisus  F  tor  i=0.28  (Rc(l)a900) 
and  for  r=0.8  (Rc(l)=2100). 


Figure  4  presents  the  evolution  of  the  maximum  vertical  displacement  t  of  a  fluid  particle, 
due  to  the  lee  wave,  as  a  function  of  F  for  r=0.28  and  r=0.8.  For  both  cases,  we  observe  that 
the  amplitude  (^)  increases  up  to  F  about  0.7  (2D  regime).  Then,  it  saturates  around  F » 1 
(SLW  regime)  and  finally,  starts  to  decrease  for  F  larger  than  1/r.  A  similar  behaviour  is 
detected  for  the  two  other  models  r=0.56  and  r=1.12.  The  initial  increase  of  the  amplitude 
with  F  may  be  explained  by  the  energetic  arguments  of  Sheppard  which  predicts  :  =  F. 

However,  tlie  theoretical  predictions_^seem  to  overestimate  the  amplitude  for  the  small 
aspect  ratio  (r=0.28)  and  underestimates  it  for  large  r  (r=0.8).  Tlie  transition  in  the  lee  wave 
amplitude  at  F^l/r,  has  been  theoretically  predicted  by  Queney  who  showed  that  a 
resonant  regime  occurs  when  the  effective  wavelength  of  a  mountain  (2;iL)  equals  the  lee 
wave  wavelength  (2reU/N).  For  r  =0.8,  the  decrease  in  amplitude,  observed  at  large  F, 
seems  to  agree  with  the  point  source  theory  which  predicts  i  ^/h  =1/F. 


Figure  4  :  Evolution  of  Ibc  wave  aiiiptitudc  versus  F  for  r=0.28  (Rc(l)=900, 1600  and  2400) 
and  for  r=0.8  (Rc(l)=1300. 2100  and  2700). 

- ;  Sheppard’s  theory  ; - ;  sourec  point  theory 

3.The  3D  regime  (F al/r) 

*  Homoeeneoiis  wake  : 

In  order  to  understand  the  stratification  effects  on  the  close  wake,  the  knowledge  of  the 
wake  in  the  homogeneous  configuration  is  required.  As  well  as  for  the  sphere  (Chomaz  et 
al  (1993),  Kim  and  Durbin  (1988)),  we  have  observed  that,  for  Reynolds  numbers  greater 
than  a  critical  value  Rcq,  the  wake  is  affected  by  two  instability  modes  :  a  high  frequency 
Kelvin-Helmholtz  shear  Instability  (KJl)  of  the  .separated  layer  and  a  low  frequency  mode 
(VS)  associated  with  the  shedding  of  large  scale  coherent  vortices  (^figures  6.a  atid  6.d).  t^or 
smaller  Reyitolds  number  values,  only  a  single  mode  is  present.  Figure  5  shows  for  r-0.8, 
the  evolution  of  the  Strouhal  numbers  S  (S=f(2L)/U  where  f  is  the  emission  frequency),  as 
obtained  either  from  fluorescent  dye  visualisations  or  from  velocity  measurements.  Above 
Rcc-lSOO,  the  Strouhal  number  of  the  low  frequency  wake  instability  stabilises  around 
Svs*0.55  whereas  the  high  frequency  branch  (KH  mode)  keeps  increasing.  A  .siiniscr 
behaviour  is  observed  for  the  different  models  tested,  values  of  Re,;  and  Svs  function  of  r 
are  reported  in  Table  1. 


Figure  5  :  Evolution  of  the  Sttouh.il  number  S  vereus  Uc  for  r=0.8,  in  the  kpinogeneous  case. 

The  continuous  line  indicates  the  best  power  iaw  to  the  data  (S  Rc^^,  and  the  inrmsior  prcsr.iits  a  typical 
velocity  .spectrum  for  Rc=3750,  the  low  and  liig’u  frequency  mode  are  indicated  in. 
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Figure  6  ;  Fluorescence  ituluced  by  laser  side  views  for  r=0.28  (a  ;  Re=2950.  b  :  Rci-400Q,  c:  Rc--3200} 

end  for  t=0.S  (d  ;  Rc=:1500,  c  :  Rc=1800,  f ;  Re=1400)  t 


*  Stratified  configuration ; 

Figure  6  iilustrales  the  progressive  disparitiou  of  the  shedding  of  large  scale  vortices  as  the 
stratification  effects  increase  (F  decreases).  This  disparition  occurs  at  a  critical  Froude 
number  Fc  depending  only  on  r  as  soon  as  Re>R^.  For  r=0.28  Fc  is  close  to  4  (figures  6.b 
and  6.c)  whereas  it  gets  close  to  1.2  for  r=0.8  (figures  6.e  and  C.f).  On  figure  7  we  have 
reported  the  evolution  of  the  Slrouhal  number  S  of  the  VS  instability  as  a  function  of  rF  for 
several  aspect  ratios  (r-0.28,  0.8  and  1.12).  Values  of  S  were  obtained  either  from 
visualisations  or  from  both  conductivity  probe  and  velocity  mea.surements.  In  addition,  for 
each  aspect  ratio  r  up  to  three  sets  corresponding  to  three  different  Re(F=l)  have  been 
collected.  We  note,  from  figure  7,  that  S  decreases  with  F  following  an  1/rF  law  before 
stabilising  at  its  in^utral  value.  Tlii.s  result  demonstrates  that  the  VS  mode  frequency  is 
coniroiied  by  stratification  effects  until  it  reaches  its  asymptotic  value.  We  also  see  on 
figure  7  and  table  1  that  the  critical  value  Fc  equals  1/r  and  coincides  with  the  limit  of  the 
saturated  lee  wave  regime.  I'he  slight  disf^rsion  in  the  value  of  S,  for  given  F  and  r,  is 
partly  due  to  variations  in  Reynolds  riuinbcr.  This  demonstrates  the  weak,  importance  of  Re 
as  .soon  as  the  VS  mode  is  e.stablisln'd  (Re  >  Rcc) 


cars  r  -  0.20 

XXKXX  r  s  0  8 

ocaoof  -  1.12 


r.F 


Figure  7  :  Strouhal  number  S  of  the  low  frequency  mode  for  r=0.28, 0.8  and  1.12 
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4.  The  SLW  regime  : 


For  this  regime  the  iee  wave  amplitude  reaches  its  maximum  and  hence,  the  turbulent  wake 
is  suppressed  as  clearly  demonstrated  on  figures  6.c  and  6.f.  For  r=0.8  we  note  on  figure 
6.f,  the  generation  of  a  three-dimensional  steady  isolated  bubble  under  the  first  crest  of  the 
lee  wave.  For  the  gentle  model  (r=0.28)  such  a  phenomenon  is  not  observed  because,  may 
be,  the  wave  energy  propagates  nearly  vertically. 

5.  The  2D  regime  : 


Figure.  8  :  Top  view  particle  streak  photographs  for  r=0.8  (Rc(l)=1300) 
(the  flow  is  firrm  left  to  right) 


I 
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When  F  decreases  below  0.7,  the  lee  wave  amplitude  decreases  and  the  fluid  layer  that  goes 
around  the  obstacle,  instead  cf  passing  over  it,  starts  being  animated  by  quasi-two 
dimensional  motions.  An  attached  pair  of  vortices  appears  in  the  lee  side  of  the  topography 
(figure  8. a).  For  the  large  aspect  ratio  model  (r-0.8),  this  2D  layer  is  topped  by  a 
moustache-like  shaped  rollers  visible  on  the  top  view  8.b.  This  complex  structure, 
described  by  Sysoeva  and  Chashechkin  (1986),  lives  under  the  first  crest  of  the  lee  wave 
and  therefore  exhibits  a  similar  shape  as  the  isophase  2;r.  For  the  small  aspect  ratio  model 
(t=0.28),  rollers  are  no  more  present,  probably  on  the  account  of  the  rapid  drop  in  the  lee 
wave  amplitude  and  on  the  nearly  vertical  propagation  of  the  wave  energy  observ'ed  in  this 
case. 
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Figure  10  : 

Evolution  versus  F  ot'tlic  nondiinensional  width 
between  the  centre  of  the  lee  vortices 
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Figure  9  : 

Evolution  versus  F  of  the  nondiinensional  distance 
between  the  centre  of  vortices  and  the  relief  axis 
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igure  11  :  Evolution  of  the  uondinicnsional  intensity  of  the  vortices 
as  measured  by  the  maximum  velocity  in  the  advcisc  flow 


Figure  9  (respectively  10  and  11)  presents  measurements  of  the  distance  x/L  between  the 
centre  of  the  2D  vortex  couple  and  the  relief  axis  for  r=1.12,  r=0,8  and  r=0.28  (respectively 
the  width  6/L  and  the  velocity  u’AJ  of  the  associated  adverse  flow).  For  both  the  distance 
x/L  and  the  width  6/L,  results  are  in  good  agreement  with  the  predictions  of  the  inviscid 
numerical  simulations  of  Smolarkiewicz  and  Rotunno  (1989).  On  the  contrary,  the  adverse 
flow  amplitudes  reported  by  Smolarkiewicz  and  Rotunno,  are  approximately  five  times 
greater  than  the  experimental  ones.  This  discrepancy  is  certainly  due  to  the  friction  at  the 
wall  which  is  not  taken  into  account  in  the  inviscid  numerical  model.  From  the  relative 
agreement  between  the  simulations  and  the  present  experiments,  one  would  be  tempted  to 
conclude  that,  the  vorticity  is  mainly  generated  by  the  baroclinic  mechanism  introduced  by 
Smolarkiewicz  and  Rotunno  rather  than  by  separation  of  the  boundary  layer  on  the 
topography.  This  issue  deserve  further  investigations. 
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l.Introduction.  Manifestations  of  internal  waves  on  the  sea  surface  were 
the  subject  of  intensive  studies  in  the  last  two  decades  reaching  their  peak 
in  the  mid  of  eighties.  Until  now  internal  waves  remain  the  only  "internal" 
process  having  numerous  and  well  documented  observations  of  its  surface 
manifestations  and,  to  our  opinion,  all  the  links  between  sutface  and  interior 
merit  primary  attention.  Despite  great  number  of  works  the  understanding  of 
physics  of  these  phenomena  is  still  far  from  being  complete.  A  good  and  still 
relevant  overview  of  the  situation  in  the  field  gives  the  book  "Effect  of 
large-scale  internal  waves  on  the  sea  surface".  We  summarize  tlic  present 
state  of  knowledge  as  briefly  as  possible,  to  reduce  the  conclusions  relevant 
in  our  context  to  just  the  two  points.  First,  we  note  that  internal  waves 
manifest  themselves  creating  nonuniformity  of  some  "end",  i.e.  directly 

observable,  properties  of  the  sea  surface,  which  are,  as  a  rule,  specific  for 
the  situation  and  the  way  of  observation.  To  ^ve  an  idea  we  list  just  some  of 
such  "end"  propenies:  albedo,  colour,  breaking  wave  probability,  density  of 
weeds  or  melting  ice,  temperature,  scattering  characteristics  in  different 

bands  etc.  As  a  rule  these  "end"  properties  are  related  through  a  cascade  of 
different  physical  mechanisms  with  the  "primary"  distortions  of  the  surface 
parameters  created  by  internal  wave.  These  mechanisms  are  numerous  and  the 
cascades  could  include  many  links,  but,  we  would  like  to  stress  this  point, 
most  of  the  cascades  are  initiated  by  the  nonunifermities  of  the  horizontal 

velocity  on  the  surface  caused  by  internal  waves  as  the  main  "primary"  factor. 
The  second  major  conclusion  that  can  be  derived  basing  on  the  accumulated 
experience  of  previous  studies,  being  roughly  formulated,  is:  if  there  is  a 
strong  "primary  signal"  due  to  internal  wave  in  terms  of  horizontal  velocity, 
then  there  arc  noticeable  manifestations  in  various  fields. 

In  this  work  we  ftxius  our  attention  on  a  mechanism  providing  amplification 
of  the  surface  velocity  variations.  We  shall  take  into  account  existence  of 
mean  shear  current  and  its  boundary-layer-type  vertical  structure.  The 

currents  of  this  type  are  caused  by  the  wind  and  represent  generic  feature  of 

the  upper  ocean.  "We  shall  show  that  the  presence  of  subsurface  shear  currents 

often  results  in  considerable  amplification  of  surface  manifestations. 

2.Basic  equations  and  preliminary  assumptions.  We  shall  study  a  linear 

internal  wave  dynamics  in  an  inviscid,  incompressible,  horizontally 

homoge-neous,  but  vertically  stratified  fluid  in  presence  of  a  steady  parallel 
vertically  sheared  flow  with  basic  velocity  distribution  U  =  {C/(z),0,0).  The 
p:-axis  of  the  chosen  coordinate  frame  is  oriented  along  the  current  while 
r-axis  is  directed  vertically  upward.  The  equilibrium  fluid  density  p  ^  (z) 

being  an  arbitrary  function  of  z  at  the  depth  is  supposed  to  be  constant,  '’say 
p  ,  near  the  surface  and  to  form  so-called  ‘mixed’  layer  of  the  depth  D.  The 
mean  current  is  assumed  to  be  localized  in  the  thin  layer  with  typical 

thickness  h  near  the  surface  and  to  be  zero  outside,  h  presumed  to  be  smaller 
than  D. 

The  set  of  nondimensional  equations  governing  the  linear  evolution  of 
small  perturbations  is  standard:  the  Euler,  mass  conservation  and  incompressi¬ 
bility  equations 

(3^  +  U-V)u  +  wU'  4-  gpz  +  Pg'Vp  =  0  (2.1a) 
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d^p  +  wp'  =  0 


(2.1b) 


V-u  =  0 


(2.1c) 


where  g  is  gravity  acceleration,  z  is  an  unit  vertical  vector,  prime  denotes 
the  derivative  with  respect  to  z  and  u  =  {u,v,h'],  p,  p  are  the  perturbation 
velocity,  pressure  and  density  correspondingly,  their  scales  being  characte¬ 
ristic  speed  U  ,  typical  wavelength  L  and  the  mixed  layer  fluid  density  p 
Being  interested  in  linear  dynamics,  we  perform  Fourier  transfomi  of  ?Re 
perturbation  wave  field  components  with  respect  to  the  homogeneous  horizontal 
coordinates  and  time 
+  00 

f(x,y.z,t)  =  11  /((o,A:,z)  exp[i(kT  -  cot)}  dkdoo  (2.2) 

.oo 

and  study  each  Fourier-component  separately.  The  eliminadon  of  pressure  and 
density  from  (2.1)  leads  to  the  well-known  Taylor-Goldstein  equation  (see  c.g. 
(LeBlond  &  Mysak  1979)  for  the  vertical  velocity  (the  sign  is  omitt^ 
hereinafter) 

(CO  -  +  [(CO  -  U-k)U"-k  +  (N^  -  (co  -  U-k)^)*^]w  =  0  (2.3) 

where  N^iz)  =  "gPgPa'  is  the  square  of  Brunt- Vaisala  frequency,  and  Ic  =  Ik]. 
The  proper  boundary  conditions  at  the  bottom  z  =  -H  and  at  the  surface  are 


=  0 


w 


=  0, 


(2-4) 


the  latter  is  so-called  'rigid  lid’  approximation. 

We  shall  be  interest^  in  the  evolurion  of  internal  waves  long 
comparison  with  the  mean  current  typical  thickness  h,  so  that  the  quotient 


«  1 


(2.5) 
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forms  a  small  parameter.  Obviously,  dispersion  and  other  cssendal  characte¬ 
ristics  of  long  internal  waves  weakly  depend  on  the  fine  structure  of 
subsurface  current.  So  to  facilitate  our  analysis  we  choose  the  simplest  but 
still  relevant  form  of  the  mean-cuirent-vclocity  profile 


-e  <  z  <  0 
z  <  -e 


(2.6) 


3.Asymptotic  analysis  of  mode  distortion.  The  chosen  model  of  the  mean 
current  characterized  by  a  vorricity  jump  at  z  -  -e  implies  tliat  mode  function 
w(z)  is  to  obey  to  special  conditions  at  that  level.  These  could  be  received 
by  integrating  (2.3)  through  the  level  z  =  -s  in  a  standard  fashion  and 
represent  in  fact  the  conditions  of  continuity  of  a  ’fluid  line’  displacement 
and  pressure 
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CO  -  U-k 


z= -£+0 
2= •£ • 0 


=  0 


(3.1a) 


(CO  -  U’k)w  +  U'-k  w 


z»  -C-**0 

=  0 


z=-£.0 


(3.1b) 


where  the  notation  z  =  -e  ±  0  denotes  the  limits  of  the  expressions  while  z 
tends  to  -e  from  above  and  from  below  correspondingly.  Thus  the  ocean  model  to 
study  consists  of  three  different  layers,  and  (2.3)  should  be  solved  in  each 

of  tliese  independently  and  then  the  solutions  are  to  be  matched  at  the 
boundaries  using  (3.1)  or  similar  conditions.  The  mean  current  being  absent  at 
the  depth,  (2.3)  becomes  the  standard  equation  for  internal  wave  mode  function 

which  can  be  solved  by  usual  methods  for  any  given  stratification.  We  are  not 

interesting  in  an  analysis  of  pardcular  models,  we  shall  focus  our  attention 
on  consideration  of  the  general  problem  of  perturbation  of  internal  wave 
characteristics  by  a  th  n  subsurface  shear  current. 

Both  in  moving  and  resting  parts  of  the  mixed  layer  Brunt- Vaisala 
frequency  iV(z)  is  assumed  to  be  identically  zero  as  well  as  the  second 
derivative  of  the  mean  current  velocity  (2.6),  (2.3)  can  be  solved  explicitly 

to  )deld  the  depdi  dependence  of  the  mode  function  vv(z)  depth  dependence 

w  =  A  sh{/!:z}  (3.2a) 

in  the  subsurface  layer  and 

w  =  B  sh{fcz)  +  D  ch{fa)  (3.2b) 

in  the  still  part  of  the  mixed  layer.  The  solution  (3.2a)  is  chosen  to  satisfy 
the  boundary  condition  (2.4)  at  the  surface.  We  note  that  coefficients  B 
and  D  depend  on  the  wave  frequency  to  and  wave  vector  k,  the  explicit  form  of 
the  dependence  is  found  by  matching  (3.2b)  with  the  solution  of  (2.3)  in  the 
stratified  layer. 

Matching  solutions  in  moving  and  resting  pans  of  mixed  layer  by  substitu¬ 
ting  (3.2a)  and  (3.2b)  into  (3.1)  we  receive  the  set  of  equations 

4  sh{zk}  =  B  sh{&t]  -  D  ch{£A')  (3.3a) 


^co/:  ch{a!:}  -  sh(£l:)j  A  =  (ak  ch{&t}  -  D  sh(c^)j  (3.3b) 

which  after  elimination  of  A  yields  a  required  dispersion  equation  for 
the  internal  wave  mode 


CO  -  v-k 


th{e4-}) 


3  sh{e^)  -  D  ch{£i:}  =  co  sh{el:)  B  -  D  th(el:]|  (3.4) 


herein  v  is  the  mean  flow  nondimensional  velocity  at  the  surface  z  =  0,  its 
absolute  value  being  unity. 

We  now  recall  that  nondimensional  thickness  e  of  the  mixed  layer  moving 
part  was  supposed  to  be  much  smaller  than  unity  and  use  it  as  a  small 
parameter  while  looking  for  solutions  of  (3.4)  in  the  form  of  asymptotic 
series  in  powers  of  e 


CO  =  cOg  +  £C0j  +  ...  (3.5) 

Being  the  functions  of  wave  frequency  (0  the  coefficients  3  and  D  should  be 
expanded  in  corresponding  Taylor  power  series  as  well  as  hj^erbolic  functions. 
Performing  the  necessary  calculations  we  obtain  in  the  main  order  in  e 


(00^  -  v-k)  D(co^j,k)  =  0  (3.6) 

Each  multiplier  in  (3.6)  taken  to  be  zero  represents  a  dispersion  relation  in 
itself.  The  roots  co^  of  the  equation 
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(3.7) 


Z)(co^,k)  =  0 

correspond  to  the  internal  wave  modes  originating  from  the  stratified  thick 
layer  and  are  not  affected  by  the  subsurface  shear  current.  The  additional 
eigenvalue 

cOq  =  v-k  (3.8) 

corresponds  to  the  pure  vortical  mode  owing  its  existence  to  the  jump  in  the 
background  vorticity  field  supplied  by  the  shear  current.  The  celerity  of  that 
mode  in  this  order  of  approximation  equals  to  the  projection  of  the  mean 
current  surface  velocity  on  the  direction  of  its  propagation. 

Effect  of  subsurface  current  on  the  internal  wave  modes  first  manifests  in 
the  next  order  in  £.  Performing  the  necessary  calculations  and  taking  into 
account  the  results  (3.7),  (3.8)  we  receive  the  first-order  correction  to  the 
internal  wave  frequency 


di"  =  -  kB 


vk 

a)=oj"  to"  -  v-k 
0  0 


(3.9) 


The  mode  function  w(z)  in  the  moving  part  of  mixed  layer  corresponding  to  the 
eigenfrequency  co"  is  readily  found  to  he  (the  main  order  in  e) 


co" 

w  =  S((u"  k)  - 2 - sh{kzl  (3.10) 

°  -  v-k 
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During  deduction  of  tlie  expressions  (3.9),  (3.10)  we  required  implicitly  that 
the  characteristic  frequencies  of  internal  gravity  and  vortical  modes  be  of 
the  same  order  and  not  too  close  to  each  other,  that  is,  their  differences  be 
of  order  of  unity.  The  former  requirement  is  valid  only  when  nonditnensional 
Brunt-Vaisiia  frequency  is  of  order  unity.  Tliis  being  the  case,  one  can 
conclude  that,  though  the  influence  of  the  subsurface  shear  current  on  the 
internal  wave  frequency  is  small  (of  order  of  e)  in  comparison  with  its 
undisturbed  value,  the  vertical  velocity  in  the  subsurface  layer  changes 
significantly.  The  analysis  performed  above  is  not  valid  when  undisturbed 
frequency  of  vortical  mode  is  too  close  to  that  of  one  of  internal  gravity 
waves.  This  phenomenon  results  in  mode  coalescence  and  therefore  requires 
special  consideration. 


4.Resonant  interaction  between  internal  gravity  and  vortex  mode.  Whence 
the  main-order  eigenfrequency  of  vortex  mode  (3.8)  coincides  with  tliat  of  some 
internal  gravity  mode  the  asymptotic  expansion  (3.5)  is  readily  seen  to  become 
singular  because  of  the  first  order  eigenfrequency  conecrion  being  singular. 
The  phenomenon  breaking  the  asymptotic  scheme  used  above  is  the  linear 
resonance  of  two  eigenmodes  of  the  boundary  value  problem  (2.3),  (2.4) 
occurring  at  some  particular  curve  in  wavevector  space  k  -  k",  detenruned  from 
the  dispersion  equation 

OfcUg.k")  =  D(v-k",k")  =  0  (4.1) 

From  the  main-order  analysis  it  follows  that  the  dispersion  surfaces  0)"=  co"(k) 
and  03  =  v-k  of  internal  gravity  and  vortex  mode  intersect  at  the  curve  k  =  k" 
and  therefore  the  dispersion  equation  (3.6)  has  a  double  root.  It  is 
well-known  that  in  reality  the  dispersion  curves  do  not  intersect  but  split 
and,  either  ,,0-called  ‘change  of  identities’  or  linear  instability  takes 
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place;  anyway,  the  dispersion  in  the  vicinity  of  the  curve  of  intersection  is 
essentially  enhanced  CCraik  1985).  To  study  the  behavioa'-  of  dispersion 
surfaces  in  the  small  vicinity  of  the  place  of  intersection  one  has  to  rescale 
wavevector 

k  =  k"4-e^'^q  (4.2) 

and  look  for  a  solution  of  (3.4)  in  the  form  of  scries  in  powers  of  i}'^, 
rather  than  in  powers  of  £ 

CO  =  co"  +  +  ...  (4.3) 

Substituting  (4.2),  (4.3)  into  dispersion  equation  (3.4)  and  performing  the 
same  operations  as  in  previous  section  we  get  once  again  (3.6)  which  was 
presumad  to  fulfill  and  an  identity  in  the  order  of  0(e'  ^).  But  in  the  order 
of  0{z)  instead  of  (3.9)  we  now  obtain 
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=  -  co^ 


where 


(4.4) 
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co=co",k=k" 
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.  5"=  B(co^.k'’) 


(4.5) 


As  eigcnfrequency  co  can  be  considered  as  a  function  of  wavevector  k  we  are 
able  to  modify  the  second  expression  in  (4.5)  as  follows  (Whithani  1974) 


aP"  _  aP"  aco  _  aP"  ^ 
TR  aco  TR  aco  » 


(4.6) 


where  c  is  the  group  velocity  of  the  internal  wave  at  the  curve  of  inter¬ 
section?  After  moification  (4.6)  the  expression  (4.4)  can  be  reduced  to  a 
quadratic  equation  for  the  correction  to  the  intemil  wave  frequency  owing  to 
the  resonant  interaction  with  the  vortex  mode 


CD?  -  a).(v  -  c^).q  +  co^  -  (v-q)(c^  q)  -  0  (4.7) 

Its  solutions  describing  the  splitting  of  intersecting  dispersion  surfaces  are 
easily  found  to  be 


j(v  -  c^)-q  ± 


+  c  )-q 
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.  n  I n 

40)  k - 

aD "  /aco  - 


(4.8) 


Whether  the  resonant  interaction  leads  to  linear  instability  or  not  is 
completely  determiried  by  the  sign  of  the  value 


J  =  co'- 


B" 


aD  "/aco 


(4.9) 


independent  of  the  shear  flow  features.  I'he  function  i(to,k)  is  completely 
determined  by  the  internal  wave  inner  characteristics  and  plays  the  role  of 
adiabatic  invariant  related  to  the  particular  wave  mode  and  determining  the 
sign  of  wave  energy.  The  linear  mode  coalescence  is  unstable  when  the  coupling 
mcxles  have  different  signs  of  energy  and  stable  otherwise  (Caims  1979).  In 
our  case  the  instability  occurs  if  only  (4,9)  has  positive  sign  at  the 
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resonant  curve. 

The  distortion  of  mode  function  w(z)  in  case  of  intcmai  wave  resonance 
with  the  vortex  mode  is  much  stronger  than  in  nonresonant  case.  To  illustrate 
the  statement  we  use  (4.8)  and  (3.3)  and  easily  obtain  in  the  main  order  in  e 
the  vertical  velocity  mode  funcrion  in  the  subsurface  layer  (-&  <  z  <  0) 

w(.')  =  -  (C0.+  c^-q)  sh[k''z]  (4,10) 

The  negative  power  of  the  small  parameter  does  not  mean  that  vertical  velocity 
becomes  asymptotically  large  because  the  value  of  hyperbolic  function  in  the 
upper  layer  is  of  order  of  E.  Meanwhile  the  resonance  greatly  amplifies 
vertical  morion  in  the  upper  subsurface  layer  even  in  case  of  stable  mode 
interaction  while  its  influence  on  the  mode  function  at  the  depth  is  still 
asymptotically  small. 


S.Surface  manifestations  of  internal  waves.  We  have  already  specified  in 
the  introduction  that  saying  ’surface  manifestations’  we  mean  horizontal 
velocity  perturbations  at  the  sea  surface.  Though  amplified  in  presence  of 
shear  current  vertical  velocity  is  still  small  and  almost  undetectable  in  the 
subsurface  layer,  as  follows  from  (3.10),  (4,10),  becoming  zero  at  the  surface 
because  of  the  boundary  condition  (2.4).  So  we  shall  analyze  the  effect  of  the 
mean  current  on  horizontal  velocity  perturbations  caused  by  the  waves.  In  the 
linear  approximation  the  horizontal  components  can  be  easily  expressed  tiirough 

the  already  found  vertical  velocity  by  using  (2.1).  Obviously  we  are 

interested  in  their  values  at  tlie  surface  z  =  0.  In  absence  of  internal 

wave  •  vortex  mode  resonance  we  easily  get  from  (2.1),  (3.10)  for  the  desired 

components  of  the  perturbation  wave  field 

co" 

u"  »  i  4 - 5 - -  B"  (5.1) 

'  -  v-k 

where  expression  (5.1)  describes  perturbation  horizontal  velocity  field  at  the 
surface  while  corresponding  to  the  n-th  mode  of  internal  waves.  In  case  of 
resonance  the  perturbations  of  horizontal  velocity  are  amplified  significandy 
due  to  linear  interaction  of  modes,  the  correspondent  explicit  expressions 
derived  from  (2.1),  (4.10)  being 


le 


i/2 


aco 


(ci)  +  c  q) 
'  1, 


(5.2) 


Both  in  (5.1)  and  in  (5.2)  we  used  the  notations  defined  in  paragraphs  3,  4. 
To  judge  the  enhancement  of  horizontal  morion  in  the  subsurface  layer  produced 
by  shear  current  one  .should  compare  (5.1),  (5.2)  with  its  analogs  in  absence 
of  any  mean  cuirenr.  If  there  were  no  current,  the  surface  perturbations  of 
horizontal  velocity  would  be 


(5.3) 


For  comparison  we  choose  the  internal  wave  mode  corresponding  to  the  same 
unperturbed  eigenfrequency  ca"  and  similarly  normalized. 

One  can  readily  see  from  (5.1)  -  (5.3)  that  nonuniform  horizontal  velocity 
field  created  by  internal  waves  arc  enhanced  in  a  large  extent  if  subsurface 
mean  current  is  present,  its  order  of  magnitude  increasing  under  resonant 
conditions  reaching  0(e‘  in  compare  with  no  current  case.  Henceforth,  the 
effect  of  the  thin  subsurface  current  on  the  internal  wave  surface 
manifestations  is  significant,  being  the  most  intense  m  case  of  resonance 
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between  internal  wave  modes  and  vonex  mode  appearing  due  to  current  presence. 

d.Discussion.  The  analysis  performed  above  shows  that  a  subsurface  shear 
current  even  being  localized  in  the  narrow  sublayer  within  the  ‘mixed’  layer 
strongly  affects  internal  waves  surface  manifestations  by  amplifying  greatly 
horizontal  wave  velocities  and  tlirough  them  all  the  "end"  observable 
characteristics.  As  such  currents  are  almost  always  present  in  the  real  ocean 
environment  their  influence  is  one  of  the  most  important  factors  governing  the 
internal  wave  manifestations. 

We  note  also  that  in  case  we  are  interested  in  the  manifesutions  of  a 
stochastic  internal  field,  we  can  expect  that  the  resonant  harmonics,  i.e 
those  Fourier-components  whose  celerity  equals  the  flow  surface  velocity 
projection  on  the  direction  of  wave  propagation  and  thus  are  in  resonance  with 
the  specific  vonex  mode  generated  by  the  mean  current  shear,  will  dominate  in 
the  manifestations  of  the  stochastic  internal  wave  field  at  the  surface. 

We  note  that  the  hypothesis  about  the  key  role  of  vorticity  waves  as  well 
as  vorticity  waves  themselves  in  the  context  of  upper  ocean  dynamics  were 
first  discussed  in  (Shrira  1989),  but  the  hypothesis  has  not  been  elaborated. 

The  mechanisms  of  internal  wave  amplification  considered  above  do  not 
exhaust  the  problem,  one  of  the  most  interesting  in  this  context  questions 
remaining  open  is:  whether  there  is  a  place  for  an  instability  of  this  shear 
current.  One  might  expect  existence  of  internal  waves  with  sign  of  energy 

different  from  that  of  vortex  mode.  They  would  have  positive  adiabatic 
invariant  (4.10)  and  their  linear  interaction  with  the  latter  would  lead  to  an 
•nstability,  while  even  more  intense  process  of  explosive  nonlinear 
interaction  between  internal  gravity  and  vortex  waves  would  likely  to  be 

possible.  More  specifically  the  question  can  be  formulated  as  whether  there 
are  exist  some  stratification  profiles  possessing  the  necessary  properties 
and,  on  the  other  hand,  generic  enough  to  merit  special  study.  The  only  work 
the  authors  are  aware  of  which  tracts  similar  problem  is  that  of  Reutov 

(1990),  where  within  the  simplest  two-layer  model  no  unstable  linear 

interaction  was  found.  The  authors  own  analysis  of  some  simple  models,  both  of 
three-layer  fluid  and  of  fluid  with  constant  Brunt-VaisSla  frequency,  does  not 
reveal  any  instability.  Thus  this  question  is  still  open. 
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Interaction  and  Generation  of  Waves  in  a  Two-Layer 
Fluid  Flowing  over  Uneven  Bottom 


Mitsuaki  FUNAKOSHI 

Research  Institute  for  Applied  Mechanics,  Kyushu  University, 

Kasuga,  Fukuoka,  816,  Japan 

Abstract.  In  a  two-layer  flow  over  uneven  bottoiu,  both  wave  generation  by  the  bottom  to¬ 
pography  and  the  resonant  interaction  between  two  wave  modes  are  examined  simultaneously. 
An  evolution  equation  is  derived  which  describes  not  only  the  resonant  interaction  between 
long  internal  inode  and  the  wave  packet  of  short  surface  mode,  but  also  the  generation  of  long 
internal  mode  due  to  the  resonant  motion  of  the  fluid  relative  to  the  bottom  unevenness.  The 
interactions  between  the  waves  trapped  by  the  localized  bottom  unevenness  and  steady  pro¬ 
gressive  waves  coming  to  it  are  examined  numerically  on  the  basis  of  this  equation. 

§1.  Forced  Long-Short  Interaction  Equation 

When  a  two-layer  fluid  flows  over  a  localized  bottom  unevenness  of  large  horizontal 
scale  at  the  velocity  V  which  is  close  to  the  phase  speed  Cp  of  the  internal  mode  in 
the  long-wave  limit,  long  internal-mode  waves  are  generated  resonantly  (  similarly  to 
the  cases  of  single-layer  fluid'’^^  and  continuously  stratified  fluid'^^  ).  Furthermore,  if  wc 
assume  the  existence  of  the  surface  mode  whose  group  velocity  is  close  to  Cp,  the  resonant 
interaction  between  the  long  internal  mode  and  the  packet  of  the  short  surface  mods  is 
possible'*^  Aiming  at  examining  the  system  with  not  only  the  rpsenant  interaction  but 
also  the  resonant  generation,  we  derive,  through  a  reductive  perturbation  method,  the 
following  ’forced  long-short  interaction  equation’  from  the  basic  equations  for  irrotational 
motion  of  the  inviscid  fluid,  under  a  few  assumptions  : 

\St-'iXSx-Sxx^SL^Q,  LT-XLx-{\S\'^)x+Hx  =  Ii,  (la,b) 

where  L  is  proportional  to  the  interface  displacement  of  the  long  internal  mode,  whereas 
S  to  the  complex  amplitude  of  the  short  surface-mode  wave  packet.  Also  H{X)  expresses 
the  bottom  unevenness,  and  A  a  small  difference  of  V  from  Cp.  A  is  a  horizontal  coor¬ 
dinate  in  which  the  fluid  flows  from  the  positive  X  direction,  and  T  is  the  time.  The 
details  of  the  derivation  of  eq.(l)  are  shown  in  Ref.5. 

§2.  Steady  Trapped  Waves 

Equation  (1)  has  solutions  corresponding  to  steady  waves  trapped  by  the  localized 
bottom  unevenness.  The  trapped  waves  are  composed  of  trapped  long  waves  (  called 
TLW  from  now  on  )  given  by 

5  =  0,  L  =  \h{X),  (2) 
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where  A\,  is  a  coiistan'  and  ptimea  dec^.•5e  dirfem'.tiatior.  with  re'vpec'  to  A  b^j-n-ai' 
condittou  1-4 1  and  ir>  produce  an  eigenvalue  prok«*eni  with  eigenvalue  0  tor  spietihed 
function  H  and  value  A  Ligeu function  /  A  i  and  car.  £>e  coinputec.  using  a  kind  ol 
shooting  method*'  Then  s'i,.Vi  is  computed  from  eq.(o).  it  should  be  noted  that  there 
are  generally  many  TCW  s  (with  different  0  )  for  each  function  U  and  value  A 
In  the  computation  of  TCW  for  the  symmetric  mountain  of  the  shape 

H  =  sech^X.  (7) 

in  addition  to  symmetric  waves  with  one  or  two  peaks  in  f{X),  a  variety  of  waves  with 
many  peaks,  antisymmetric  waves,  and  a.symrnetric  (neither  symmetric  nor  antisymmet¬ 
ric)  waves  were  found  (  see  Ref.5  for  the  details  ).  Figures  1  and  2  show  examples  of  the 
TCW  for  A  <  0  and  A  >  0  ,  respectively.  There  is  also  an  analytic  solution  expressed  by 

S  =  \/IT^sechXe.xp{i[-iAX  -  (1  4-  “A^)r]},  L  =  ■-2sech==X,  (8) 

if  A  >  —1/2  .  This  is  one  of  the  symmetric  TCW. 


§3.  Steady  Progressive  Waves  over  Even^Bottom 

Equation  (1)  has  two  kinds  of  stee.dy  progressive  waves  if  the  bottom  is  even  {H  =  0). 
The  first  wave  is  a  soliton  expressed  by 


f  5  =  y^2(A  -t  p]  5sech[5(X  —  pT  —  Xo)]cxp{i[— — (A  -f  ^)X  —  ClT  -1-  /'o]}i 
\  L=  -2q^sech‘^[q{X  ~  pT  -  Xq)], 


where  p,  q,  Xq,  and  Wo  “te  arbitreiry  real  constants  and  U  =  —  p^/4  4-  A^/4.  This 
soliton  is  a  coupled  wave  which  propagates  at  the  velocity  p  and  whose  horizontcil  scale 
is  characterized  by  q~‘. 
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The  second  wave  is  a  free  long  wave  (  called  FLW  from,  now  on  )  expressed  by 

S  =  0,  i  =  i?{X  4-  XT),  (10) 


where  '••h  is  an  arbitrary  function.  This  FLW  propagates  at  the  velocity  —  A. 

§4.  Interactions  between  Trapped  Waves  and  Progressive  Waves 

The  interactions  between  the  steady  progressive  war’es  coming  to  the  localized  bot¬ 
tom  unevenness  emd  the  steady  trapped  waves  are  examined  for  the  mountain  given 
by  eq.(7)  by  solving  eq.(l)  numerically  with  a  finite-difference  method.  In  discretizing 
eq.(l),  central  difference  was  used  both  for  time  evolution  and  for  spatial  variation.  The 
computational  domain  was  usually  —70  <  X  <75  with  a  periodic  boundary  condition. 
The  spatial  spacing  A-Y  =  0.05  and  the  time  increment  AT  —  0.0005  were  usually  used. 
The  accuracy  of  the  computation  was  checked  by  comparing  the  results  with  those  for 
smaller  A-Y  and  AT  and  by  calculating  the  conservative  quantities  of  eq,(l). 

One  important  point  of  view  in  considering  the  behaviour  of  waves  is  the  effect  of  long 
waves  on  the  short-wave  packet.  If  we  consider  the  equation  ISt  =  —SL,  obtained  from 
eq.(la)  by  neglecting  the  second  and  third  terms,  and  substitute  S  =  15|exp(i/?)  [9  is  a 
real  function  ]  into  this  equation,  we  obtain  9xt  —  Tx  ■  Its  .left-hand  side  expresses  the 
time  evolution  of  the  wavenumber  of  the  short  wave.  Thus,  this  wavenumber  increases  in 
the  X  region  where  Lx  >  0.  This  results  in  the  decrease  in  the  group  velocity  because  of 
the  convex  shape  of  the  dispersion  curve  of  the  surface  mode.  Therefore,  the  movement 
of  the  short-wave  packet  to  the  ~X  direction  is  expected.  Opposite  effect  is  expected 
in  the  X  region,  where  Lx  <  0.  Therefore,  the  positive  part  of  L  tends  to  repel  the 
short-wave  packet,  whereas  the  negative  part  tends  to  attract  it. 

Another  important  point  of  view  is  the  effect  of  the  mountain  on  the  long  wave.  If 
we  consider  equation  Lj-  —  -Hx  +  XLx  ,  obtained  from  eq.(lb)  by  neglecting  the  third 
term,  its  general  solution  is  i  =  H  {X) / X  +  ■ip(X  -I- AT)  ,  where  ip  is  an  arbitrary  function 
expressing  the  FLW,  Therefore,  it  is  expected  that  in  the  absence  of  the  short  wave  if 
A  >  0(A  <  0)  then  positive  (negative)  L  is  finally  generated  near  the  mountain, 

Figure  3  shows  the  evolution  of  waves  in  the  interaction  between  the  TLW  and  a 
soliton  {p  =  q  =  1.0)  for  A  =  —0.5.  Here  solid  lines  denote  |5|,  and  broken  lines  L.  The 
lowest  solid  line  in  each  figure  expresses  fif(-v),  and  the  right-hand  side  of  the  mountain 
(X  >  0)  is  the  upstream  side.  The  disruption  of  the  incident  soliton  into  two  solitons 
a.ud  a  positive  FLW  is  found.  Near  the  mountain,  a  symmetric  TCW  is  gcrcratcd  after 
a  part  of  short-wave  component  of  the  incident  soliton  is  captured  by  the  negative  part 
of  L  through  the  mechanism  described  above. 

Figure  4  shows  the  interaction  between  the  symmetric  TCW  given  by  eq.(8)  and  the 
FLW  expressed  by  L  =  -2.5secb^(A'  —  10)  for  A  =  1.0.  In  this  case,  all  the  short  wave 
is  pushed  away  from  the  mountain,  and  the  TLW  is  the  final  state  near  the  mountain. 


can  be  explained  that  the  positive  part  of  L  generated  by  the  moutain  pushes  the  short 
wave  away.  This  repelled  short  wave  couples  with  the  negative  part  of  L  and  forms  2  or 
3  solitons.  Figure  5  shows  the  interaction  between  the  TLW  and  a  soliton  fp  =  g  =  1.0) 
for  A  =  1.0.  Near  the  mountain,  short  wave  is  pushed  away  and  the  TLW  is  the  final 
state,  as  in  Fig.4.  The  incident  soliton  is  reflected  at  the  mountain,  and  its  amplitude 
becomes  much  larger. 

Next,  in  order  to  examine  the  dependence  of  the  final  state  on  the  initaial  state 
quantitatively,  a  few  series  of  computation.^  were  carried  out.  At  first,  in  the  initial 
condition  similar  to  that  for  Fig. 5,  only  go  (  g  the  incident  soliton  )  was  changed 
within  the  range  from  0.8  to  1.2.  Although  one  soliton  always  exists  in  the  final  state  of 
this  case,  its  behaviour  is  classified  into  tv/o  quite  different  ones.  That  is,  for  go  <  1.02,  the 
reflection  and  amplification  of  the  soliton  are  observed  as  in  Fig. 5,  whereas  the  incident 
soliton  passes  through  the  mountain  with  little  deformation  for  go  >  1.04  ,  as  shown  in 
Fig.6.  Figure  7  shows  the  parameters  p  and  g  of  the  final  soliton  as  the  functions  of 
We  clearly  see  the  abrupt  change  of  the  behaviour  when  go  crosses  1.03. 

In  the  next  series,  for  A  =  —0.3,  the  interactions  between  the  TLW  and  a  soliton 
(p  =  1.0,  q  =  go)  were  examined  for  a  variety  of  go  values.  The  TCW’s  for  chis  A 
value  are  composed  of  the  symmetric  mode  (expres.sed  by  a  solid  line  in  Fig.S)  and  the 
antisymmetric  mode  (a  broken  line).  In  the  numerical  computations,  we  find  the  final 
state  consisting  of  two  solitons  and  a  TCW  for  almost  all  the  go  values  within  the  range 
0-4  <  go  <  L7.  This  final  TCW  is  antisymmetric  for  go  <  0-8)  whereas  symmetric  for 
go  >  0.9  (  an  example  of  the  former  case  is  shown  in  Fig.9  ).  Figure  10  shows  the  pa¬ 
rameters  p  and  g  of  the  two  final  solitons  and  /(O)  (for  symmtric  mode)  or  /'(O)  (for 
antisymmetric  mode)  of  the  final  TCW  as  functions  of  go-  Although  the  dependence  of 
these  values  on  go  is  mild  for  relatively  small  go,  complicated  dependence  is  found  for 
go  >  1.3.  Another  example  of  such  a  complicated  dependence  on  the  initial  condition 's 
shown  in  Fig.ll.  Here  /(O)  of  the  symmetric  TCW  generated  by  the  interaction  between 
a  soliton  (p  =  1.0,  g  =  go,  0.68  <  go  <  1-39)  and  TCW  given  by  eq.(8)  is  shown  as  a 
function  of  go  for  A  —0.3.  The  value  of  /(O)  depends  on  go  in  a  complicated  way. 
Moreover,  for  special  values  of  go  such  as  0.89  and  1.2C,  /(O)  is  almost  zero,  implying  the 
generation  of  the  TLW. 

§5.  Conclusions 

The  interactions  between  the  waves  trapped  by  the  localized  bottom  unevenness  ( 
TCW  and  TLW  )  and  the  steady  progressive  waves  (  soliton  and  FLW  )  coming  to  it  are 
examined  numerically  on  the  basis  of  eq.(l).  The  results  are  surmnarized  as  : 

(i)  Near  the  moutain,  the  TLW  is  the  final  state  for  A  >  0,  whereas  a  TCW  is  the  final 
state  for  A  <  0  (except  for  the  case  of  no  short  wave  in  the  initial  state). 

(ii)  The  amplification,  reflection,  and  disruption  of  the  incident  soliton  occur  in  the  in- 
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teractioa. 

(iii)  The  complicated  dependence  of  the  final  state  on  the  initial  state,  and  the  abrupt 
change  of  the  final  state  associated  with  a  small  change  of  the  initial  state  can  be  observed. 


■I 


References 

1)  Wu,  T.  Y.;  Generation  of  upstream  advancing  solitons  by  moving  disturbances,  J. 

Fluid  Mech.  184  (1987)  75-99. 

2)  Lee,  S.,  Yates,  G.  T,  and  Wu,  T.  Y.;  Experiments  and  analyses  of  upstream-advancing 
solitary  waves  generated  by  moving  disturbances,  J.  Fluid  Mech.  199  (1989)  569-593. 

3)  Grinishaw,  R.  H.  J.  and  Smyth,  N.:  Resonant  flow  of  a  stratified  fluid  over  topography, 

J.  Fluid  Mech,  169  (1986)  429-464. 

4)  Funakoshi,  M.  and  Oikawa,  M.;  The  resonant  interaction  between  a  long  internal 
gravity  wave  and  a  surface  gravity  wave  packet,  J.  Phys.  Soc.  jpn.  52  (1983)  1982- 
1995. 

5)  Funakoshi,  M.:  Steady  trapped  solutions  to  forced  long-short  interaction  equation,  J.  | 

Phys.  Soc.  Jpn.  62(1993)  1993-2006.  |  j 


V-30  W-30  1-0.  3 

Fig.l  Examples  of  the  TCW  for  A  <  0.  (a)  A  =  -1/30,  H  =  23.5,  (b)  A  =  -1/30,  fl  = 
13,  (c)  A  -=  -1/30,  fi  =  6,  (d)  A  =  -1/30,  fl  =  1,  (e)  A  =  -1/30,  fi  =  0.7,  (f) 
A  =  -3,  n  =  2.2583. 
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Fig.2  Examples  of  the  TCW  for  A  >  0.  (a)  A  =  6,  H  =  13  (b)  A  -  0-2. 

A  =  0.2,  ft  =  1.6,  (d)  A  =  3,  ft  =  2.465.  (e)  A  =  6  ft  =  10.  W  ^  ^  ~  ’ 

A  =  0  2  ft  =  4.6,  (h)  A  ^  0.2,  ft  =  15.1.  (s)  (h)  axe  aeymme.tnc  TCW. 
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Fig.3  Interaction  between  the  TLW 
and  a  soliton  [p  —  q  =  1.0).  A  =  --0.5. 
Solid  lines  denote  |3'1,  broken  lines 
denote  L. 


Fig.4  Interaction  between  the 
symmetric  TCW  given  by  eq.(8) 
and  a  FLAV.  A  =  1.0. 


Fig.5  Interaction  between  the  TLW  Fig.6  Interaction  between  the  TI,W  and 

and  a  soliton  (p  =  9  =  1.0).  A  =  1.0.  a  soliton  (p  =  1.0,9  =  1-04).  A  =  1.0. 
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-/ 

Fig.7  Parameters  p  (  o  )  and  9  C  x  )  of  the  soliton  generated  by  the  interaction 
between  the  TLW  and  a  soliton  (p  =  I.O,  9  —  90).  A  =  1.0.  Broken  line  is  p{-  1.0)  of 
the  incident  soliton,  dotted-broken  line  is  9(=  90)  of  '-he  incident  soliton. 


7 


■I 


Fig.8  TCW’s  for  A  =  -0.3.  Horizontal  axis 
is  /(O)  for  symmetric  mode  (solid  line),  and 
/'(O)  for  antisymmetric  mode  (broken  line). 
Vertical  axis  is  in  eq.(3). 


Fig.lO  Dependence  of  the  final  state  on  qo 
in  the  interaction  between  the  TLW  and  a 
soliton  (p  =  1.0,9  =  So).  A  =  —0.3.  (pi,  qi ) 
and  (p2,9j)  are  parameters  of  the  two  final 
solitons.  Dotted  line  is  /'(O)  of  the  final  anti¬ 
symmetric  TCW,  dotted-broken  line  is  /(O) 
of  the  final  synmiettic  TCW. 


a  soliton  (p  =  1.0, 5  =  0.45).  A  =  —0.3. 


Fig. 11  /(O)  of  the  symmetric  TCW  generated 

by  the  interaction  between  the  symmetric 
TCW  given  by  eq.(8)  and  a  soliton  (p  =  1.0, 
q  =  qo)  ■  A  =  —0.3. 
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STEEPENING  OF  THE  LEADING  AND  BACK 
FACES  OF  SOLITARY  INTERNAL 
WAVE-DEPRESSIONS  AND  ITS  CONNECTION 
WITH  TIDAL  CURRENTS 

A.N.SEREBRYANY 


N.N. Andreev  Acoustics  Institute,  Moscow  117036,  Russia 

1.  Abstract 

During  internal  wave  investigation  in  summer  season  on  the  Pacific  slielf  of  Kamchatka, 
internal  waves  depressions  were  recorded  as  having  either  steepened  forward  face  or  a 
steepened  back  face.  It  was  established  that  these  changes  in  profile  are  correlated  with 
tidal  phase.  The  waves  with  steepened  leading  face  were  most  common  during  flood  tide 
and  the  waves  with  steepened  back  face  dominated  during  ebb.  Significant  properties 
of  observed  internal  waves  are  revealed:  the  higher  amplitude  of  the  waves,  the  smaller 
steepening  of  face;the  wave  spreading  during  ebb  are  higher  than  vv  ives  in  flood  tide. 

2.  Introduction 

Large-amplitude  internal  waves  observed  in  the  sea  often  show  two  types  of  profile  asym¬ 
metry  which  may  be  called  vertical  (crest- trough)  and  horizontal  (due  to  difference  in  the 
slope  of  the  leading  and  following  edges)  asymmetry  [1].  The  first  type  of  asymmetry  is 
attributed  to  the  pycnocline  being  close  to  the  sea  surface  or  bottom.  The  second  one  is 


I’igure  1:  Typical  leniperaliiie  profih-  and  position  of  the  meter  of  vertical  displacements. 
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typical  for  strong  nonlinear  waves  and  often  precedes  the  wave  breaking.  The  effect  of 
horizontal  asymmetry  in  held  observations  for  solitary  internal  wave  elevations  manifests 
in  a  unique  manner  of  leading  wave  face  steepening  while  for  wave  depressions  a  defi¬ 
nite  pattern  has  not  been  detected  [1,2].  At  the  same  time  the  laboratory  experiments 
demonstrate  that  a  shoaling  wave  depression  has  only  a  steepened  back  face  [3,4].  Of 
importance  of  current  on  the  shape  of  internal  waves  demonstrated  in  the  works  [5,6] 
on  the  basis  of  laboratory  experiment  and  theoretical  study.  However  held  investigations 
on  this  question  are  practically  absent.  In  this  paper  we  present  the  results  of  held  obser¬ 
vations  of  internal  wave-depressions  in  the  coastal  waters  where  either  steepened  forward 
face  or  a  steepened  back  face  were  recorded.  Some  interesting  features  of  observed  waves 
including  correlations  of  that  prohle  changes  and  tidal  phase  were  revealed. 

3.  Observations 

The  observations  were  made  on  the  Pacilic  shelf  ol  Kamchatka  in  front  of  one  of  the  bays 
from  anchored  research  vessel.  A  distance  to  the  nearest  shore  was  nearly  2  km  and  depth 
of  the  sea  in  the  place  of  observation  -  40  m.  There  is  a  relatively  narrow  continental  shelf 
with  cross  size  of  20  km  and  mean  slope  of  0.013.  The  measurements  of  internal  waves 
were  cai-ried  out  during  34  hours,  the  August  20-21,  1988. 

Internal  waves  were  measured  by  means  of  meter  for  vertical  displacements  [7).  This 
meter  consists  of  two  identical  distributed  temperature  sensors  each  25  m  long,  shifted 
vertically  by  5  m,  relative  to  each  other.  The  meter  is  deployed  veitically  in  the  layer 
with  thermocline  and  continuously  measures  mean  temperature  and  vertical  gradient  in 
the  layer  and  so  permits  us  to  obtain  the  data  on  vertical  displacements  of  the  interfaces. 
Position  of  the  lower  end  of  the  meter  was  monitored  by  means  of  pressure  sensor.  There 
was  a  calm  weather  during  the  observations  and  pressure  sensor’s  readings  showed  an 
absence  of  any  displacements  or  i)ollutant  oscillations  of  the  meter. 

To  provide  informaiion  on  currents  two  current  meters  with  5-  minutes  sampling  in¬ 
terval  were  deployed  on  horizons  15  m  and  30  m.  Temperature  di.stribution  with  depth 
and  its  variability  was  measured  by  means  of  CTD  probe  sampling.  Vertical  tempera¬ 
ture  profile  in  the  place  of  obseisation  was  cha.racU'rized  with  nearly  uniform  decay  of 
temperature  with  depth  (mean  vertical  gradient  was  0.1  C/in)  e.xcept  lor  upper  10  meter 


Figure  2:  Part  of  records  of  the  data;  (a)  vertical  displacements;  (b)  currents  on  horizon 
30  in;  (c)  sea  surface. 


■} 


Figure  Examples  of  the  waves  of  large  aniplilucle. 

subsurface  layer  with  more  sharp  tliermocline  difference  (see  Fig.  1).  The  surface  tem¬ 
perature  was  11.5  C  and  near  bottom  temperature  was  6.5-7  C.  Density  stratification  was 
similar  to  the  temperature  distribution  with  depth. 

4.  Steepening  of  front  and  back  faces  of  internal 
waves 

Fig.  2  shows  part  of  the  record  ol  therinocline  vertical  displacements  together  with  cur¬ 
rent  s  data  for  horizon  of  30  in.  On  this  record  we  can  see  that  there  e  ist  often  short 
period  waves  the  amplitudes  of  which  is  sometimes  of  significant  value.  .  ..  the  same  time 
long  period  oscillations  of  thermbclilre  (lidaf  periodicity),  despite  the  strong  barotropic 
tide,  appear  only  slightly  on  the  record. 

Common  notion  about  the  observed  short-period  internal  wave  field  makes  it  possible 
to  calculate  the  spectrum  basing  ol  the  record.  The  spectrum  has  well  pronounced  picks 
in  the  ranges  near  S  c/h  and  2-3  c/li  the  decay  law  being  close  to  power  "minus  two". 

During  the  diurnal  observations  current  direction  significantly  varied  in  lime.  First 
north- west  currents  have  dominated,  '1  hen  west,  south-east  and  south  currents  have  taken 
place.  The  data  show  that  the  ellipse  of  tidal  currents  in  this  place  is  very  distorted. 
Currents  are  as  high  0.25  m/s  (mean  value  of  0.10  -  0.15  m/s). 

Short  period  waves  oiien  emerging  on  tliermocline  resulted  in  its  l  ertical  displacements 
up  to  o-S  m.  The  waves  observed  ba\e  both  trains  from  several  waves  and  solitary.  Some 


of  the  examples  of  observed  waves  are  shown  on  Fig.3.  Calculating  number  of  intense 
waves  on  the  diurnal  record  was  done  and  their  parameters  -  heights  and  periods  were 
obtained  and  summarized  in  the  table.  Periods  of  the  waves  load  between  5  and  23 
minutes, heights  are  in  the  range  from  2.3  to  S.3  meters.  Because  the  measurements  were 
done  in  one  “point”  we  do  not  have  data  on  the  length  of  waves  and  the  directions  of  their 
propagation.  However,  on  the  assumption  of  well  known  properties  of  internal  waves  on  a 
shelf  we  can  suppose  with  much  probability  that  olrserved  internal  waves  being  travelling 
lowards  the  shore.  Indirect  evidence  of  this  circumstance,  thi’ough  visual  observation  of 
the  sea  surface  with  appropriately  oriented  slick  stripes,  were  obtained. 

Table  1.  Parameters  of  internal  waves.  *  —  steepness  is  given  in  relative  units; 


N 

Time^ 

P  triad. 

B  eight. 

Front's* 

Back's* 

Relative 

hour 

min 

m 

steepness 

steepness 

steepness 

1 

11.30 

23 

4.0 

0.2 

0.23 

0.87 

2 

13.10 

10 

2.8 

0.43 

0.25 

1.72 

2' 

13.21 

13 

3.3 

0.35 

0.25 

1.40 

3 

17.00 

S.5 

3.0 

0.45 

0.28 

1.61 

3' 

17.07 

5.5 

4.8 

1.38 

1.10 

1.25 

4 

19.55 

14.5 

3.3 

0.44 

0.33 

1.33 

5 

22.16 

13 

3.5 

0.18 

0.47 

0.38 

6 

23.27 

9 

2.3 

0.21 

0.41 

0.51 

6' 

23.13 

14 

2.3 

0.23 

0.15 

I..53 

7 

23..54 

10 

5.0 

0.63 

0.43 

1.47 

8 

0.30 

10 

4.7 

0.31 

0.-53 

0..58 

9 

1.16 

8.5 

4,0 

0.37 

0.-56 

0,66 

9' 

1.25 

8.0 

4.5 

0.61 

0.82 

0,74 

10 

3.48 

5.0 

5.8 

0.83 

0.83 

1.00 

11 

4.55 

14 

8.3 

0.64 

0.71 

0.90 

12 

5,58 

14 

4.2 

0.31 

0.20 

i..55 

13 

10.28 

13 

5.2 

0,51 

0.66 

0.77 

14 

12.42 

11 

6.3 

0.84 

0.67 

1.25 

15 

13.03 

9 

7.5 

0.71 

1.21 

0.59 

Of  interest  are  two  solitary  waves  separated  by  one  hour  interval  (their  heights  are  5.S 
m  and  8.3  m,  and  periods  are  -3  and  14  minutes,  respectively).  There  is  a  most  striking 
characteristic  shape  of  depressions. peculiar  practically  to  all  observed  waves  with  higher 
above  the  mean  value  of  amplitude.  This  is  the  well  known  nonlinearity  effect  of  internal 
wa\es  which  takes  place  when  wa\e  guide  is  being  close  to  the  sea  surface.  In  this  case 
internal  waves  have  shape  with  sharp  narrow  trouglis  and  flattened  crests,  Tlie  observed 
stratification  of  environment  has  resulted  in  the  manifestation  of  its  nonlinearity  effect. 

Besides  the  vertical  asymmetry,  dear  manifestation  of  horizontal  asymmetry  of  inter¬ 
nal  wave  profiles  was  revealed  when  slopes  of  front  and  back  faces  are  different  (See  Fig. 
4  ).  .^s  a  measure  ol  horizontal  asymmetry  of  a  wave  we  will  take  the  relation  of  the  front's 
slope  to  the  back  s  slope,  designate  it  a.s  7  .  Thus,  for  wave  with  symmetrical  profile  this 
parameter  equal  to  1.  .At  more  steep  Ironl  slope,  7  is  larger  then  1.  and  at  more  flattened 
one.  7  i.s  smaller  then  1.  Data  on  llu'  steepness  for  19  individual  waves  observed  during 
diurnal  ])eriod  are  summarized  in  tlu'  table.  From  this  data  we  noti<<'  that  tlie  paranii'liu 
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Figure  4;  Effect  of  horizontal  asymmetry  in  internal  waves.  Minor  mappings  of  the  back 
faces  of  a  wave,  relative  to  vertical  a.xis.  passing  through  deepest  point  of  the  troughs  , 
are  shown  (dotted  line)  to  produce  a  clearer  illustration  of  the  effect. 


of  relative  steepening  ■)  is  lying  in  the  range  from  0.38  to  1.64.  .Among  the  total  of  19 
waves  only  one  wave  has  symmetrical  profile,  a  nuialter  of  the  waves  with  steepened  front 
and  back  faces  is  nearly  equal  (9  and  10  waves,  respectively).  It  is  in  cresting  to  note  that 
the  horizontal  asymmetry,  as  a  rule,  is  retained  for  all  waves  compiling  the  trains. 


5.  Correlation  between  heights  and  horizontal  asym¬ 
metry  of  the  waves 

Let  us  compare  the  parameters  of  observed  waves  with  their  parameters  of  relative  steep¬ 
ening.  First  we  vvill  test  the  dependence  between  period  and  asymnieiry  of  the  waves. 
Fig.  5a  shows  the  appropriate  results,  From  this  figure  it  is  evident  that  horizontal  asym¬ 
metry  is  inherent  practically  for  the  waves  of  all  coiisidei’ed  periods.  When  v\'e  compare 
the  heights  of  observed  waves  with  parameter  of  horizontal  asymmetry,  we  find  an  in¬ 
teresting  tendency.  This  tendency  is  as  follows:  the  waves  of  largest  heights  have  more 
symmetrical  profile  while  the  lowest  vvaves  have  more  horizontal  asymmetrical  profiles 
(See  Fig.  5b).  This  law  takes  place  for  both  waves  with  steepened  front  and  waves  with 
flattened  one.  On  the  basis  of  the  data  observed  the  linear  regres.sioii  lines  are  plotted. 
■J'hey  aj-e  as  follovv.s:  .4  =  1.85  +  4.46";  (for  *,  >  1  )  and  .-I  =  12.75  6. 08",  (for  <  1  ). 
The  appropriate  correlalion  coeflicicnts  are  l■.^.  —0.84  and  i =  0.48  ■  From  whence 
one  can  see  that  for  lire  case  of  "steep  b^u:k  .slope"  the  correlation  between  heights  and 
asymmetry  is  better  than  for  the  case  of  "sleep  front  slope".  To  summarize,  the  effect  of 
horizontal  asymmetry  takes  place  to  a  grater  extent  for  the  waves  of  relative  low  heights. 


a 
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Figure  5:  Data  on  periods  (T)  and  heights  ( y4 )  of  the  internal  waves  as  function  of 
relative  steepness  of  waves  (7  ). 
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Figure  6:  'i’he  distributions  of  7  and  ,4  in  time. 

6,  Connection  of  effect  of  horizontal  asymmetry  with 
tidal  phase 

It  is  interesting  to  follow  how  effect  of  horizontal  asymmetry  is  varied  in  time  and  whether 
there  is  correlations  betw'een  it  and  tidal  pliase.  To  clear  up  this  questions,  we  have  plotted 
the  graphical  representation  in  which  011  the  one  a.si.s  we  laic!  off  lime  and  on  the  other 
axis  -  relative  steepening  of  the  wave.  Fiom  Fig.  Ca  it  is  .seen  that  with  the  increasing  ol 
water  level  (during  flood  tide),  up  to  high  water  time,  the  waves  with  steepened  front  are 
observed.  During  period  of  high  whaler  the  waves  of  both  type  a.symmetry  were  marked. 
During  ebb  phase  after  midnight  the  vyavtis  with  steepened  back  faces  dominated.  Thus 
we  can  see  the  correlation  between  horizontal  asymmetry  of  the  waves  and  tidal  phase, 
In  this  connection  it  is  interesting  to  test  whether  there  is  also  any  dependence  between 
heights  of  the  w-aves  and  tidal  phase  as  well.  From  data  of  Fig.  6b  it  is  seen  that  internal 
waves  during  ebb  are  higher  by  amplitude  then  during  flood  tide.  Thus  we  can  see  the 
tendency  for  waves  with  oj^posile  to  current  direction  to  have  higher  amplitudes.  This 
feature  resembles  the  situation  with  -.lion-  period  internal  waves  in  lhco|3eii  occcUi  where 
the  similar  dependence  often  is  iiianil'esled  [S). 


7.  Discussion  and  conclusions 


So,  ihe  scenario  observed  is  roughly  as  follows,  .^gainst  the  background  cf  hydrology  with 
relatively  weak  vertical  leaiperalure  and  density  gradients,  short-period  internal  waves 
are  moving  from  open  sea  towards  the  shore.  Due  to  picnocline  being  closed  io  surface 
the  travelling  internal  waves  have  form  of  depressions.  The  most  sticking  shape  of  wave- 
depressions  is  manifested  for  waves  with  largest  amplitudes.  Propagation  of  internal  waves 
is  taking  place  against  the  background  of  alternative  current  (tidal)  which  for  some  lime 
is  co-directional  with  waves  and  for  some  time  is  opposite  to  them.  .4s  our  observations 
show,  there  is  an  apparent  effect  of  horizontal  asymmetry  of  the  wave  profile  which  is 
correlated  with  tidal  phase  and  consequently  with  directions  of  the  tidal  currents. 

It  is  known  that  without  background  current  when  internal  vi'avc-  is  moving  to  inclined 
bottom  the  internal  wave  profile  is  distorted  so  that  back  face  of  the  wave  becomes  steeper. 
.Accordingly  the  front  of  the  wave  becomes  milder  and  becomes  roughly  parallel  to  the 
inclined  bottom  [3,4],  This  specific  changing  of  wave  profile  is  due  to  the  fact  that  during 
the  shoaling  of  the  wave  the  reverse  flow  in  the  lower  layer  is  accelerating  so  as  to  conserve 
mass  [4],  Besides  the  laboratory  experiments  this  effect  was  found  in  the  field  observations 
of  tidal  internal  waves  on  shelf  [9], 

Perhaps  in  our  case  the  effect  connected  with  the  iiiiiuence  of  inclined  bottom  play 
a  certain  role  as  well,  but  the  effect  due  to  strong  shear  tidal  current  seems  to  shadow 
it.  Stable  connection  between  steepening  of  front  and  back  faces  of  the  waves  and  ebb 
or  flood  tide,  as  well  as  near  equal  number  of  observed  waves  with  steepening  front  and 
back  faces,  pointed  to  the  effect  of  alteiiiative  tidal  current  is  being  dominated. 

It  is  well  known  (.see  for  example  comprehensive  obstjrvationsIlO])  that  tidal  currents 
are  mostly  the  shear  curreat.s.  having  a  maximum  magnitude  in  near-surface  layer  and 
periodically  changing  of  it.s  cross-shore  component  from  on-shore  to  off-shore  direction. 
For  short-period  internal  waves  there  occurs  their  own  system  of  orbital  wave  currents 
(shear  current).  Background  tidal  current  interacting  with  orbital  currents  may  result 
in  a  reducing  the  reversal  current  of  the  wave  in  bottom  layer  (during  flood  tide)  or  its 
strengthening  in  ebb.  It  results  in  the  profile  of  the  wave  being  deformed  .so  that  in  the 
first  case  front  edge  of  the  wave  will  be  steei>er.  and  in  the  second  ca.se  the  back  edge 
whll  be  steeper.  The  fact  that  waves  of  higher  amplitudes  are  less  prone  to  nonlinear 
profile  distortions  is  indirect  evidence  of  the  connections  between  effect  of  horizontal 
a.symmetry  and  alternative  background  currents.  Since  orbital  current?  of  internal  waves 
are  proportional  to  their  amplitude,  in  case  off  larger  wa\es.  background  current  plays  a 
smaller  role  than  in  case  ef  lower  waves.  Thus  we  can  explain  the  fact  that  the  biggest  ol 
the  waves  observed  had  nearly  symmetrical  profile. 

The  main  purpose  of  our  paper  was  to  establish  the  factual  data  on  the  horizontal 
asymmetry  effect  of  internal  waves  and  give  some  preliminary  speculations  on  its  origin. 
VVe  have  plan  to  do  more  deep  interpretation  in  the  close  future. 


References 

[1|  Serebryany  .4.N.  (ISjyO)  .honlineariiy  effects  in  internal  waves  on  a  shelf.  Izv.  .Acad. 
Nauk  SSSR.  Fiz.  .-\tinos.  Okeana.  26.  2S.>  293. 


[2]  Sej’sbryaiiy  A.N.  ( 19S5)  InLenial  waves  iii  the  coastal  zone  of  a  tidal  sea.  Okeanologiya. 
25,  744-751. 

i.^]  Hcli'i'ich  K.R.  (1992)  Internal  solitary  wave  breaking  and  run-  up  on  a  uniform  slope. 
.1.  Fluid  Mech..  243,  .133-154. 

[4]  Kao  T.VV'.,  Pan  F..'ili  and  D.  Renouard  (1985)  Internal  solitoi.s  on  the  pycnooline: 
generation,  propagation,  and  shoaling  and  breaking  over  a  slope.  J. Fluid  Mech.,  159, 
19-53. 

[5j  Thorpe  S.A.  (1978)  On  the  shape  and  breaking  of  finite  ampliiude  internal  gravity 
waves  in  a  shear  flow-.  J.  Fluid  Mech.,  85,  7-31. 

[6j  Thorpe  S,A.  (1978)  On  internal  gravity  vraves  in  an  accelerating  shear  flow.  J.  Fluid 
Mech.,  88,  623-639. 

[7j  .Konyaev  K.V.  and  .\  beicbi  viaiy  ( 1991 )  Meter  of  ve-  tical  displacetnenl  for  stratified 
bodies  of  water  (i'l  Hnssiaii).  linetitors  cen.iiicate  I’SSK  N  16688875.  01  K  13/OP. 
Bulletin  of  inventions  .N  29. 

[8]  Sabinin  K.D., Nazarov  A.A.  and  .T.K.  Serebryany  (1981))  Short  pvsriod  internal  waves 
and  current  in  the  ocean,  fzv.  .Ncad.  Nauk  SSSR.  Fiz.  .Atmos.  Okeana,  2S.  847-853. 

[9]  Pingree  R.D.,  Griflils  D.K.  and  G.T.  Mardell  (19S3)  The  structure  of  the  inteniai  tide 
at  the  Celtic  Sea  shelf  beak.  J.  Mar.  Biol.  .Ass.  U.K..  6-4.,  99-113. 

[iOj  Loder  J.W..  Biickinaa  D.  and  F.P.W.  Horne  (1892)  Detailed  structure  of  currents 
and  hydrography  on  the  uouheni  .side  of  Georges  Bank.  J.  Geophys.  Res..  97,  14331- 


I 


Capiilary—gravity  iiiterfacial  waves 

F.  Dias 

Institut  Nou-Lineaire  de  Nice 
UMR  129  -  CNRS  &  UNSA 
1361  route  des  Lncioles 
F-06560  Valbonne 

Abstract 

This  paper  deals  «ith  capillary-gravity  waves  at  the  interface  between  two  fluids  of  differing  densities. 

Several  types  of  waves  are  considei  rd:  space-  and  time-periudic  waves  and  travelling  waves.  For  space- 
and  time-periodic  waves,  a  weaidy  nonlinear  analysis  to  third  order  provides  the  normal  form  that  relates 
the  wave  frequency  with  the  amplitude.  The  special  case  of  internal  resonance  between  the  fundamental 
and  its  second  harmonic  is  also  considered.  It  is  shown  that  an  unufual  type  of  periodic  waves,  which  are 
neither  travelling  nor  standing  waves,  may  exist.  For  travelling  waves,  an  analysis  based  on  a  formulation 
of  the  problem  as  a  dynamical  system  in  space  shows  that  there  is  a  critical  density  ratio  which  strongly 
affects  the  branching  behavior  of  periodic  waves  and  which  determines  the  type  of  solitary  waves  which 
bifurcate  at  the  minimum  of  the  dispersion  curve. 

1  Introduction  I 

The  problem  of  iateifacial  waves  has  not  been  studied  as  much  as  the  problem  of  water  t 

waves.  Although  many  results  on  water  waves  can  be  extended  to  interfacial  waves  without 

leading  to  significant  qualitative  differences,  there  are  some  wave  phenomena  for  which 

the  density  ratio  can  play  an  important  role.  La  particular,  it  is  shown  that  certain  types 

of  solitary  waves  (“dark”  solitons),  which  are  not  possible  in  the  context  of  water  waves,  j 

ai'e  possible  in  the  context  of  interfacial  waves.  Follov/ing  a  brief  review  of  the  formulation 

of  the  problem  of  interfacial  waves,  the  paper  is  then  divided  into  two  main  parts.  The 

hrst  part  is  devoted  tc  the  study  of  space-  and  time-periodic  waves.  The  analysis  makes 

use  of  the  temporal  Hamiltonian  structure  of  the  problem.  The  second  part  is  devoted  to 

the  study  of  travelling  waves.  The  analysis  is  based  on  a  formulation  of  the  problem  as  a 

dynamical  system  in  space.  Bifurcations  of  solitary  waves  are  studied. 

2  The  physical  problem 

The  propagation  of  capillaxitj'-gravity  waves  at  the  interface  between  two  horizontal  lay¬ 
ers  of  perfect  fluids  with  constant  densities  p  and  p'  is  considered.  The  layers  are  two- 
dimensional  and  semi-infinite  in  the  vertical  direction.  The  flow  is  supposed  to  be  irrota- 
tional  in  each  layer.  The  physical  quantities  relative  to  the  upper  layer  are  denoted  with 
the  symbol  The  coordinates  are  x  in  the  horizontal  direction  and  y  along  the  vertical 
direction,  with  y  =  0  representing  the  interface  at  rest.  The  interface  is  described  by 
y  =  Tj{x,t).  The  acceleration  due  to  gravity  is  g  and  the  interfacial  tension  coelflcient  is 
T.  The  velocity  componer  ts  are  u  and  v.  Velocity  potentials  ^  and  <u:e  introduced  in 
each  fluid.  The  governing  e  luations  are  given  by 

VV  =  0.  VV-0,  (2.1) 
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i 


subject  to  the  conditions 


lim  |V^1=0, 

y-^— oo 


lim  |V^'1  =  0. 
»-♦+<»  ‘  ^ ' 


At  the  interfeice  y  =  r)(x,t),  the  kinematic  condition  is  given  by 

Vt  ~  ^(y)  ~  ^X^(x)  ~  ^(y)  ~  •?x^(x)  )  (2-3) 

and  the  dynamic  condition  by 

P  (^(0  +  sC'i*  +  -  p'  +  i(u'*  +  v'=))  +  g{p  -  p')ri  -  T =  0  >  (2-4) 

where  $(,)  =  ^^.){x,T|,t),  u  =  v  =  v(x,7j,t). 

So  fax,  no  assumption  has  been  made  on  the  type  of  solutions  w’e  are  looking  for. 
The  problem  depends  of  course  on  the  horizontal  variable  x  and  on  time  i.  It  is  a 
nonlinear  problem,  the  nonlinearities  being  present  not  in  the  governing  equations  but 
in  the  boundary  conditions  at  the  interface.  Existence  theorems  are  extremely  difficult 
to  obtain.  The  analysis  of  the  problem  is  simplex  if  one  considers  solutions  in  the  form 
of  travelling  waves,  the  “trick”  being  that  such  solutions  are  steady  solutions  in  a  frame 
of  reference  moving  with  tht;  wave.  Another  simplification  of  the  general  time-dependent 
problem  consists  in  looking  for  solutions  which  are  periodic  (in  space  or  in  time  or  in 
both)  or  for  solutions  which  are  slow  modulations  (in  space  or  in  time  or  in  both)  of  the 
previous  solutions.  In  the  sequel,  different  formulations  will  be  used  to  study  different 
types  of  wave  phenomena:  a  temporal  Hamiltonian  formulation  and  a  dynamical  system 
formulation. 

The  following  dimensionless  numbers  will  be  used  in  the  anedysis: 


pc^’  (p-p')g’ 

v/here  k  is  the  wave  number  and  c  the  wave  speed. 
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3  Temporal  Hamiltonian  formulation 

The  problem  (2.1)-(2.4)  has  a  temporal  Hamiltonian  formulation  given  by 

..  mc,v)  .  mc,r/) 

'""“Tr"’ 

with  the  derivatives  S  as  variational  derivatives.  The  canonical  variable  C  in  (3.1)  is  equal 
to  p^  —  p'$'.  The  Hamiltonian  JI  is  the  sum  of  kinetic  energy  K  and  potential  energy  V, 
which  are  given  by 

=  J  jP'lW'Ny]  da:.  (3.2) 

and 

yiv)  =  J  [^(p  -  p')9n^  +  T  (yjl+vl  -  l)]  dx.  (3.3) 
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If  spatial  periodicity  with  wave  length  L  and  wave  number  k  =  2ir/L  is  assumed  in  the 
x-direction,  the  integrals  over  x  are  from  0  to  L.  If  solitary  waves  are  considered,  the 
integrals  over  x  are  from  — oo  to  +oo.  In  (3.2),  the  kinetic  energy  is  given  as  a  function  of 
and  <j>'.  To  prove  that  <j>  and  only  appear  in  the  combination  C  can  be  done  by  using 
the  calculus  of  variations.  That  is,  is  obtained  as  the  minimum  o{  K(<j>,  4>"i  v) 

tj  fixed  on  the  constant  set  /j$  —  p'if'  = 

The  above  Hamiltonian  formulation  has  an  cquivedent  Lagrangian  formulation:  the 
set  of  equations  (3.1)  can  be  recovered  from  setting  the  first  variation  of 

f\Kir}„ri)-Viri))dt  (3.4) 

Jtl 

equal  to  zero.  The  link  between  %  and  ^  is  provided  by 

„  _ 

With  the  restriction  to  space-  and  time-periodic  functions,  the  canonical  variables 
tf(x,  i)  and  i)  can  be  formally  identified  with  a  double  Fourier  series  expansion  in  x 
and  in  t.  For  computational  purposes,  the  Fourier  series  are  restricted  to  AT  terms.  In  the 
nonresonant  case,  the  liuearization  of  the  problem  gives  profiles  of  the  type 

1}  =  Re  ,  (3.6) 

where  u  is  the  frequency  of  the  wave.  The  dimensionless  average  7i  of  B  over  a  time 
period  is 

n  =  2p(l  +  T)Ei  +  8  [aEl  -I-  ml]  +  •  •  •  ,  (3.7) 

where 

and  where  a  and  /?  depend  on  the  parameters  r  and  q.  The  normal  form,  truncated  at 
order  three,  is 

(w^-p(l-|-r))ylx-(a£x-/?Mi)Ai  =  0, 

+  =  0. 

In  the  case  of  the  1:2  resonance,  which  occurs  when  r  is  close  to  1/2,  the  lineaiisation 
of  the  problem  gives  a  profile  of  the  type 

Tj  =  Re  -i-  -f  -b  .  (3.9) 

The  dimensionless  average  H  oi  H  over  a  period  is 

n  =  25(H- r)£:i -b  2p(l -b  4r)£'2 -h 

+  e  [“11^1  +  0\iMl  -b  0122EI  -b  ^2^2  -b  2a\2E\E2  -b  2j8i2A/iJl/2|  -b  •  ■  •  ,(3.10) 


where 


=  +  M2  =  li?2p-lA2p, 

S  =  A1A2  -b  Ax  A2  "b  jBj  jB2  -b  Bi  B2  , 


and  where  a,j  and  /3y  depend  on  the  parameters  r  and  g.  The  normal  form,  truncated  at 
order  three,  is 

—  s{l  +  rfj  Ax  — QU^AiAi  —  2gAi{aiiEi  —  PiiMi  +  ai2E2  — ^i3M2)  —  0, 

—  g(l  +  ■! ))  Bi  —  gW^3iB2  —  2gjBi  +  ^nMj  +  +  AaMj)  —  0 , 

~  p(i  +  4t))  Aj  —  lijw* Aj  —  22A2  (o!i2^i  —  0i.2Mi  +  =  0 , 

^2w'  —  p(l  +  dr))  Bi  —  —  2gBi  (auEi  +  AiAfi  +  oitjEi  4-  023M2)  =  0 . 

(3.11) 

The  symmetries  of  the  normal  forms  (3.8)  and  (3.11)  are  natural  consequences  of  the 
symmetries  of  the  full  problem. 

The  solutions  of  (3.8)  are  of  two  types:  progressive  waves  (one  of  the  amplitudes 
Ai  or  Bi  is  zero)  or  sianding  waves  (the  amplitudes  Ai  and  Bi  axe  equal  in  magnitude). 
The  solutions  of  (3.11)  are  of  five  types;  pure  progressive  waves  (both  amplitudes  Ai 
and  Bi  are  zero,  and  one  of  the  amplitudes  Aj  or  B3  is  zero),  pure  standing  waves  (both 
amplitudes  Ai  and  Bi  are  zero,  and  the  amplitudes  Aj  and  are  equal  in  magnitude), 
travelling  Wilton  ripples  (both  amplitudes  Ai  and  Aj  or  Bi  and  are  zero),  standing 
Wilton  ripples  (the  amplitudes  Aj  and  Bi  as  well  as  A2  and  B2  are  equal  in  magnitude), 
mixed  waves  (one  of  the  amplitudes  Ai  or  Bt  is  zero).  The  profile  of  the  mixed  waves  is 
for  example 

17  «  Re  [Aie-‘<"‘-*'’^  +  A2e-'<^'-***>  -f  B2e-’<*^‘->'2**)j  .  (3.12) 

So  far,  three-mode  mixed  waves  have  been  studied  only  theoretically.  Such  waves  are 
generic  in  the  presence  of  a  two-mode  interaction  and  they  persist  at  any  order  of  the 
normal-form  truncation.  A  proof  of  existence  of  such  waves  for  the  full  problem  remains 
an  open  problem  (like  the  proof  of  existence  of  standing  waves  for  that  matter!).  Numer¬ 
ical  solutions  for  such  waves  would  be  a  first  step  towards  a  better  description  of  their 
nature.  What  the  weakly  analysis  suggests  is  that  three-mode  mixed  waves  arise  from  the 
superposition  of  a  travelling  Wilton  ripple  in  one  direction  and  of  a  pure  travelling  wave 
in  the  opposite  direction.  One  may  alternatively  view  such  waves  as  travelling  waves  in 
which  the  fundamental  excites  not  only  the  second  harmonic  in  the  same  direction  (as 
in  the  classical  1:2  resonance  for  travelling  waves)  but  also  the  second  harmonic  in  the 
opposite  direction.  Branches  of  three-mode  mixed  waves  connect  branches  of  travelling 
waves  with  branches  of  standing  waves.  For  more  details,  see  the  papers  Cbristodoulides 
k  Dias  (1994)  and  Dias  k  Bridges  (1994). 

4  Dynamical  system  formulation 

The  above  analysis  dealt  with  waves  which  are  periodic  in  time  and  in  space.  The  analysis 
below  is  restricted  to  waves  travelling  uniformly  with  a  constant  speed  c.  Mielke  (1991) 
proposed  a  dynamical  system  formulation  of  the  problem  (2.1)-(2.4)  in  a  frame  of  reference 
moving  with  the  wave  with  x  and  the  streamfunction  rp  as  independent  variables.  With 
such  a  formulation,  the  center  manifold  theorem  can  be  used  to  reduce  the  problem  to  a 
set  of  ordinary  differential  equations.  We  use  Tjpi?  as  unit  length  and  c  as  unit  velocity. 

The  dispersion  relation  for  lineainzed  waves  is  given  by 

-  (1  -I-  R)k  -I-  a(l  -  iJ)  =  0 ,  (4.1) 
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where  k  is  the  dimensionless  wavenumber.  For  given  values  of  R  between  0  and  1  and  of 
a  larger  than  0,  equation  (4.1)  can  have  zero,  one,  or  two  real  roots.  We  concentrate  here 
on  the  case  where  equation  (4.1)  has  a  double  root  in  k,  that  is  to  say  when 


a  —  Qe 


(1  +  R)^ 

4(1 -R)’ 


1  + 
2 


Foi-  a  below  a^,  (4.1)  baa  two  real  roots  ki  and  Aa  and  there  are  two  branches  of  pejiodic 
waves  bifurcating  from  the  trivial  solution.  For  a  above  o<.,  (4.1)  has  two  complex  roots. 
When  a  is  equal  to  a^,  branches  of  solitary  waves  bifurcate  from  the  trivial  solution. 

From  the  dynamical  system  formulation  due  to  Mieike,  one  can  use  the  center  man¬ 
ifold  theorem  (which  is  essentially  a  separation  of  variables)  to  show  that  all  bounded 
solutions  in  a  neighborhood  of  the  1:1  resonance  (a  near  a^)  can  be  written  as 

w(a:)  —  A(x)tp^  -|-  B(x)(pi  4-  A(x)(Pq  +  +  higher  order  terms,  (4.2) 


where 


w  = 


A(«'^  +  -  1),  ~  1),  t7». I 

x»  ^  J 


(4.3) 


and  where  (resp.  )  is  on  eigenvector  (resp.  a  generalized  eigenvector)  corresponding 
to  the  double  root  kc  of  (4.1).  The  bifurcation  parameter  fi  is  equal  to  ac  —  a.  The 
amplitudes  A  and  J3,  which  only  depend  on  the  spatial  variable  x,  are  complex.  One 
easily  finds  that 


<p+  =  [  -ed+fiX-Zi,  i  e< e“d+«)^/2,  i  e-(i+«)^/2,  i]  ^  , 

The  normal  form  of  the  dynamical  system,  which  allows  to  express  the  higher  order 
terms  in  (4.2)  in  a  rather  simple  form,  is 


=-  ik,A  +  B  +  iAP{n\\A\^,\i{A'B~AB))  , 

B,  ik,B  +  IBP  (/i;  \Ar,  ii(/l5  -  X5))  4-  AQ  (/i;  \A\^,  li{A'B  -  AB))  , 


where  P  and  Q  are  real  polynomials 


P(fx;U,V}  =  -p,^^.p,(/  +  p^v  +  0(M  +  lC/l  +  lVlf, 
Q{fi‘,U,V)  =  -?;/i  +  «2CZ  +  ^3V  +  0(|H  +  |tZl-(-|F|)». 


(4.4) 


(4.5) 


The  coefficients  pi  and  qi,  which  can  be  easily  computed  from  (4.1),  are  found  to 
be  Pi  =  0  and  qi  =  1  -  The  other  coefficients  (see  details  in  Dias  &  looss  (1993)  on 
how  to  compute  them)  require  more  work.  The  expression  for  gj  is 


4-2  =  — 


11  -42RAllR^ 
8(l-|-i?)» 


(4.6) 


There  is  a  critical  value  R  =  =  (21  ■-  8\/5)/ll  of  the  density  ratio  for  which  the 

coefficient  92  is  zero.  A  precise  study  of  the  solutions  in  a  neighborhood  of  that  critical 
value  requires  the  computation  of  higher  order  terms  and  will  be  the  subject  of  future 
work.  Here  we  conrdder  the  cases  R>  Rc  and  R  <  Rc,  with  R  not  too  close  to  Re- 
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The  next  step  is  to  find  the  solutions  of  the  normal  form.  The  analysis  is  greatly 
simplified  by  using  the  fact  that  system  (4.4)  is  integrable,  with  integrals 

_  _  „  tW 

K  =  \\{AB-AB)  and  H  =  \B\^-  Q(}i;s,K)ds.  (4.7) 

*  Jo 

Bridges  et  al.  (1994)  showed  that  these  integral  are  closely  related  to  the  energy  flux  and 
the  momentum  flux  of  the  waves.  A  complete  analysis  of  (4.4)  was  provided  by  looss 
<Si  Peroueme  (1993).  The  sign  of  the  coefficient  q2  turns  out  to  play  a  key  role  in  the 
structure  of  the  solutions. 


Small  density  ratio 

This  case  corresponds  to  R<  Re  (that  is  to  say  92  <  0).  When  fi  >  0,  the  solutions 
are  periodic  or  quasi-periodic.  When  fi  <  0,  the  solutions  are  periodic,  quasi-periodic  or 
homoclinic.  The  homoclinic  solutions  correspond  to  solitary  waves  of  the  type  shown  in 
figure  1.  They  look  like  wave  packets. 


Figure  T.  Two  solitary  waves  bifurcating  at  the  ininiraura  of  the  dispersion  curve  when 
the  density  ratio  is  small 
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Density  ratio  close  to  one 


I 


This  case  corresponds  to  R>  Re  (that  is  to  say  q2  >  0).  When  >  0,  the  solutions 
are  periodic,  quasi-periodic  or  homoclinic.  The  homoclinc  solutions  correspond  to  solitary 
waves  of  the  type  shown  in  figure  2.  They  look  like  dark  solitons.  They  ase  connected  to 
the  same  periodic  wave  at  plus  and  minus  infinity,  with  a  phase  shift.  In  the  central  part, 
the  amplitude  is  small. 


-63  -50  -a0  -30  -20  -10  0  10  20  30  -0  50  60 

Figure  2:  Solitary  wave  bifurcating  at  the  minimum  of  the  dispersion  curve  when  the 
density  ratio  is  close  to  one 
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TURBULENT  MECHANISMS  IN  STRATIFIED  FLUIDS 
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AbsttAct.  Piob«biUty  ditlribution  of  banic  iiutAbilitie*  appcuing  iu  stntiiicd  flowi  mnd  point 
dennity  fluctuntioui  bnve  been  etudied.  Diffcient  pexeiuetere  of  the  mudng  pioccs*  have  been 
changed  in  the  experimente  in  aider  to  inveetigate  mixing.  Detailed  flow  viaualuation  at  well 
at  point  deutity  meaturementt  aie  uaed  in  aeto-mean-flow  laboiatoiy  experimentt  tncb  at:  Gtid- 
ttiired  turbulent  mixing  ncioei  a  dcntity  interface  and  bubble  induced  mixing.  The  overall  mixing 
efficiency  of  the  piocettet  dependt  on  the  local  Ricbardion  at  well  at  on  the  local  vorticity. 
Parameter  diitributioni  of  low  and  high  mixedneti  coireiponding  to  difterent  initabilitiea  ate 
pretented,  ibowing  that  dipolar  vorticei,  penetrating  the  interface  are  the  mott  efficient  mixing 
inttabilitiet. 

Keywordti  Stratified  flowt  -  Zcro-mean-flowt  -  Turbulent  mixing 


1.  Introduction 

The  range  of  mixing  efficiencies  and  the  related  turbulent  diifiission  coeficients 
is  very  large  and  its  proper  parametrization  in  geophysical  fiows  is  important  to 
model  correctly  mesoscale  flows.  See  Hopflnger(1987)  and  Fernando  (1991)  for 
discussions  on  mixing  efliciency  in  stratifled  flows.  We  present  some  results  on  two 
series  of  experiments  on  the  mixing  aa'oss  a  density  stratified  interface  when  the 
turbulence  is  produced  by  a  distribution  of  air  bubbles  or  by  grid  stirred  turbulence. 

2,  Description  of  the  experiments 
Grid  generated  turbulence 

An  experimental  apparatus  similar  to  the  one  described  by  Turner(1973)  was  used, 
a  perspex  box  of  25.4  x  25.4  in  base  and  42  cm  high  with  a  metal  grid  made  of 
square  bars  of  section  1  cm^  and  a  mesh  of  5  cm  was  driven  in  an  oscillatory 
motion  by  a  motor  coupled  to  a  gear. 

Several  authors  have  used  this  configuration,  and  the  turbulence  produced  by 
the  grid  depends  on  the  distance  from  it  in  the  following  way,  see  Fernando(1991) 
for  further  references, 

u'  =  C{M,a)w  and  I  =  0{M,a)  z  where  u  is  firecuency  of  oscillation  of 
the  grid,  z  the  distance  to  the  grid  centerplane,  a  the  amplitude  of  oscillation,  f, 
the  integral  lengthscale  of  the  turbulence  and  u'  the  r.m.s.  turbulent  velocity,  C 
and  are  functions  of  the  grid  characteristics,  which  were  kept  constant  in  the 
experiments,  (  Af  =  5cm,  a  =  1cm  ).  An  interface,  produced  by  overlaying  a  fresh 
layer  on  a  layer  of  brine  of  fixed  density  p  ^  Ap,  where  the  grid  was  located.  The 
density  interface  was  placed  at  diferent  distances  from  the  gild,  and  its  evolution 
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Fig.  1.  Expeiimeuitl  coaficutatiotu  a)  Oadliatiug  grid  and  tank,  b)  Bubble  senerated  turbulence 
on  one  aide  of  tbe  tank 

(  entrainment,  E  =:  Ve/u'  )  measured,  conductivity  probes  and  video  recordings 
were  used  to  investigate  miting  across  the  interface. 

Air  bubble  generated  turbulence 

A  box  made  of  1  cm  perspex  plate,  120  x  15  cm  in  base  and  35  cm  in  height 
was  used.  The  turbulence  was  produced  by  means  of  bubbles  generated  by  a  line 
source.  The  bubble  generator  used  in  this  experiment  consisted  of  a  plastic  tube 
with  holes  1  cm  apart  drilled  on  one  side  placed  in  the  bottom  comer  of  the 
tank  and  sparming  the  width  of  the  base.  A  sharp  density  interface  between  brine 
and  £resh  water  was  placed  in  the  center  of  the  fluid  column  30  cm  deep.  The 
experiment  started  injecting  air,  which  formed  the  line  of  bubbles  rising  at  their 
terminal  speed  and  began  to  mix  the  two  layers  from  the  side.  See  Eedoudo  and 
Cantalapiedra  (1993)  for  further  details 

3.  Deflnitiou  of  experimentsd  psurametcrs 

The  density  interface  and  the  turbulence  producing  the  TniTing  in  the  experiments 
described  here  are  characterized  by  means  of  a  local  Richardson  number  Ri  =: 
^  ,  where  g  is  gravity,  Ap  the  density  step,  p  the  reference  density,  t,  the 
integral  lengthscale  of  the  turbulence  and  u'  the  r.m.8.  turbulent  velocity,  which 
can  be  related  to  the  air  flow  or  to  the  oscillating  grid  characteristics.  In  both 
experiments  the  mixing  could  be  measured  as  an  entrainment  velocity  Ve  ot  ea 
a  total  mixing  time,  Tm  when  the  fluid  was  homogeneous,  as  the  initial  density 
interface  was  placed  in  the  center  of  the  tank  of  height  H,  we  can  relate  both 
measurements  as 

Deruity  fluctuation!  and  mixing 
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Density  Huctuations  were  measured  and  analized.  Probability  distributions  of 
the  signals  were  calculated,  P(/>),  and  from  them  moments  of  the  distribution,  Mi 
were  computed  Mi  =  P(p)  p'  dp  ,  t  =  1, 2  . 

The  mean  and  variance  were  also  calculated  as:  p  =  p{t)  ,  and  M2  = 
(n)£o(P  ~  P)*  ■  i5«iug  the  standard  deviation  p‘  =  .  The  Skewness 

S  =  ,  and  the  Kurtosis  :  K  =  were  computed  for  the  grid  stirred 

experiments  but  not  for  the  non-homogeneous  bubble  induced  miTing  ones,  due  to 
the  shorter  records  available. 

From  the  trsinsport  equations  for  velocity  and  density  fluctuations  in  homoge¬ 
nous  turbulence  for  a  zero  mean  flow  we  can  deduce  ,  using  the  definition  of  the 
scales  Lo  —  (e/lV*)^/*,  as  the  Ozmidov  scale  ,  Li,  =  w'/N,  the  buoyancy  scale, 
in  terms  of  the  Brunt- Vaisalla  frequency  =  ~p§f  defined  below,  the 

relation 

w'du'^12  1  r  r 

€  OZ  L*  w' 

The  interaction  between  these  three  scales  for  dift'erent  types  of  instabilties 
at  different  ranges  of  the  Richardson  number  wiU  control  the  amount  of  turbulent 

M  jf 

eneigy  that  produces  tniTiTig  considered  as  a  flux  Richardson  number 

or  a  miTcing  efficiency  Rf  = 

Itswiere  et.al.( 1.986)  used  the  definition  of  the  largest  turbulent  scale  of  the  flow, 
in  a  statistical  sense  as;  Xt  =  which  represents  a  typical  vertical  distance  trav- 
elled  by  fluid  particles  before  either  returning  to  their  equilibrium  level  or  mixing, 
we  have  ^  ~  and  Lt  reaches  a  maximum  value  at  a  maximum  Richardson 
number. 

The  term  mixcdness,  M(z),  was  used  by  Koop  &  Browaud(1979)  among  other 
authors  and  is  defined  as 

where  iJ()  indicates  the  Heavyside  or  step  function,  p(2)  is  the  average  density  at 
heijffit  z  and  t  and  b  indicate  top  and  bottom  density  values. 

An  interpretation  of  this  quantity  is  that  near  the  centre  of  the  interface,  at 
the  average  density  level  (p  =  p),  M(z)  measures  the  degree  to  which  the  density 
of  entrained  fluid  has  been  altered  by  molecular  processes.  Clearly,  if  the  density 
fluctuations  consist  of  random  step  functions,  then  M(z)=:0.  On  the  other  hand,  if 
there  are  little  fluctuations  of  the  density  around  p  —  p,  then  M(z)«  1.  At  vertical 
locations  other  than  the  centre  of  the  interface  M(z)  is  not  bounded  by  unity. 

The  mixedness  can  also  be  calculated  from  the  probability  distribution  functions 
P(p).  For  a  density  sample  consisting  of  N  data  points,  we  can  express  M(z}  as 
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(Pt  -Pb)N^ 

where  p(i)  =  P6  +  (]^)  (Pt  “  Pb)  •  ^P  **  width  of  the  window  used.  M(z) 

and  ^  are  inversely  related,  in  fact  at  the  centre  of  the  interface  ^  ^  . 

Themixedness  has  been  used  to  characterize  the  local  instabilities,  as  well  as  the 
video  recordings  of  the  interface,  describing  the  dominant  instability  type  observed 
for  different  parameter  ranges. 


4.  Experimental  results 

We  will  only  present  results  for  the  mixing  box  experiments,  described  by  sev¬ 
eral  authors,  Tumer(1973),  Linden(1975),  Hopfinger  and  Linden  {1982),  E  and 
Hopfuiget(ld86),  Femando(1991)  and  references  therein,  The  advance  of  the  in¬ 
terface  follows  an  entrainment  law  of  the  type  E  ~  ajZt~"  with  n  between  1  and 
7/4,  and  most  of  the  times  n  =  3/2,  We  varied  the  distance  between  the  interface 
and  the  grid  and  found  large  differences  in  entrainment  for  the  same  Richardson 
number  and  diferent  distance. 

The  appearence  of  the  interface  showed  that  larger,  less  intense  vortices,  mixed 
relatively  less  than  smaller  ones  inpinging  on  the  interface.  In  figure  2  two  differeut 
shapes  of  the  interface  are  shown  for  low  and  medium  local  Ri.  For  large  Ri  the 
appearence  of  the  interface  was  almost  flat,  until  a  inpinging  eddy  produced  small 
scale  mixing. 

The  conductivity  probe  measuremeuts  shown  here  were  taken  at  the  centre  of 
the  interface,  this  is  not  easy  to  define,  even  if  the  probe  wsls  also  videotaped  as 
the  interface  advanced,  as  an  example  of  the  convolutions  of  the  interface,  shown 
in  figure  3  for  different  Ri  ,  both  the  thickness  and  the  position  vary  in  time. 

In  figure  4  the  position  of  the  interface  vs.  non  dimensional  time,  is 

shown  for  different  experiments  with  different  initial  grid-interface  distances,  Dg. 
This  non-dimensional  time  was  used  by  Linden(1975)  and  shows  the  entrainment 
produced  by  different  vorticities  eroding  the  interface.  Note  that  the  average  voi- 
ticity  at  the  interface  may  be  expressed  as  ^  oc  z~^. 

We  show  the  effect  of  dipolar  vortices  that  inping  across  the  interface,  thereby 
causing  substantial  local  mixing.  In  figure  5,  point  density  measurements  for  two 
different  iis  show  that  for  low  Ri  it  is  common  to  And  sharp  variations  of  density  at 
the  center  of  the  interface,  but  not  for  the  large  Ri  indicating  that  the  Mixedness 
is  high  at  high  .fit,  and  fluid  fl:om  the  lower  layer  mixes  before  reaching  the  center 
of  the  interface.  In  figure  6  the  values  of  density  r.m.s.  fluctuations  taken  at  the 
center  of  the  interface  (or  near  the  centre,  for  low  fit  )  are  shown  versus  Ri  in  a) 
and  the  values  of  the  Kurthosis  are  shown  in  b),  for  these  experiments,  zjt  k  10. 
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Fill-  2.  Ima^fes  of  the  emoil  icale  tuibulence  at  the  intei&ce  produced  by  the  grid  itiried 
tuibttleuce  a)  shows  a  medium  -  hi|gh  Ri  experiment  and  b)  a  low  Ri  experiment 


Fig.  S.  Digitised  lines  marking  a  3%  and  95  %  light  iutensity  values  in  time,  for  three  experiments 
a)  Low  Ri,  b)  Medium  Ri,  c)  High  Ri. 


For  low  Bichardson  numbers  a  typical  fluctuation  (r.m.s.)  is  a  tenth  of  the 
maximuin  possible  fluctuation,  for  intermediate  Richardson  numbers  the  values  of 
non-dimensional  standard  deviation  of  density,  are  as  high  as  0.5,  showing  that 
there  is  probably  direct  contact  and  miring  between  fluid  fl’om  both  layers.  The 
relationship  between  r.m.s  density  values  and  local  miring  can  be  interpreted  as 
follows.  If  the  value  of  the  non-dimensional  r.m.s.  density  is  0.5  ,  successive  particles 
of  fluid  &om  the  upper  and  lower  layers  arrive  to  the  center  of  the  interface  without 
miring  and  there  will  be  direct  contact  between  fresh  and  salty  fluids. 
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Fig.  B.  Paint  denuty  mcuoiemenU  v«.  time,  foi  expeiiment*  with  diHeient  At  n)  indicates  a 
low  Ac  expeiiment  b)  a  medium  ii«. 

For  higher  Bichaidsou  numfaers,  is  reduced  substantially,  indicating  than 
it  is  rare  to  have  direct  entrainment  between  the  two  layers.  The  Kiuthosis  for 
high  Ri  shows  that  most  of  the  times  the  interface  center  has  a  well  mixed  inner 
layer  and  only  seldom  an  energetic  instability  or  eddy  can  bring  in  outer  uumixed 
fluid. 

In  figure  the  value  of  the  Mixedness  is  plotted  against  Ri  and  the  nondi- 
mensional  distance  to  the  grid,  low  Mixedness  values  indicate  that  there  is  ener¬ 
getic  transport  across  the  interface,  we  indicate  with  crosses  the  experiments  in 
which  dipolar  vortices  were  observed  penetrating  across  the  interface  more  than 
26  /agreement  with  the  parameter  areas  of  low  mixedness.  The  difeient  initial 
distances  used  were  Dg  =  2.2cm,  6cm,  7.6cm  and  13cm 
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Fig.  6.  Moments  of  the  den^ty  fluctv.itions  vs.  Hi,  *)  nondunensionsiued  t.m.s.  b)  Kurtbosis. 


Fig.  1.  Paroraetet  map  describing  tbe  Mixedaess  as  a  function  of  Hi  and  non  d;Tiii.n.ir„,a1  distance 
from  the  grid  zjl. 


5.  Discussion  and  conclusions 

From  tue  aeusity  Buccuatiou  measurements,  or  conversely  nom  the  mixedness 
values  in  the  oscillating  grid  experiments  we  see  that  a  region  of  intermediate  Ri 
allows  higher  direct  transport  of  unmixed  fluid  across  the  interface,  this  mechanism 
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sliotild  provide  Ugker  mixing  efficiencies  at  inteimediate  Ri  showing  consistency 
with  Lmden(1979,1980),  Eohr  et.al  (1986)  and  Redondo(1987),  on  the  other  hand 
the  experiments  with  bubble  generated  mixing  show  mixing  efficiencies  in  agree¬ 
ment  with  McEwan(1983a,b)  and  Britter  el.  al.(1984,1986).  Only  for  very  strong 
density  interfaces  a  decrease  in  miicing  efficiency  with  Ri  can  be  appreciated.  We 
argue  that  for  very  high  Ri,  there  is  more  time  where  the  interface  can  support 
internal  waves  of  higher  buoyancy  &equency,  thus  dissipate  more  energy  which 
otherwise  could  produce  mixing,  This  excess  energy  is  disipated  away  from  the 
source  and  subsequently  contributes  to  mixing  in  the  hetereogeneous  experiment, 
but  for  the  grid-stirred  experiments  the  wave  energy  excess  does  not  produce  sig¬ 
nificant  mixing  as  the  energy  distribution  everywhere  at  the  interface  is  similar. 
The  Mixedness  values  are  of  help  in  analizing  different  parameter  ranges,  and  it 
has  been  shown  that  the  voiticity  at  the  interface  contributes  significantly  to  local 
mixing.  The  dipolar  vortex  mechanism  seems  an  efficient  one  that  could  ,.roduce 
the  high  mixing  efficiencies  at  intermediate  Richardson  numbers. 


References 

[1]  Linden,  P.F.  (19S0),‘‘MixiiLg  ncroas  a  density  interface  produced  by  grid  turbulence  J.Flui>l 
Mecb.  100,  3-29. 

[2]  Redondo  J.M.  (1937)  “Difusion  turbulenta  en  duidos  estratificados”  Pb.D.  Thesis.  Univ. 
Barcelona. 

[3]  Britter  R.E.  (1934)  "Diffusion  and  decay  in  stably-stratified  turbulent  floms"  in  "Turbulence 
and  Diffusion  in  Stable  Environments"  13-24  Ed  by  IMA,  Ed.  J.C.R.Hunt.  Clarendon,  Oxford. 

[4]  McEwan  A.D.(1983b)  "Internal  mixing  in  stratified  flnrds  "  J.  Fluid  Mcch.  138,  59-80. 

[5]  McEwan  A.D.(1983b)  "  The  Itincmaiics  of  stratified  mixing  through  intsraal  wave  breaking  " 
J.  Flnld  Mech.  128,  47-58. 

[6]  Hopiiager,  E.J.  (1987)  "Turbnlence  in  stratified  fluids,  a  review”  i,  Geophys  Research.  92 
5387-5302. 

[7]  Fernando,  H.J.S.(1991)  "Turbulent  mixing  in  stratified  fluids”  Annu.  Rev,  Fluid  Mech.  23, 
455-493. 

[8]  Koop,C,G.  tc  Browand  F.K.  (1379)  "Instability  and  turbulence  in  a  stratified  fluid  with  shear" 

J.Fluid  Mech.l3S, 135-147. 

[9]  Rohi.J.J.  Itsweire,  E.C.  &  Van  Atta,  C.W.  (1984)  "  Mixing  efficiency  in  stably  stratified 
decaying  turbulence  "  Geophys.  Astrophys.  Fluid  Dyn.  29,  221-226. 

[10]  Itsweire,  E.C,  Helland,  K.N.  Van  Atta,  C.W.  (1986)  ”  The  evolution  of  grid-generated 
tuibuleuce  in  a  stably  stratified  fluid  ”  J.  Fluid  Me^.  132,  293-338. 

[11]  Turner  S.T.  (1973),  "Buoyancy  effects  in  fluids”  Cambridge  University  Press. 

[12]  Linden,  P.F.  (1975)  ”  The  deepening  of  a  mixed  layer  in  a  stratified  fluid”.  J.  Fluid  Mcch. 
71,  385-405. 

[13]  Redondo  J.M.  and  Cantalapiedra  I.R.  (1993)  "Mixing  in  hozisontally  heterogeneous  flows” 
Applied  Scientific  Res.  51,  217-222. 


INTERFACIAL  RESISTANCE  AND  MIXING  IN  STRATIFIED  CHANNEL  FLOWS 


P.  Prinos  and  V.  Dermissis 
Hydraulics  Lab.,  Dept,  of  Civil  Eng. 

Univ.  of  Thessaloniki,  Thessaloniki.  Greece 


The  interfacial  resistance  and  rates  of  entrainment  are  significant  factors  in  two-layered 
stratified  open  channel  or  duct  flows,  in  some  problems  (i.e.  fresh-salt  watei  in  estuaries)  the 
mixing  should  be  kept  as  low  as  possible  and  hence  appropriate  conditions  should  be 
established  for  doing  so.  A  key  factor  is  the  interfadal  friction  and  the  associated  interfacial 
friction  coefficient.  The  theoretical  analysis  of  such  problems  is  based  on  the  one-dimensional 
energy  equation,  applied  in  both  layers  of  the  stratified  channel  flow,  first  developed  by  Sc^''^ 
and  Schoerifeld  (1953).  Such  an  analysis  provides  an  average  interfacial  friction  coefficiL. 
over  the  effective  length  of  the  interface  and  does  not  give  any  indication  about  its  variation 
along  the  Interface.  This  variation  may  be  significant  in  certain  regions  of  the  stratified  system 
and  may  enhance  or  depress  local  mixing  in  the  area. 

Based  on  such  an  analysis  Dermissis  and  Partheniades  (1 984)  found  that  the  average 
interfacial  friction  coefficient  is  best  correlated  with  the  parameter  ReFr*  (where  Re  is  the 
Reynolds  number  of  the  fresh  water  layer  and  Fr  is  the  regular  (nondensimetric)  Froude 
number)  and  the  rnaltive  density  difference  Ap/p.  The  results  were  given  as  a  family  of  curves 
with  BeFr^  as  an  abscissa  while  Ap/p  was  an  independent  parameter.  A  minimal  scattering 
of  the  data  points  was  obsesved  about  each  curve. 

In  an  another  category  of  problems  instability  of  the  interface  results  on  the  onset  of 
the  interfacial  mixing  and  hence  the  rates  of  eutairiment  or  turbulent  diffusion  mixing  must  be 
computed  based  on  some  geometric  and  hydraulic  (^aracteristics  of  the  stratified  system. 
Also  In  this  case  the  theoretical  anaiysis  is  based  on  the  some  equations  as  before  with  the 
difference  that  the  interfacial  mixing  velocity  q  directed  from  the  less  to  the  more  turbulent 
layer  is  included  in  the  cq  'slions.  Various  interfacial  mixing  equations  have  been  developed 
by  several  investigators  (Grubert,  1 989)  relating  the  it  iterfacial  mixing  with  the  bulk  Richardson 
number  and  the  Interfacial  and  boundary  friction  factors. 

Grubert  (1 989) ,  based  on  his  experimental  results,  developed  three  different  equations 
for  interfacial  mixing.  The  first  relates  the  interfacial  velocity  to  a  shear  velocity,  a  shear 
Richardson  number  and  a  densimetric  Reynolds  number.  The  second  takes  into  acount  a 
total  shear  velocity  and  a  boundary  shear  Richardson  number.  Finally  the  third  is  expressed 


in  terms  of  a  Richardson  number  and  the  ratio  of  the  boundary  to  the  interfacial  friction  factor. 
The  latter  was  calculated  from  the  relationships  developedd  by  Dermissis  and  Partheniades 
(1984). 

The  above  analysis  provides  some  useful  equations  about  the  rates  of  mixing  but 
does  not  give  an  insight  of  the  mechanisms  related  to  mixing  which  should  be  underestood 
well  in  certain  geophysical  problems  before  any  management  strategies  take  place.  For 
example  understanding  the  mechanism  of  purging  of  density  stabilized  ponds  by  a  lighter 
overflow  is  an  Important  factor  in  the  development  of  a  river  management  strategy.  Armfield 
and  Debler  (1993)  have  investigated  experimentatty  and  numerically  the  purging  of  density 
stabilized  basins.  In  the  experimental  program  the  channel  fresh  flow  over  the  stagnant  salt 
water  cavity  was  turbulent  while  the  numerical  model,  based  on  the  Navier-Stokes,  was 
suitable  for  laminar  flows.  Hence  comparison  of  small  scale  phenomena  between  the 
experimental  and  computational  study  was  inappropriate. 

A  more  generalized  approach  is  required,  able  to  take  into  account  all  the  phenomena 
described  before  which  fall  into  the  general  category  of  stratified  flows.  Such  an  approach  is 
described  in  the  following  paragraphs  which  is  based  on  the  unsteady  Reynolds  >  averaged 
Navier-Stokes  equations  accounting  for  both  laminar  and  turbulent  flow  regimes.  For  the  latter 
a  turbulence  model  of  the  k-e  is  also  included  for  calculating  the  Reynolds  stresses  appearing 
in  the  Reynolds  equations. 

The  numerical  model  solves  the  two-dimensioal,  unsteady,  Reynolds  -  averaged 
Navier-Stokes  equations  together  with  the  solute  transport  equation  using  a  finite-volume 
method  described  by  Patankar  (1980).  For  the  turbulent  regime  a  turbulence  model  of  the 
low-Re  k-E  type,  acounting  for  buoyancy  forces,  is  Incorporated  into  the  numerical  procedure, 
as  described  by  Laum  ar  and  Sharma  (1974),  since  in  some  regions  the  fluid  remains 
stagnant,  turbulence  is  suppressed  and  laminar  phenomena  dominate. 

The  main  characteristics  of  the  finite-volume  method  used  for  solving  the  set  of  the 
differential  equations  are  the  following: 

(a)  The  QUICK  scheme  is  used  for  discretizing  the  convection  terms  of  the 
momentum  equations  vrhile  the  PLDS  scheme  is  used  for  the  rest  (solute,  turbulence 
kinetic  energy  and  its  dissipation).  A  first  order  implicit  Euler  scheme  is  used  for  the 
unsteady  terms. 

(b)  The  continuity  equation  is  transformed  to  a  Poisson-type  equation  using  the 
SIMPLE  method. 

(c)  The  system  of  the  resulting  algebraic  equations  is  solved  using  the  TDM  Algorithm. 
Appropriate  boundary  and  initial  condiUons  are  specified  for  solving  the  equations, 

depending  of  the  problem  considered.  Fortlie  problem  of  purging  of  s^lt-water  cavities  the 


equations  are  solved  in  an  unsteady  manner  with  the  fluid  being  at  rest  initially  everywhere 
with  non-dimensional  solute  concentration  of  1  in  the  cavity  and  of  0  in  the  channel.  At  the 
inlet  a  fully  developed  velocity  profile  is  applied  (together  with  profiles  of  the  turbulence 
characteristics)  which  is  allowed  to  develop  in  the  flow  field.  At  the  exit  aud  the  walls  usual 
boundary  conditions  are  applied  with  no  specific  treatment. 

initial  results  are  encuraging,  indicating  the  large  scale  features  of  the  flow  observed 
in  the  experimental  program  of  Armfiefd  and  Debler  (1993)  such  as  the  initial  development 
of  a  splash  resulting  from  the  impulsive  start-up  and  also  the  development  of  a  recirculation 
In  the  upper  part  of  the  cavity  which  transports  the  fresh  water  in  the  lower  portion  of  the 
cavity  and  hence  purging  is  satisfactory. 
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ABSTRACT 

In  this  study  behaviour  of  vertical  jets  discharging  into  sea-strait  type  flows  are 
investigated.  A  special  reference  is  given  to  the  problem  of  the  breaking-up  phenomena.  Due 
to  the  complexity  of  the  problem,  experimental  approach  is  preferred.  To  explore  the 
behaviour  of  jets  discharged  into  stratified  flow,  a  special  rectangular  channel  was 
constructed  so  that  cold  water  flowing  in  the  lower  part  and  hot  water  in  the  upper  part.  Inter¬ 
layer  characteristic  were  detemnined  by  temperature  measurements.  Jet  flows  are  discharged 
from  the  bottom,  at  the  mid-section  of  the  channel. 

As  a  result  of  experimental  findings,  intiaiiy,  the  variation  of  intermediate  layer  thickness 
(h,)  due  to  Richarson  number  (Ri,)  was  determined.  For  breaking-up  conditions  of  the 
interlayer  by  jets,  evaluations  of  the  findings  showed  that,  jet  Froude  number-Richardson 
number  relation  takes  an  important  role  in  the  explanation  of  the  phenomena.  For  weak 
stratification  conditions,  Fr^-RI,  relation  is  linear,  but  for  moderate  Ri,  numbers  there  is  a 
transition  zone;  for  highly  stable  stratification  conditions,  breaking  up  velocity  of  jet  (hence 
Fr^)  is  independent  of  Ri,  number. 


1.  INTRODUCTION 

In  the  field  of  hydraulics  and  environmental  engineering  several  vital  stratified  flow 
problems  arise.  Most  geophysical  flows  in  nature  are  stratified,  such  as  atmospheric  currents, 
ocean  currents,  sea-strait  flows  and  estuaries.  On  the  other  hand,  during  the  discharge  of 
pollutants  from  urban  regions,  industrial  sources,  thermal  centers  and  power  plants,  turbulent 
buoyant  jet  flows  appear.  Since  discharge  of  pollutants  Is  generally  a  continious 
phenomerson,  it  carries  the  risk  of  environmental  pollution.  These  problems  become  more 
complex  in  the  case  of  sea-straits. 

The  purpose  of  this  study  is  to  investigate  the  behaviour  of  jets  discharging  into  two 
layered,  two  directional  flows.  Special  reference  is  given  to  the  problem  of  breaking-up 
phenomena.  In  two-layered  systems,  if  the  effluent  arrives  at  the  intermediate  layer,  the  jet 
flow  behaves  as  a  drilling  factor  on  the  interface;  so  in  the  limit  cas''  breaking-up 


phenomenon  takes  place  at  the  interface  by  the  effect  of  the  jet.  This  can  be  applied  to 
hydraulics  and  environmental  problems  since  they  become  more  severe  and  vital  at  sea- 
straits.  Due  to  complexity  of  the  phenomenon,  in  order  to  develop  a  comprehensive 
understanding,  researches  are  based  on  experimental  investigations. 


2.  GENERAL 

There  has  been  considerable  attention  focused  on  two-layered  flows  and  jet  flows  during 
last  fourty  years.  Starting  with  Harleman's  review,  continuing  with  the  studies  of  Parker, 
Krenkel  and  Turner,  first  symposium  of  lAHR  on  stratified  flow  held  in  Li.S.S.R.  and  second 
in  Trondheim,  Norway  (1980).  Maxwell,  Holley  and  Tekeli  [1]  gave  the  explicit  study  on 
equations  of  motions  for  two  layered  flow  in  rectangular  channels,  including  the  result  of 
integrations.  Miklo  Hino  et  ai,  Abraham  (1979)  [21,  Sumer  and  BakioSiu(1981)  [3]  are  among 
the  ones  who  worked  on  interfactal  shear  stress.  Recently,  starting  from  1986,  Arm!  [4]  and 
Baines  (1988)  have  been  working  on  depth  change,  side  and  upstream  efiect  in  stratified 
flows.  On  jet  flow,  there  have  been  many  experimental  and  theoretical  studies  starting  with 
Albertson.  Studies  on  jets  in  cross-flows  intlally  were  collected  and  published  by  Chan  and 
Kennedy  [5],  Later,  Jirka  (1975),  Rajaratnam  (1976),  Rsher  (1979),  Chen  and  Rod!  (1980)  and 
Gor,  M  (1979)  [6]  worked  on  jets.  Those  are  summarized  in  Neman's  study  [7].  Discharge 
of  thermal  jets  into  the  fresh  environment  Indicated  by  Tatom  (1985),  later  Investigated  by 
Baddour  R.  and  Jones  D.'  (1991)  [8].  They  concluded  ^at  the  density  buoyant  jets  does  not 
adequately  predict  the  thermal  buoyant  jets.  Yannopouios  and  Noutsopoulues  (1990)  also 
worked  on  equations  of  motion  of  jets  with  some  simplifications. 

There  are  no  mathematical  models  which  predict  the  behaviour  of  jets  in  two-layered  flow 
and  broaking-up  condition  of  interlayer.  An^ytlcal  study  in  titis  step  seems  Impossible: 
therefore  an  experimental  approach  to  the  problem  is  preferred.  Due  to  the  complicated 
ctiaracter  of  the  problem,  many  parameters  take  part  in  the  phenomena,  a  group  of  them 
being  related  to  stratified  flows  others  to  jet  flows.  Some  of  the  parameters  are  depicted  in 
Rg.1.  These  parameters  are  grouped  and  Buckigtiam's  %  theorem  is  applied  and  second 
order  of  magnitude  terms  are  neglected  [7].  Considering  the  intermediate  layer  stablity, 
shear  stress  denotes  "how  stable  the  interface  Is*.  It  Is  essential  in  the  breaking-up  (drilling) 
of  the  interface  by  the  jet  action,  r,  being  a  function  of  Reynolds  and  Richardson  numbers, 

Ti-p.kj...  (AU)»  ;  ki  -  f{RQi.Rli) 

after  Vreughenhil  (1971).  Here,  k,  Is  the  friction  cweffldent,  .  U  Is  the  relative  velocity  of  two 
layers  ( |  U1  j-i-  1  U2  |  )r.  sca-st'aits.  Due  to  researches  wtween  1971-1979,  t,  may  be 
xpressed  as  a  function  of  Ri,,  for  high  Re  numbers.  When  Re,  attaints  a  value  of  about  10^, 
k,  Is  independent  of  Re  [2].  Then,  to  represent  the  parameters  which  aie  in  primary 
Importance  in  the  breaking-up  phenomena 


(2) 


might  be  given,  beign  the  limit  jet  velocity.  Important  parameters  appear  as  a  result  of 
experiments.  Experimental  procedure  is  arranged  in  the  light  of  these  discussions. 


3.  EXPERIMENTAL  MEASUREMENTS 

In  order  to  explore  the  behaviour  of  jets  in  two-layered  flow,  a  special  rectangular  channel 
of  to  m  in  length  with  horizontal  bottom  was  constructed.  Special  Inlet  and  outlet  sections 
were  constructed,  since  cold  water  would  flow  in  the  lower  portion  of  the  channel  and  hot 
water  in  the  upper  part  As  a  control  section  in  the  hot  water  outlet  a  sliding  spillway  gate 
was  designed.  The  jet  discharge  system  was  mounted  into  the  bottom  of  the  channel  at  the 
mid-section.  Here,  for  the  inspection  of  the  flow,  the  mid  4  m  section  of  the  channel  was 
installed  from  plexiglass  walls.  This  part  was  supportened  by  steel  framas  and  provided  the 
support  system  (or  the  traversing  cart  where  themrtal  probes  and  levelling  systems  were 
placed. 

For  temperature  measurements  a  thennistor  probe  was  used  so  that  water  temperature 
of  12  •  65  °C  could  be  measured  rather  accurately.  Hot  water  supplied  from  the  boiler  and 

cold  water  was  mixed  in  a  cylindirical  tank  so  that  water  supply  of  the  desired  temperature 
was  obtained.  On  hot  water,  cold  water  and  jet  circuits,  vanes  and  oriticemeters  connected 
to  manometers  were  placed.  Following  the  outflux  of  the  cold  water  and  the  hot  water,  a 
V-shaped  weir  was  placed  for  the  control  of  discharge  rates  on  each  discharge  open 
channel.  For  jet  flow,  an  open  constant  head  tank  was  designed  and  connected  to  the  mid¬ 
section  of  the  channel  where  jet  nozzles  were  located.  For  visual  inspections,  the  tracer 
injection,  buretta-pipetta  system  was  connected  Into  the  constant-head  tank.  A  jet  discharge 
nozzle  section  was  designed  so  that  it  was  possible  to  change  the  nozzle  diameters  and 
angles  of  attack.  The  grid  system  was  mounted  in  front  of  the  plexiglass  inspscticr.  window 
so  that,  when  tracer  was  used,  all  details  of  jet  and  breaking-up  of  Interface  could  be 
recorded  by  photographical  technique.  Fig.2  shows  flie  general  system. 
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Figure  2.  Ran  and  section  wiev  of  the  general  experlmiental  system 

For  each  set  of  experiments,  Initially  a  steady-state  two-layered  flow  was  established  in 
the  channel.  After  collecting  the  data  for  stratification  and  inter-layer  characteristics,  a  jet  was 
discharged  Into  the  system.  The  lower  depth  and  discharge  was  kept  constant  (0.20  m  and 
2  It/sec).  Also  the  temperature  variation  of  cold  water  was  negligible  (12°  •  16  °C).  Upper 
layer  thickness  (0.15;  0.175  and  0.20  m),  discharge  (1.;  1.5  It/sec)  and  temperature  (22°  - 
61  °C)  were  the  variables.  For  each  flow  condition,  intermediate  layer  thickness  h^  and  Ri, 
were  defined  before  the  jet  measurements,  in  these  experiments  Ri,  Intenrai  was  found  as 
0.2<Ri,<i.1  so  that  0.0016  <  ^  /  <  0.0167.  Variation  of  hl/H  (ratio  of  Interlayer 

thickness  to  total  layer  depth)  wm  &und  in  conformity  with  the  explanation  given  in 
literature  as  0.1  <  hi/H  <  025;  [7].  Secondly,  vertical  were  discharged  from  the  mid¬ 
section  of  the  cftannel,  to  Investigate  the  tearing  effect  of  jet  on  intermediate  layer.  The  jet 
discharge  was  changed  carefully  and  limit  jet  velocity  denoting  the  txeaking-up  of 
interface)  was  detected  visually  and  instantly  by  oiificemeter  reading. 

In  the  first  set  of  experiments,  was  selected  as  constartt.  EtlecUve  and  Important 
parameters  were  defined  through  these  tests.  In  the  light  of  outputs  and  Initiai  evaluations, 
new  experimental  programmes  were  prepared  for  different  nozzle  diameters,  Dj«3  mm  and 
D.«7  mm  respectively.  In  these  programmes  h^  and  hj  were  kept  constant  (h^  >  hj  -  0.20 
m)  since  the  effect  of  h^^/h^  was  eliminated.  Furthermore  jet  v/as  discharged  only  in  three 
different  temperatures  (cold,  medium  and  max  temperatures  (55-60  °C)).  Acoording  to  the 
findings,  attained  jet  velocities  were  quite  large  (Uj/Uj  >  24  for  •  3  mm;  Uj/U^  >  6  for 

-  7  mm)  buoyant  jet  effect  were  somehow  suppressed. 


Parameters  which  were  found  in  primary  importance  in  the  representation  of  jet  flow 
behaviour  on  breaking-up  phenomena  are  namely  Frj,  Dj/h^,  UyUj  (jet  angle  of  attack  was 
kept  constant  as  6«Tr/2  for  vertical  jets).  Parameters  related  to  Re  did  not  take  part  since 
Re  is  held  constant  and  variation  in  Re  was  ver/  small.  U  ./Uj  did  not  appear  since  is  kept 
constant  through  the  investigations.  During  the  initial  studies  Fr^^  was  also  considered  for  the 
evaluation  of  the  data.  But  it  was  clearly  seen  that  on  the  penetration  of  the  jet  into  the  inter¬ 
layer,  the  momentum  effect  is  much  greater  as  compared  to  density  variation  effect.  Fr^^  > 
35;  in  many  cases  values  over  80,  100  was  attained.  In  literature,  buoyant  jet  effect  is 
considered  Important  if  Fr^j  values  are  smaller  than  20.  For  the  represantatlon  of  the 
interlayer  characteristics,  Ri,  was  found  as  the  basic  parameter. 


4.  EVALUATION  OF  THE  RESULTS 

Investigations  with  different  hj/Dj  ratios  show  that  for  low  RI,  numbers,  penetration  of 
jet  into  Interface,  hence,  breakIng-up  phenomenon  is  easier  and  the  limit  jet  veleeities  are 
lower.  As  it  Is  seen  in  Fig.3,  for  small  RI,  values,  Fr^-Ri,  relation  is  linear: 

FX^  -  A.Rli*B  (0.2<2Lii<0.45) 


Jdij  -  (g'.hj.Ap/p/(Aa)=‘ ,  Au  -  I  I  +  I  17^  I 


Rgure  3.  Evaluation  of  the  results  for0-9O°{h2/Dj»4O) 

Rg.3  is  obtained  by  depicting  the  experimental  result  for  h^/D,  -40  on  the  graph.  Here, 
the  limit  jet  velocities  responsible  from  the  breakIng-up  of  interface,  appear  In  Limit  Froude 
numbers.  Abscissa  shows  the  Ri,  values  as  an  indicator  of  stratified  flow.  Also  experimental 
findings  for  hj/Dj*66.7  and  h2/D^-28.7  verified  the  conformity  of  the  above-mentioned 


representation  tor  low  Ri,  values.  Following  a  transition  zone  (0.45  <  Ri,  -  0.60),  stable 
interface  region  is  achieved.  The  case  of  Ri,  >0.6  produces  a  highiy  stabilizing  effect  so  that 
limit  jet  velocity  does  not  vary  with  the  variation  in  the  stratification  conditions.  It  is  shown 
that  working  with  a  constant  nozzle  diameter,  if  0.€<Ri,  <l.f  Is  attained,  jet  velocity,  hence 
Fr  number  is  constant  (Fr^  -C).  Surely  for  each  nozzle  diameter  this  costant  changes  and  is 
determined  from  the  experimental  findings.  It  Is  observed  Fr^  is  a  stong  function  of  hj/D^. 


Using  the  values  obtained  from  experiments,  best  fitting  lines  for  Ri,<0.5  region  are 
found  out,  by  the  least  squares  method.  Also  for  asymptotic  region  (Ri,  >0.6)  average  values 
are  calcuiated  and  standard  deviations  are  found  out.  Standard  deviations  were  found  quite 
small  and  In  acceptable  range.  A,B,C  coefficients  given  in  Rg.  4  were  found  for  momentum 
jets.  It  can  be  deduced  that  asymptotic  value  (F^fj-C)  increases  with  an  increase  in  h^/D^, 
hence  a  decrease  in  nozzle  diameter. 
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Figure  4.  Fr^-Ri,  relations  for  different  jet  diameters 

This  is  in  conformity  with  the  physical  interpretation,  since  higher  momentum  flux  is 
carried  out  with  larger  diameter  hence  the  lower  limit  velocity  will  give  rise  to  Ihe 
breaking-up  phenomena. 


straight  lines  in  Fig.4  are  the  results  of  mean  values  for  momentum  jets.  Momentum  jet 
effect  appears  to  be  in  primary  importance  since  the  variation  in  limit  jet  velocity  due  to 
temperature  changes  is  always  below  20%  and  in  many  cases  in  the  order  of  5%  or  less. 
By  the  analysis  of  experimental  results,  an  approximation  for  Fr^  ^  is  found  and  expressed, 
but  not  given  here.  Lower  (dashed)  lines  in  Fig.4  indicate  the  insult  obtained  for  hot  jets 
where  Fr^  ^  values  are  found  for  On  these  graps  (. )  triangles  indicate  outputs  for 

hot  jets  fd  (20  °C  <  Tj  <  60  °C)  interval. 

In  conformity  with  the  phenomenological  discussions,  we  tried  to  express  the  breaking-up 
condition  of  Iriterface  by  a  unique  parameter  which  includes  the  effect  of  other  parameters 
in  it.  Starting  from  the  idea  of  momentum  ratio  for  jets  in  pipes,  definition  of  momentum  ratio 
(Mr^oMjy/Mj)  to  represent  the  limit  jet  condition  for  breaking-up  of  interlace  in  two  layered 
flow  Is  round  quite  suitable  and  comprehensive.  Since  research  on  Mr  is  the  subject  of 
another  study  [9],  further  discussion  on  this  matter  is  avoided  here. 


5.  CONCLUSIONS 

As  a  result  of  the  experimental  findings,  following  conclusions  can  be  given; 

1 .  Breaking-up  condition  of  interface  by  jets  may  be  explained  by  Fr^-Ri,  relations,  for  low 
Ri,  numbers  {Rl,<0.S);  but  it  is  independent  of  Ri,  for  high  Ri,  numbers  {0.6<Hi,  <1.1).  For 
lower  Ri,  numbers,  Fr^-Ri,  relations  are  linear  (0.20  <  Ri,  <  0.45).  For  the  transition  region 
(0.45  <  Ri,  <  0.60)  it  is  not  easy  to  given  a  definite  relation.  For  highly  stabilized  region 
(RI,  >0.6),  limit  jot  velocity,  hence  Fr^  Is  independent  of  Ri,  for  a  given  jet  diameter.  For  the 
first  and  third  regions,  semi-ampirical  relations  are  found  for  various  jet  diameters. 

2.  Since  broaking-up  of  Interface  occurs  at  quite  high  velocities  (Uj/U2>>20), 
momentum  jet  effect  predominetes  and  temperature  dependence  is  in  second  order  of 
magnitude.  Also  properties  of  upper  layer  have  influences  on  limit  jet  velocity  indirectly,  by 
Its  effect  on  inter-layer;  hence  hj/h,j  does  not  given  an  effect  on  the  breaking-up  condition. 

3.  Variation  In  jet  diameter  affects  the  breaking-up  condition  as  follows;  For  small  jet 
diameters,  higher  limit  jet  velocities  (hence  large  Fr^  are  attained  tor  the  limit  ca8e,but  for 
large  nozzle  diameieis,  tearing  of  interface  occurs  at  lower  velocities. 

4.  Breoking-up  of  Interface  in  sea-straits  depends  on  momentum  ratio  (Mr,^)  which  is 
defined  as  the  ratio  of  vertical  momentum  component  related  to  limit  jet  velocity  (Mj^)  to  the 
represeriiative  .momentum  (M^)  of  the  lower  layer.  For  the  experiments  performed, 
Mr,^«k(1  ±0.20)  is  defined  and  proposed  for  practical  purposed. 

The  result  found  could  be  applicable  to  practical  cases  such  as  discharge  of  effluent  into 
Bcsphorous  in  various  conditions. 
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NOMENCLATURE 


A,B,C:  Experimental  consents  appearing  In 
equations  denoting  limit  jet  constant 
Dj  ;  Jet  diameter 
Fr  :  Froude  number 
Fr^  :  Jet  Froude  number 
Fr^j  :  Densimatric  Froude  Number 
Frj  T-:  Fr^  values  for  hot  jet  experiments 
Mj^ :  Momentum  of  jet 
Mj  ;  Momentum  of  cross  flows 
Mr^ :  Limit  momentum  ratio 
Q  :  Volumetric  flow  rate 
Ri,  ;  Richardson  number  of  interlayer 

Re  :  Reynolds  nuritoer 
T  :  Temperature 

Uj  :  Mean  flow  speed  of  upper  layer 


Uj  ;  Mean  flow  speed  of  lower  layer 
Uj  ;  Jet  outlet  velocity 
g  :  Acceleration  of  gravity 
hj  ;  Depth  of  upper  layer 
hj  :  Depth  of  lower  layer 
h,  :  Intermediate  layer  thickness 
kj  :  Friction  coefficient  T,/  .(  U)^ 
x,y  :  Distances  in  horizond^  ^d  vertical 
directloits  of  the  mean  flow 
Q  :  Angle  of  attack  of  the  jet  at  the 
nozzle 

^  :  Kinematic  viscosity 

p  :  Ruid  density 
T,  :  Shear  stress  at  the  intenace 
A  :  Difference 


A  Numerical  Study  of  the  Breaking  of  an  Internal  Soliion 
and  its  Interaction  with  a  Slope 

By  Kamal  Saffarinia^  and  Timothy  W.  Kao^ 

ABSTRACT 

The  full  Navicr-Stokes  and  diffusion  equations  are  applied  to  study  real  fluid  effects  on 
generation,  propagation,  and  shoaling  of  solitary'  wave  on  the  pycnocline  in  a  two-layer 
system.  First,  these  equations  are  solved  numerically  to  study  the  limiting  height  and 
breaking  of  the  soliton  in  the  case  of  constant  total  depth.  Breaking  occurs  when  the 
particle  velocity  in  a  region  of  flow  field  exceeds  the  wave  celerity.  This  results  in  a 
gravitational  instability  with  the  patch  of  dense  water  into  the  upper  layer  in  the  lee  of  the 
wave.  The  numerically  determined  breaking  criterion  is  supported  by  an  estimate  using  the 
first  order  KdV  theory.  Then,  the  model  is  used  to  examine  the  interaction  of  the  soliton 
with  a  slope-shelf  topography  and  a  unifoim  slope.  In  both  cases,  the  relative  depths  of  the 
layers  change  at  the  turning  point  along  the  slope.  Mechanisms  of  the  wave  breaking  and 
the  wave  propagation  process  for  both  cases  are  described.  Scaled  bottom  stresses  and  total 
wave  run-up  on  the  slope  are  also  presented. 

1.  INTRODUCTION 

Internal  solitary'  waves  have  been  observed  in  many  coastal  area  through  satellite 
pictures  and  field  observation.  Osborne  and  Burch(l)  documented  waves  with  very  large 
amplitude  in  the  Andaman  sea.  Other  investigators  observed  these  waves  in  different 
locations  in  the  world  such  as  Apel(2)  in  Sulu  sea  and  Haury,  Briscoe,  and  Orr(3)  in 
Massachusetts  Bay.  It  is  very  well  known  that  these  waves  are  propagated  shoreward  and 
dissipated  in-shore.  The  dissipation  of  internal  solitary  waves  may  occur  through  boundary- 
layer  viscosity,  scattering  by  bottom  roughness,  and  wave  breaking.  The  two-layer  model 
that  supports  an  internal  solitary  wave  has  been  studied  extensively  beginning  by 
Keulegan(4).  Other  investigators  used  a  more  realistic  continuously  stratified  fluid  model 
which  supports  an  infinite  set  of  internal  waves.  Kao  et  al  (5)  and  Helfrich  and  Melville 
(6)  have  studied  both  models  for  the  investigation  of  shoaling  internal  solitons  through 
laboratory  experiments  under  the  KdV  model.  In  this  study,  we  solve  the  full  Navier-Stoke 
and  diffusion  equations  numerically  for  a  two-layer  model  under  a  scheme  that  reduces  the 
truncation  errors  to  zero.  Results  of  these  experiments  are  compared  with  existing 
laboratory  results. 

\9\/ViLrviNiJN\jr 

Figure  1  illustrates  the  initial  configuration  for  the  slope-shelf  topography.  It  shows  a 
discrete  two-layer  system  stiatified  fluid  with  a  free  surface  in  a  channel  of  depth  d  and 
length  L  with  a  slope-shelf.  The  upper  layer  of  depth  hj  has  density  pj  and  the  lower  layer 
of  h^  has  density  P2  with  p2>Pi-  The  depth  h^  is  selected  so  that  h]^>n2  on  the  shelf.  TTie 
density  differences  represented  by  y,  which  is  density  anomaly,  was  defined  as  (p-pp)/p|j, 
p  is  the  local  density  and  p^  is  the  reference  density  and  is  set  equal  to  P2.  The  shaded 
region  of  depth  Ah  and  length  AL  represents  the  initial  step-pool  of  fluid  with  density  pj. 
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The  step-pool  provides  the  initial  potential  energy  for  the  generation  of  solitary  wave.  The 
location  of  the  turning  point  which  hj=h2  is  denoted  by  Lsc.  The  governing  equations  for 
an  incompressible,  diffusive,  two  dimensional,  viscous,  and  Boussinesq  fluid  are  given  as: 


a  ReSc 


(1) 


a  Q3x  dz  p2  9x  Re 
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where  the  vorticity  5  is  defined  as: 


and  stream  function  ijr: 
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where  u  and  w  are  the  horizontal  and  vertical  velocities  in  x  and  z  directions  re^ectivel;^. 
The  dimensionless  coordinates  and  velocities  can  be  written  respectively  as  x=x  /L,  z=z  /d, 
and  u=u*/Cq,  w=w  /C.,  where  the  asterisk  denotes  the  dimensional  quanti^.  The  aspect 
ratio  of  L/d  is  defined  by  Q.  The  non-dimensional  time,  t  is  defined  by  t“t  C^/d,  where  the 
reference  velocity  is  defined  by: 


P2 


The  Laplacian  is  given  by 


The  dimensionless  parameters  are 
defined  as  the  Reynolds  number, 
R.e=CQd/v,  where  v  is  the  kinematic 
viscosity,  the  Froude  number, 
F=Cp/(gd)^^^,  where  g  is  the 
gravitational  acceleration,  and  the 
Schmidt  number,  Sc=v/D,  in  which  D 
is  the  diffusivity  of  density  anomaly. 
Equations  (1)  through  (3)  arc  solved 
subject  to  the  followng  boundary 
conditions: 


1  ^  ^ 
ax^  dz^ 


(i)  for  z=l,  0<x<l;  i|r=0,  Sy/feK),  5=0 

(ii)  for  0<z<I,  x=0;  \|;=0,  5y^3x=0, 
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(iii)  for  0<z<Hs,  Lsb<x<Ls;  ijj=0,  y=0, 

(iv)  for  z=Hs,  Ls<x<i;  Tjf=0,  y-Q,  §=Qr  orsj;/azr 

(v)  for  z=0,  0<x<Lsb;  4r=0,  y=0, 

(vi)  for  Hs<z<l,  x=l;  »)r=0,  3y/(3x=0,  5“^  i|r/9x  , 

where  Lsb  denote  the  x  coordinate  of  the  beginning  of  the  slope  and  is  at  x=0.l0,  Lsc  at 
0.39,  and  Hs  is  the  shelf  length  and  is  at  z=0.78. 

The  boundary  condition  for  density  on  the  free  siufacc,  solid  walls,  and  bottoms  are  no 
flux  condition.  No-sIip  condition  is  imposed  for  the  velocity  field  along  the  boundaries 
setting  u  and  w  equal  to  zero.  Pure-slip  condition  is  imposed  at  the  free  surface  (z=l)  with 
velocities  specified  as  u=3'(Jf/5z  and  w=0.  The  initial  condition  for  the  density  anomaly,  y, 
is  set  to  be  -0.01  for  the  upper  layer  and  the  step  pool  fluid  and  y=0.0  for  heavier  fluid  at 
the  lower  layer.  The  stream-function  i(r  is  zero  everywhere  for  fluid  at  rest(t=0.0). 

3.  NUMERICAL  METHOD  AND  EXPERIMENTS 
The  governing  equations  are  solved  by  the  method  described  in  Roache(8).  This  one-step 
explicit  finite  difference  method  uses  central  differencing  in  space  and  forw'ard  differencing 
in  time  for  the  linear  terms  of  the  governing  equations.  ETUDE,  a  special  explicit  up-vrind 
scheme  introduced  by  Valentine(9),  was  used  for  the  non  linear  terms  to  reduce  the 
truncation  errors  to  zero.  Values  for  Re,  F,  and  Sc  are  10000,  0.0257,  and  833  respectively. 
The  size  of  the  step-pool  is  selected  to  generate  only  one  soliton. 


3.1  Limiting  Height  and  Breaking  of  Soliton 
We  first  consider  the  case  of  constant  depth  in  order  to  examine  the  limiting  height  of 
solitons  and  the  mechanism  of  wave  breaking  of  large  amplitude  waves.  A  series  of 
numerical  experiments  were  undertaken  with  AL/d=0.40  and  Ah/d=3/40,  6/40,  15/40,  21/40 
for  Q=5  and  Q=10  with  Ax=0.02,  Ax^O.Ol,  and  Az=0.025.  Results  given  in  Figure  2 
indicate  that  wave  amplitude,  a/d,approaches  asymptotically  towards  a  limiting  height,  we 
found  that  the  limiting  height  of  the  solitary  wave  is  at  a/d=0.20  or  a/hj=2.65.  All  the  runs 
are  made  for  duration  less  than  t^S.O  since  only  the  establishment  of  the  wave  was  sought. 
However,  for  Ah/d=21/40  the  equilibrium  was  not  achieved  at  t=  4.5  as  seen  in  Figure  3. 


Figure  2 


Figure  3 


The  main  mechanism  that  limits  the  wave  amplitude  is  the  wave  instability.  For  wave 
generated  with  initial  step-pool  depth  Ah/d=3/40,  6/40,  and  9/40  equilibrium  was 
established  at  t=l  .5  or  earlier.  The  height  of  the  soliton  is  always  less  than  the  depth  of  the 
step-pool  due  to  breakiijg  and  energy  dissipation.  The  local  Richardson  number, 
J2=-(1/F^)3y/2z/(9u/5z)  ,  was  determined  at  the  crest(or  trough)  of  the  wave  and  it  was 
found  that  the  Richardson  number  is  decreasing  rapidly  as  the  wave  amplitude  increased. 
The  maximum  particle  velocity  in  the  wave  was  less  than  the  wave  speed.  At  Ah/d=9/40, 
local  small  pockets  of  closed  isopycnals  representing  very  weak  gravitationally  unstable 
regions  appeared  near  the  wave  crest,  signifying  that  gravitational  instability  was  incipient. 
No  gravitational  instability  had  occurred  at  this  stage.  At  Ah/d=^21/40  large  scale 
gravitational  instability  extended  over  a  large  region  in  the  back  of  the  wave.  This  is 
shown  in  Figure  3  with  the  streamlines  superposed  on  the  isopycnals.  The  isopycnals  show 
an  overturning  event  in  the  lee.  There  is  entrainment  of  dense  water  into  the  wave  during 
the  overturning  process.  Local  Richardson  number  at  the  crest  decreased  to  near  the  critical 
value  so  that  shear  instability  was  also  incipient.  However  a  search  of  Richardson  number 
over  the  entire  field  indicates  that  the  local  Richardson  number  falls  below  the  critical  only 
at  the  border  of  the  gravitationally  unstable  region  where  the  Richardson  number  becomes 
negative.  This  breaking  process  occurred  over  an  extended  period  of  time  with  the  wave 
gradually  decreasing  its  amplitude.  In  the  present  run,  the  numerical  experiment  was 
terminated  before  equilibrium  was  established.  It  can  be  concluded  that  breaking  occurs 
when  the  wave  amplitude  is  large  enough  so  that  the  particle  velocity  in  the  wave  exceeds 
the  wave  speed.  For  the  present  case,  the  variation  of  wave  speed  C  with  the  non- 
dimensional  amplitude  a/lt  i ,  and  the  variation  of  maximum  particle  velocity  in  the  wave 
“m?3(  a/h|  are  plotted  in  Figure  4.  The  intersection  of  the  two  curves  determines  the 
limiting  height  trom  the  breaking  criterion  just  mentioned  above. 

An  approximate  estimate  for  breaking  of  internal  solitary  wave  in  a  fluid  of  constant 
total  depth  due  to  gravitational  instability  can  be  found  based  on  the  KdV  theory  (To  be 
sure  the  first  KdV  theory  can  not  predict  breaking).  According  to  the  first-order  KdV 
theory,  the  wave  speed  for  the  internal  solitary  wave  is  given  by  C/Cq  =1+2/3  |  r  j  a/d. 
The  value  of  r  have  been  computed  by  Kao,  ct  al  (5).  For  example,  using  h|/d=0.075, 

I  r  I  =6.70  for  ad=28.  The  criterion  for  overturning  instability  is  u^^^/Cq  >  C/Cg,  where 
Ujjj„  is  the  maximum  particle  velocity  in  the  wave.  In  the  KdV  theory  u^^j^=uj,  where  Uj 
is  the  particle  velocity  in  the  upper  layer  at  the  wave  trough(crcst).  Also  from  the  first 
order  KdV  theory  iL^/CQ=a^j.  Therefore,  it  can  be  shown  that  the  criterion  for 
gravitational  instabih^  is  a/dj>ci'hj/(d/hj-2/3  I  r  1 ).  For  ad=28,  hj/d=3/40,  and  r=6.70,  we 
get  a/h, >2.01.  , 
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Tne  first  order  KdV  theory  gives  a 
linear  variation  of  C/Cq  and  u  ^/Cq 
with  the  dimensionless  amplitude  ayh|, 
and  therefore  at  least  gives  a  lower 
bound  estimate  to  the  amplitude  for 
breaking.  If  higher  order  terms  are 
included  in  the  KdV  theory,  the 
dimensionless  amplitude  a^j  for 
breaking  will  be  larger.  The  present 
numerical  experiment  indicates  that 
breaking  occurs  when  a/hj>2.60. 

3.2  Intemctian  With  Slope-shelf 
Topography 

Several  numerical  experiments  for 
interaction  of  a  solitary  wave  with  a 
slope-shelf  topography  arc  undertaken 
for  which  reversal  of  polarity  is 
possible.  Solitary  wave  reverse  its 
polarity  as  they  travel  through  a  region 
(turning  point),  where  hj-h^  changes 
sign.  If  the  shoaling  water  is  such  that 
the  depth  of  the  pycnocline  exceeds  half  the  total  water  depth  on  the  shelf  then  only  wave 
of  elevation  is  possible  on  the  shelf  water.  We  present  results  for  a  case  with  slope  at  1:8. 
In  this  experiment  hj/d  was  set  to  be  2/14.  Experiment  started  at  t=0.0  and  continued  until 
t=11.0.  A  weakly  non-linear  solitary  wave  is  generated.  Figure  5  shows  sequences  of  the 
solitary  wave  propagation  over  a  slope  which  is  represented  by  three  mid-pycnocline 
isopycnal  lines  at  various  time,  t.  The  wave  reaches  to  the  neighborhood  of  the  turning 
point,  Lsc,  the  dense  water  begins  to  build  up  at  the  back  of  the  wave.  This  phenomenon 
resembles  the  creation  of  the  "shelf  in  the  wake  of  the  solitary  wave  proposed 
theoretically  by  Knickerbocker  and  Newell  (10)  for  a  model  KdV  equation  in  which  the 
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coefficient  of  the  quadratic  term  varies  linearly  over  the  slope.  The  build-up  is  shown  at 
time  t=4,0.  When  the  build-up  reaches  its  maximum  strength,  it  breaks  up  into  a  scattered 
oscillatory  wave  train  as  shown  at  time  t=‘6.5.  The  scattered  waves  travel  into  a  region  with 
hj>h2,  where  the  leading  wave  starts  to  separate  and  form  a  wave  of  elevation  in  what 
appears  to  be  an  emerging  train  of  waves  of  elevation  (t=8.0,  9.5,  and  11.0).  The  vestiges 
of  the  original  wave  of  depression  persist  in  a  weakened  and  distorted  form  ahead  of  the 
wave  train  for  some  distance  as  shown  in  the  Figure  5.  The  prominent  wave  in  the  region 
where  hj>h2,  is  clearly  a  wave  of  elevation.  Therefore,  it  suggests  that  the  mass  and 
energy  transports  of  the  original  soliton  of  depression  are  impeded  as  it  shoals  through  the 
critical  point  and  are  redistributed  to  generate  a  new  wave  train  compatible  with  the  depths 
of  the  two  layers  on  the  shelf.  It  can  be  seen  that  no  reflected  waves  evolved.  The  plot  of 


the  reversed  wave  profile  based  on  liorizontal  velocity  is  shown  in  Figure  6.  This 

plot  shows  only  the  forward  portion  of  the  wave  when  the  wave  is  fully  reversed  from 


both  the  space  records  and  the  temporal  records  for  two  times.  The  results  show  excellent 
agreement  with  the  sech^  profile,  confirming  that  the  wave  is  indeed  a  KdV  solitary  wave. 


3  J  Interacdoa  with  Uniform  Slope  Topography 
Results  from  the  numerical 
experiments  on  the  interaction  of  an 
internal  solitary  wave  with  a  uniform 
slope  and  subsequent  wave  run-up  over 
slopes  with  different  inclinatiQns(l;20, 

1:40,  1:80)  are  discussed.  For  the  present 
study,  we  chose  the  ratio  of  upper-layer 
depth  to  the  total  depth,  hj^/d,  to  be  1/4 
so  that  the  interface-slope  interaction  is  at 
x=rK).75  on  the  slope  (note  that  the  total 
depth,  d  is  deepest  section  of  the 
channel).  All  experiments  started  at  t=0.0 
then  continued  until  the  wave  is  reached 
to  its  maximum  run-up  over  the  slope. 

Value  for  a/d  was  measured  to  be  0.080 
at  the  beginning  of  the  slope  for  all  cases. 

Figure  7  is  for  the  case  with  slope  at 
1  ;40.  It  shows  the  sequences  of  the  wave 

Kr^oVino  til* 

interval.  The  wave  is  passed  through  the 
location  Lg,  which  is  the  turning  point 
(hi-h2)  and  changing  its  polarity.  The 
rear  face  of  the  wave  steepened  so  that 
the  wave  reaches  to  its  maximum  height, 
breaking  at  the  interface-slope 
intersection  region  on  the  slope,  resulting  in  the  creation  of  a  train  of  scattered  waves  with 
the  leading  wave  propagating  over  the  slope.  The  leading  wave  is  indeed  a  soliton  and 
propagating  over  the  slope  during  the  run-up  process.  As  the  leading  wave  advances  over 
the  slcpe.  its  height  decreases  and  the  front  face  of  the  wave  was  gradually  become  parallel 
to  the  slope.  The  wave  moves  up  until  it  dissipated.  The  backflow  contains  a  patch  of  light 
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Figure  8 

and  heavy  fluid  which  is  carried-up  by  the  second  approaching  wave.  Results  obtained 
from  these  numerical  experiments  are  found  to  have  the  same  breaking  mechanisms  as 
those  found  from  laboratory  experiments  by  Helirichf?),  in  which  slopes  at  1:15,  1:20,  and 
1:30  were  used.  His  experiments  led  to  the  production  of  multiple  bolus  type  of  waves 
during  the  shoaling  process.  In  our  study,  no  solitary  wave  of  second  mode  was  obtained 
during  the  run-up  process.  Similar  results  were  also  found  for  different  slopes  with  smaller 
wave  amplitude  (a/d”0.055,  0.04,  and  0.025). 

Values  for  shear  stress  (t)  at  a  reiatiyely  small  distance  An  away  from  the  slope 
boundary  was  calculated  from  x  ■  Au/An,  where  u*-(u^+w^)‘'^  and  An*Ax  cos(tan‘ 
kl/Q)).  Figure  8  shows  two  plots  of  the  shear  stress  distributions  over  the  slope  at  two 
different  times.  The  maximum  shear  stress  had  occurred  when  the  wave  was  at  the  early 
stage  of  the  run-up  process.  The  values  for  x  is  decreasing  as  the  slope  inclination  and 
wave  amplitude  decrease.  The  dimensional  value  for  shear  stress  with  the  dynanoic 
viscosity  of  ocean  water  u»10^kg  scc/m'^,  is  0.066  dyne,  while  considering  an  eddy 
viscosity  value  of  10"  m^/s  for  ocean  water. 
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The  total  distance  for  the  wave  run-up,  X-p,  for  different  slope  inclinations  can  be 
determined  from  Xj  ”  7.87(0),  where  0  *  a'^'^(aJd),  with  a=l/20,  1/40,  1/80,  and  a/d  is 
the  non-dimensional  wave  amplitude.  This  distance  was  measured  from  interface-slope 
intersection  to  the  point  that  the  wave  reaches  its  highest  run-up.  Figure  9  shows  the  total 
wave  run-up  over  the  slope  with  G  is  plotted  versus  the  total  wave  run-up,  X-p.  The  value 
for  the  total  wave  run-up  in  dimensional  form  for  a  wave  with  an  amplitude  of  2.85  cm,  is 
100  cm  (for  a»l/20).  Similarly,  the  total  run-up  for  cases  with  a“l/40  and  a=l/80  at  the 
same  wave  amplitude  (a/d’K).08)  are  160.93  cm  and  201  cm,  respectively.  These  results  arc 
found  to  be  in  good  agreement  with  those  reported  by  Helfrich(7). 


4,  CONCIUSIONS 

A  breaking  criterion  for  the  breaking  of  solitary  wave  was  found.  It  was  shown  that  the 
breaking  occurs  when  the  particle  velocity  exceeds  the  wave  celerity  in  the  flow  field 
region.  For  the  wave  interaction  with  slope-shelf  and  uniform  slope,  the  results  conclude 
that  a  solitary  wave  of  depression  travelling  from  the  region  of  h^<h2  into  the  region  of 
hj>h2  gives  rise  to  one  or  more  solitary  wave  of  elevation.  In  fact  the  original  wave  of 
depression  is  gradually  dissipating  through  transfer  of  energy  to  build  up  mass  at  the  back 
of  the  wave  and  through  viscous  dissipation.  The  build-up  then  collapses  to  give  rise  to 
solitons  compatible  with  the  geometry  of  the  shelf  region.  For  the  slope-shelf  case,  the 
results  show  that  at  least  one  solitary  wave  emerges  with  its  polarity  reversed.  For  the 
uniform  slope  case,  a  packet  of  oscillatory  standing  waves  exists  in  the  breaking  region. 
This  packet  generates  a  successive  train  of  solitons  of  reversed  polaiity  onto  the  slope.  The 
successive  passage  of  internal  solitary  wave  over  gentle  slopes  contribute  to  the 
transformation  of  high  nutrient  fluid  from  the  off-shore  region  onto  the  coastal  area  when 
the  total  run-up  of  solitons  is  significant.  Also,  the  internal  wave  run-up  on  the  slope  may 
have  significant  effects  for  the  particle  and  sediment  transport. 
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Decay  of  Internal  Solitary  Waves  and  A  Comparison  of 
Timescales  of  Dissipation  and  Dispersion 

H.  Sandstrom  and  N.S.  Oakey 

Pliyucal  and  Chemical  Sciencea,  Depaitment  o{  Fiihetiea  and  Oceana,  Bedford  Inatitute  of 
Oceanography,  Dartmouth,  Nova  Scotia,  B2Y  4A2. 

Abstract.  Solitons  have  been  observed  and  studied  on  the  Scotian  Shelf  using 
the  vertical  microstructure  profiler  EPSONDE.  During  one  tidal  cycle  a  packet 
of  solitary  waves  hsu>  been  sampled  four  times  as  it  propagated  onto  the  shelf  to 
examine  its  evolution  md  decay.  Enhanced  turbulence  and  mixing  were  observed  to 
occur  in  the  strongest  shear  region  of  the  wave  packet  as  expected.  About  20%  of 
the  energy  lost  as  the  solitary  wave  packet  decayed  can  be  attributed  to  turbulent 
dissipation.  The  effects  of  non-linearity,  dissipation  and  dispersion  aie  explored  in 
terms  of  the  Kortewog-de-Vries-Burgers  (KdvB)  equation.  The  dispersive  timescale 
is  always  much  shorter  than  dissipative  timescai('  and  both  decrease  as  the  soliton 
moves  on-shelf.  The  mean  dissipation  time  scale  of  12  hours  compared  to  the 
dispersion  timescale  of  approximately  1  hour  suggests  that  the  waves  are  consistent 
with  the  KdVB  description.  Calculated  vertical  difi’usivities  are  in  the  range  of  10~‘ 
to 


1.  Introduction 

The  study  of  oceanic  tides  in  the  continental  shelf  areas  reveals  that  as  the  tide  is  modified,  an 
energy  casc^e  from  very  large  to  very  small  scales  takes  place.  The  interaction  of  the  surface  tide  with 
topography,  such  as  the  continental  shelf  edge,  in  the  presence  of  stratification,  generates  an  interual 
tide.  In  the  process  the  sutface  tide  loses  a  small  amount  of  energy,  insignificant  for  the  surface  tide, 
but  appreciable  with  the  relatively  shorter  scales  of  the  internal  tide.  Although  short  in  compuisou 
with  the  surface  tide,  the  wavelength  of  the  internal  tide  it  still  long  compared  to  the  depth  of  water  in 
which  it  travels.  The  internal  tide  therefore  is  influenced  by  both  non-linear  and  dispersive  effects  and, 
given  enough  time,  evolves  into  shorter  undulntions.  These  may  be  in  the  form  of  undular  internal  bores, 
internal  solitary  waves  or  ’’solitons”.  A  very  large,  if  not  the  major,  fraction  of  the  energy  in  the  interual 
tid  '  is  then  found  in  the  abort  waves.  This  energy,  due  to  the  waves  being  short  but  highly  intense,  is 
mo.e  readily  available  to  ocean  mixing. 


2.  Dissipation  of  internal  solitary  waves,  ocean  mixing 


In  the  transformation  of  internsd  tide  into  solitary  waves  the  energy  is  repackaged  or  "quantized” 
into  compact  and  isolated  units.  We  also  know  that  eventually  the  solitary  waves  disappear  and  that 
their  energy  is  released  to  the  ocean.  The  evolution  of  waves  cun  be  explored  in  terms  of,  for  example, 
the  Korteweg-de  Vriss  (KdV)  equatiou,  but  there  is  no  comparable  s  priors'  framework  for  discussion 
of  dissipation  mechanisms  and  how  the  released  energy  is  redistributed.  Sandstrom  and  Elliott  (1984) 
suggested,  based  on  their  observations  on  the  Scotian  Shelf,  that  most  of  the  energy  was  dissipated  in 
a  narrow  zone  near  the  shelf  edge,  and  that  the  average  rate  of  dissipation  there  was  5  x 
Assuming  that  mixing  occurred  in  a  50  in-deep  mixing  layer,  they  obtained  an  aversige  dissipation  rate  of 
«  =  1  X  \Q~'’Wkg~'^ .  This  value  would  increase  five-fold  if  mixing  occurred  in  a  10  m-deep  layer,  a  scale 
more  representative  of  the  pycnocline  scale.  Shear  instability  and  bounduy  layer  friction,  both  interfacial 
and  bottom,  were  put  forth  as  mechanisms  contributing  to  the  dissipative  process.  Subsequent  airborne 
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radar  observations  showed  that  at  least  some  of  the  solitary  waves  travelled  further  inshore  and  survived 
longer  than  Sandstrom  and  Elliott’s  estimates,  suggesting  a  revision  of  the  dissipation  estimate  downward 
by  a  factor  of  2.  Sandstrom  et  al  (1989)  compared  acoustic  baducattcr  and  temperature  fine-structure 
from  a  towed  CTD  prior  to  and  during  the  passage  of  a  group  of  large-amplitude  iuteiual  waves  on  the 
continental  shelf  off  Nova  Scotia.  They  concluded  that  both  acoustic  backscatter  and  temperature  fine- 
structure  could  be  associated  with  active  turbulence  generated  by  the  internal  waves.  All  of  these  increased 
significantly  in  well-defined  layers  of  approximately  5  -  15  m  thickness.  They  also  found  that  the  local 
Richardson  number  was  small  in  the  same  layers,  whence  sheai-  instability  was  expected  to  occur.  Their 
estimated  dissipation  rate  in  the  turbulent  patches  was  (  =  10~^Wkg~' .  Taking  patchiness  of  turbulence 
into  account,  the  average  dissipation  rate  in  a  10  m  thick  layer  was  approximately  2  x  10~’’’yVkg~^,  a 
figure  similar  to  their  earlier  estimate  (Sandstrom  and  Elliott,  1984). 

Liu  el  al  (1985)  in  their  study  of  Sulu  Sea  solitons  included  an  eddy  viscosity  coefficient  in  a  parametric 
form  in  the  numerical  simulation  of  wave  evolution.  A  typical  value  of  the  coefficient  used  was  10  -  30 
,  which  tramilatcs  into  a  dissipative  time  scale  of  approximately  1-3  days.  In  that  time  the  average 
dissipation  rate  of  a  50  m  amplitude  soliton,  travelling  at  2  i7U~^ ,  is  about  3  x  10~^  Wm~^.  The  Sulu  Sea 
solitons  travel  in  relatively  deep  water  and  hence  survive  longer  than  solitary  waves  on  shallow  shelves. 
Liu  et  al  do  not  specify  the  dissipation  mechanisms  explicitly.  Their  eddy  viscosity  coefficient  is  based  on 
the  assumption  that  the  small-s^e  processes  in  a  turbulent  layer  embedded  in  a  thin  pycnocline  can  be 
paxametecited  in  this  way.  The  eddy  coefficient  may  vary  with  water  depth,  i.c.  mixing  in  shallow  water 
due  to  shoaling  effects  is  deemed  to  increase  the  local  value  of  eddy  viscosity.  The  direct  effect  of  bottom 
friction  on  soliton  dissipation  is  small. 

3.  Dissipation:  The  Field  Experiment 

In  order  to  further  clarify  and  quantify  the  relationships  between  internal  solitary  waves,  turbulence  and 
acoustic  backscatter  in  the  water  column,  a  field  experiment  was  conducted  at  the  same  site  where  previous 
work  by  Sandstrom  ti  al  (1989)  had  shown  vigorous  internal  wave  activity  to  exist.  The  observations 
were  mode  on  the  Scotian  Shelf,  over  the  comer  of  Bauquereau  Bank  east  of  the  Gully,  in  September  of 
1987,  and  the  study  was  focused  on  the  packets  of  solitary  waves. 

The  observational  strategy  was  to  set  up  the  sampling  equipment  on  the  ship  ahead  of  the  expected 
arrival  of  a  wave  packet,  which  w«  tracked  by  observing  bands  of  increased  sea  surface  roughness  on 
ship’s  radar.  The  impending  arrival  of  the  first  wave  in  the  packet  was  the  signal  to  start  sampling.  A 
microstructure  profiler,  EPSONDE  (Ookey,  1988),  was  profiled  to  a  depth  of  about  50  meters  approx¬ 
imately  every  three  minutes.  Vertical  profiles  of  temperature,  temperature  microstructure  and  velocity 
microstructure  were  obtained.  This  sampling  continued  with  the  ship  drifting  in  the  wave  packet  for  a 
maximum  of  about  two  hours.  The  ship  then  repoaitioned  itself  again  ahead  of  the  packet  for  a  second 
and  subsequent  series  of  profiles  through  the  solitary  wave  packet  as  it  evolved  and  propagated  towards 
shallow  water.  A  particularly  interesting  set  of  observations  was  obtained  on  September  8,  1987.  The 
same  wave  packet  was  sampled  during  four  different  sampling  periods  over  a  total  time  span  of  about  8 
hours,  during  which  the  waves  propagated  a 'distance  of  nearly  20  km.  Each  sampling  period  contained 
fi'om  20  to  36  EPSONDE  profiles.  Figure  1  shows  the  extent  of  the  sampling  area.  The  heavy  arrows 
indicate  ship  drift  during  stations  74,  76,  78  and  80.  The  start  and  end  times  at  each  station  ore  in  GMT. 

The  wave  packet  was  first  observed  in  105  metres  of  water.  During  the  first  station,  lasting  one  hour, 
the  ship  drifted  over  s  small  distance,  essentially  parallel  to  the  wave  crests.  At  the  later  stations  the 
ship  apparently  drifted  with  the  phase  speed  of  the  waves,  and  was  in  effect  suxfmg  on  internal  solitary 
waves. 

To  estimate  the  part  of  the  energy  that  was  dissipated,  each  vertical  profile  from  EPSONDE  was  ana¬ 
lysed  to  obtsdu  the  average  dissipation  in  successive  2  secoitd  segments  of  the  vertical  profile  corresponding 
to  approximately  1.8  metres  in  the  vertical.  The  predominant  dissipation  occurred  in  a  layer  about  10 
metres  thick,  similar  to  the  pycnocline  thickness  and  tracking  it  in  its  vertical  excursions.  The  dissipation 
estimates  were  therefore  averaged  over  10  metres  vertically  at  the  depth  of  maximum  dissipation  to  obtain 
the  mean  dissipation  for  'ach  profile.  These  were  averaged  in  turn  to  obtain  the  mean  dissipation  for 
the  whole  sampling  period  (station).  Values  at  each  station  are  shown  in  Table  1.  The  tabulated  values 
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arc  estimated  to  be  accurate  to  within  a  factor  of  2  (Oakey,  1982).  At  each  station  the  measured  power 
loss  is  referred  to  a  mean  location  and  time,  where  the  location  is  relative  to  that  of  the  initial  station. 
The  Power  Loss  per  meter  of  crest  length  for  each  station  is  estimated  by  assuming  that  the  dissipation 
occurs  in  a  10  metre  thick  layer,  and  that  the  length  of  the  wave  packet  is  3  km.  The  latter  assumption 
is  somewhat  arbitrary,  but  is  taken  to  represent  the  distance  that  includes  the  most  energetic  waves  and 
hence  a  large  90%)  fraction  of  the  total  energy  in  the  packet.  At  the  initial  station  almost  all  of  the 
wave  packet  passed  under  the  ship.  At  other  stations  a  psicket  length  estimate  is  obtsined  from  radsur 
observations  of  number  of  bands  of  surface  roughness  and  their  separation  (typically  6-7  bands  separated 
by  400-500  metres).  The  Power  Losses  at  each  station  are  tabulated  in  Table  1.  These  multiplied  by 
the  time  at  the  station  yield  Energy  Losses  per  unit  crest  length  at  each  station.  Energy  Losses  between 
stations  are  calculated  similarly  by  using  the  average  of  Power  Losses  at  the  two  adjacent  stations.  A 
sum  of  all  Energy  Losses  gives  the  total  turbulent  energy  dissipation  in  the  10  metre  thick  layer  over  the 
eight  buur  sampling  period  as  4.5  x  10‘J'm~‘. 

In  addition  to  the  microstructurc  data,  the  EPSONDE  profiles  yield  the  temperature  ”  macrostructure” , 
from  which  the  isopycnal  displacements  can  be  extracted.  The  changes  of  potential  energy  due  to  the 
internal  waves  can  be  estimated,  and  assuming  equipartilion  of  energy,  the  total  baroclinic  energy  is 
obtained.  Thus  at  station  74,  where  the  wave  heights  are  typically  20  m,  the  estimated  energy  in  the  3 
km  long  wave  packet  is  5  x  10°  Jtn~^  of  crest  length.  At  station  SO  the  displacements  are  reduced  to 
about  IS  m,  and  the  energy  has  decreased  by  about  50  percent. 

3.1  Discussion  of  Experimental  Results 

Repeated  sampling  of  an  internal  wave  packet  has  produced  the  first  direct  measurements  of  turbulent 
dissipation  due  to  the  waves  in  a  part  of  the  water  column  that  includes  the  pycnocline.  The  wave 
packet  travels  irom  deeper  (105  metres  at  station  74)  into  shallow  (60  metres  at  station  80)  water.  The 
crests  of  waves,  as  seen  by  radar,  are  aligned  with  isobaths.  Thus  propagation  direction  is  transverse  to 
bathymetry.  In  addition  to  the  radar  observatioiu  of  the  sea  surface,  acoustic  backscatter  data  of  the 
water  column  provides  supporting  information  on  the  wave  packet.  However,  explicit  discussion  of  the 
acoustic  data  is  beyond  the  scope  of  this  paper.  Density  data  used  in  this  discussion  was  obtained  from 
CTD  measurements  preceding  and  following  this  particular  8  hour  observation  period. 

The  total  baroclinic  energy  at  station  74  is  5  x  10°  Jm~*.  At  station  SO  half  of  this  remains.  Of  the 
2.5  X  10°J'm"*  energy  loet,  about  20  percent  (0.45  x  10°Jm”‘)  is  accounted  for  by  turbulent  disHpatiou 
in  the  pycnocline.  Tlirbulent  dissipation  outside  the  pycnocline  is  small  in  comparison.  If  the  20  percent 
of  bulk  dissipation  goes  into  turbulent  dissips^ion,  and  hence  into  mixing  the  water  column,  then  the 
fractional  mixing  efficiency  is  1/4.  This  ratio  was  suggested  by  Gregg  and  Briscoe  (1979),  albeit  without 
observational  support,  and  used  by  Sandstrom  ci  al  (1989).  Of  the  remaining  80  percent  of  bulk  dissipa¬ 
tion,  we  estimate  that  approximately  1/4  to  1/3  is  lost  by  bottom  friction  and  the  remainder  is  fed  into 


Table  1.  Dissipation,  Energy  and  Power  Loes  in  Soliton  TVansit 


Site 

Samples 

Time 

Distance 

Dissipation 

Power  Loss 

Energy  Loss 

74 

20 

17.38 

Kilometers 

0.00 

Watts/ra 

1.41  X  10-° 

Waita/m^ 

4.23 

Joules/m 
0.15  X  10° 

76 

27 

19.07 

4.49 

4.15  X  10-° 

12.5 

(0,16  X  10°) 

0.59  X  10° 

78 

29 

22.38 

11.87 

4.88  X  10-° 

14.6 

(1.04  X  10°) 
0.55  X  10° 

80 

36 

24.11 

17.23 

1.07  X  10-® 

32.1 

(0.44  X  10°) 

1.60  X  10° 

other  «c&le«  of  motion  and/or  radiated  awa>.  The  mean  dhisipation  rate  over  6  hours  is  5.3  x 
corresponding  to  a  vertical  diffusivity  of  6  x  The  values  range  over  about  an  order  of  mag¬ 
nitude,  from  1.3  X  at  station  V4  to  1.0  x  at  station  80.  The  diffusivitics  sue 

calculated  using  =  T<N~^  ,  where  1'  .=  0.25  is  typical  (Oakey,  1985).  The  values  are  not  large,  with 
strong  stratification  offsetting  large  dicoipation. 

The  reduction  of  wave  energy  by  5U  percent  in  8  hours  translates  into  on  energy  dissipation  timescale 
of  about  12  hours  or  one  semi-diurnal  tidal  cycle.  The  timescale  of  amplitude  dissipation  is  about  twice 
as  loitg.  However,  the  dissipative  timescales  vary  by  over  an  order  of  magnitude  ae  the  wave  packet 
moves  into  shallow  water,  from  approximately  70  hours  at  station  74  to  5  hours  at  station  80  for  energy 
dissipation,  and  about  twice  as  long  for  amplitude  dissipation.  The  dissipative  timescale  Is  always  much 
longer  than  the  dispersive  timescale,  which  is  approximately  one  hour.  Figure  2  shows  the  20  km  long 
section  with  the  sketch  of  bathymetry  and  the  calculated  values  of  energy  dissipation  and  the  two  time 
scales.  The  solitary  waves  cau  be  expected  to  behave  locally  as  solitary  waves,  for  which  the  KdVB 
equation  applies. 


4.  Shear-generated  Turbulence,  a  Ditisipation  Model 


The  basis  of  the  following  model  is  the  observation  (Saudstrom  ti  al,  1989)  that  in  laige-amplitudc 
waves  the  vertical  current  shear  can  cause  the  local  Richardson  number  to  be  small  enough  for  the  flow 
to  be  unstable.  They  found  that  72^  <  1/4  in  a  layer  near  the  N  maximum  and  associated  this  layer  willi 
the  observed  enhanced  turbulence.  They  also  suggested  that  in  a  wave  packet,  each  successive  wave  could 
reinforce  the  turbulence  in  the  already  existing  layer  and  implied  that  active  turbulence  could  persist  at 
somewhat  higher  value  of  Ri  than  1/4. 

The  local  Richardson  number  is  (Sandstrom  ct  al,  1989): 
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(4.1) 


(8u/dx)^  ~  U^a^(s,t) 

separated  into  a  depth-dependent  port  and  a  part  varying  in  time  and  in  propagation  direction.  a(x,  t) 
is  the  wave  amplitude  and  U  aud  Ca  are  the  propagation  speeds  of  the  solitary  wave  and  the  linear  speed 
respectively.  ^  is  the  eigenfunction  of  vertical  displacement.  The  depth-dependent  part  is  calculated 
directly  from  density  data  aud  remains  invariant  as  long  os  stratification  is  the  same.  The  Iliclrardson 
number  thus  varies  inversely  with  ,  the  square  of  flux  of  a.  Solitary  wave  troughs  are  therefore  most 
likely  sites  of  turbulent  layers,  although  once  initiated,  the  layers  may  persist  for  smaller  than  critical 
amplitudes. 

We  consider  a  solitary  wave  of  amplitude  a,.  The  criterion  for  onset  of  turbulence,  leading  to  loss  of 
energy  from  the  wave  is  a<i  >  Oc,  where  is  the  critical  amplitude  deflued  as  the  amplitude  at  which 
=:  1/4.  If  the  critical  amplitude  is  not  exceeded  anywhere  on  the  wave,  dissipation  is  assumed  not 
to  occur.  If  the  criterion  for  onset  of  turbulence  is  satisfied,  we  assume  that  the  solitary  wave  loses 
energy,  until  the  wave  amplitude  decreases  to  the  critical  value.  This  does  not  occur  instantaneously,  but 
gradually  over  a  longer  dusipaiive  time  scale.  The  wave  meanwhile  has  to  adjust  its  shape  to  the  new 
energy  environment,  This  adjustment  takes  place  over  the  dispersive  time  scale,  which,  given  the  wave 
parameters,  can  be  easily  calculated.  The  usual  assumption  in  connection  with  the  KdVB  equation  is  that 
the  dissipative  time  scale  is  much  longer  than  the  dispersive  time  scale.  Usually  this  cannot  be  assumed 
u  prieri,  but  we  have  shown  it  to  hold  at  least  during  the  8  hours  that  a  wave  packet  was  followed. 

4.1  Observations  vis-a-vis  the  model 


Using  the  appropriate  water  depths  at  stations  74,  76,  78  aud  89,  tJie  corresponding  critical  wave 
amplitudes  for  Ri  =  1/4  ate  calculated  as  20.5,  19,  17  and  17  metres  respectively.  A  slight  change  of 
critical  RtrJhardson  number  to  1/3  alters  the  critical  amplitudes  by  a  factor  of  \/3/4,  ranging  now  from 
18  to  15  metres.  The  observed  reduction  of  wave  amplitudes  horn  about  20  to  15  metres  is  therefore  quite 
consistent  with  the  criterion  of  onset  of  turbulence  and  the  subsequent  loss  of  energy  from  the  waves. 
Only  a  fraction  of  the  energy  loss  goes  into  mixing  of  the  water  column  in  the  form  of  the  measured  f. 
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5.  Summary 


For  moderately  non-linear  motion,  the  Korteweg  -deVries-Burgers  (KdVB)  equation  describes  the 
evolution  of  the  internal  tide  and  the  solitary  waves  that  the  internal  tide  is  transformed  into.  The  non¬ 
linear  ajid  dispersive  coefficients  in  the  KdVB  equation  arc  derived  from  the  internal  wave  eigen-functions, 
based  on  measured  density  data.  The  eddy  viscosity  coefficient  is  not  a  property  of  the  fluid  and  a  much 
mote  elusive  quantity  to  determine.  The  decay  of  internal  wave  motion  is  due  to  different  causes.  In  this 
paper  we  have  focused  on  determining  the  attenuation  due  to  turbulent  layers  and  microstructure  with 
shear  instability  as  the  probable  cause. 

By  direct  measurement  of  turbulent  dissipation  within  a  well-deflncd  packet  of  internal  solitary  waves 
we  can  account  for  about  20  percent  of  total  energy  loss  this  way,  arriving  at  a  fractional  mixing  efficiency 
of  1/4.  A  simple  dissipation  model,  based  on  the  criticail  lUchardsou  number  criterion  for  onset  of 
turbulence  and  loss  of  energy  from  the  waves,  is  consistent  with  observations.  The  calculated  vertical  and 
horizontal  diffusivities  range  from  10"**  to  10“*7n’s"^  and  from  0.1  to  respectively,  the  latter 

being  based  on  a  typical  horizontal  scale  for  solitary  waves  of  0(100)  metres. 
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Figure  1.  The  sites  of  successive  sampling  of  a  packet  of  solitary  waves,  September  8,  1987.  The  arrows 
indicate  the  direction  and  distance  of  ship  drift  during  sampling  periods.  Start  and  end  times  are  in 
GMT;  depth  contours  are  dashed  lines  with  depths  in  metres. 

Figure  2.  Sectional  representation  of  the  water  depth  in  the  sampling  attea  with  the  mean  position  of 
the  stations.  In  the  upper  half  of  the  figure  the  measured  energy  dissipation  at  each  station  and  the 
calculated  time  scales  of  dissipation  and  dispersion  ate  shown. 
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1  Introduction 

Large  parts  of  geophysical  how  systems  like  atmosphere  and  ocean  are  stably  stratified 
with  moderate  or  weak  turbulent  activities.  Mixing  of  pas-sive  scalars  (e.g.  air  pollutants) 
is  rather  slow  under  these  circumstances  except  for  some  singular  events  like  Kelvin- 
Helmholtz-instabilities  or  breaking  gravity  waves. 

This  is  especially  true  for  the  lower  Stratosphere,  where  there  is  little  or  no  turbulance 
under  usual  circumstances.  Concerning  the  problem  of  vertical  diffusion  of  passive  scalars 
this  has  become  of  some  concern  because  of  the  possible  influence  of  high  altitude  aircraft 
traflic  on  climate,  e.g.  green  house  effect  or  Ozon  hole.  Because  pollutants  from  aircraft 
emissions  are  set  free  in  a  form  of  rather  narrow  line  sources  (few  meters  wide)  it  is  of 
interest  for  modelling  chemical  reactions  in  global  climate  models,  how  fast  these  trace 
substances  are  distributed  vertically.  On  the  smallest  scales  this  process  is  usually  due  \;o 
small-scale  turbulence  in  the  atmosphere.  But  as  the  lower  Stratosphere  is  very  stably 
stratified,  no  detectable  permanent  turbulence  level  is  found  in  these  regions.  It  has 
therefore  long  been  suggested,  that  turbulence  is  created  by  shear -instabilities  (Kelvin- 
Hehnholtz-instabilities)  or  breakhrg  gravity  waves  (e.g.  Fritts  and  Rastogi,  1985)  within 
limited  local  and  spatial  scales.  The  question  then  arises,  what  net  effect  can  be  gained 
from  these  events  concerning  dispersion  of  passive  scalars,  if  averaged  over  space  and  time 
as  suitable  for  large  scale  numerical  models  of  atmospheric  chemistry  (e.g.  Crutzen  and 
Bruhl,  1990). 

In  this  paper  we  describe  some  numerical  simulations  on  the  dispersion  of  passive  scalars 
due  to  breaking  gravity  waves.  This  extends  earlier  work  on  the  mixing  of  air  pollutants 
by  Kelvin-Helmholtz-instabilities  (Schilling  and  Janssen,  1992). 

2  The  Flow  Model 

Numerical  simulations  of  gravity  waves  were  performed  with  a  two-dimensioiial  model 
based  on  the  anelastic  version  of  the  Boussinesq-approximation  subject  to  usual  Reynolds- 
averaging.  Equations  of  motion,  continuity  equation  and  heat  transfer  equation  can  be 
written  as: 


(1) 


d  Ji  _  dui 
dt  ^^~dxk 
dPUj-Q 
dxi 

dQ  _  dQ 

ar  +  “‘K 


}_dp  ©  d  dui 

Qo  dxi  ^00  '  dxk  ™  dxk 


=  0  , 


dxk  ^dxk  ‘ 


(2) 

(3) 


In  (l)-(3)  ui  is  the  mean  velocity  vector,  0  the  potential  temperature  and  p  pressure.  Km 
and  Kh  are  the  eddy  viscosity  and  eddy  heat  diffusivity,  respectively.  Both  are  related 
via  a  Prandtl  number  by  =  KmlP^- 


The  eddy  viscosity  is  obtained  from  the  Prandtl-Komogorov  relation 

Km  =  cdE^'^  , 


(4) 


where  E  =  Wv^/2  is  the  turbulent  kinetic  energy  and  t  a  mixing  length.  The  latter  is 
related  to  the  grid  size  A  =  (A^  ■  Az)^/^  by 


mm(A,0.76Ar-^£i/2)  ,jv^>o 

A  ,iV^<0  . 


(5) 


The  turbulent  kinetic  energy  is  obtained  from  the  usual  equation 


dt^  ‘‘dxk  dxi)  dxk  dx,^”'dxi^''‘  I 

In  (4)  and  (5)  K  is  the  local  Brunt- Vaisala  frequency 

\eo  dz ) 
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Equations  (1),  (3),  (5)  have  been  solved  numerically  and  finite  difference  grid.  The  details 
on  the  numerical  methods  can  be  found  in  Schilling  and  Janssen  (1992).  The  boundary 
and  initial  conditions  will  be  given  in  section  4. 

3  The  Dispersion  Model 

Dispersion  of  a  passive  scalar  within  gravity  waves  due  to  meein  flow  and  turbulence 
is  simulated  by  means  of  a  Lagrangian  particle  model  (e.g.  Legg  and  Raupach,  1982). 
Several  thousands  of  weightless  particles  are  set  free  in  the  source  and  their  trajectories 
are  followed  by: 


x',(<  -h  Atl  =  Xi{t)  4-  {ui{t)  -b  u\{t))At 


(8) 
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(9) 


The  turbulent  velocity  fluctuations  u-  are  obtained  from 

u-(<)  =  RLUi{t  -  At)  +  u*(t)  , 

where  Rx,  is  the  Lagrangian  autocorrelation  given  by 

Rl  =  exp{—At/Ti)  .  (iO) 

u*  is  a  random  velocity,  which  can  be  obtained  from  a  stochastic  process  via  the  Monte- 
Carlo  method: 

u*  =  {l-RlYf^<r^X  +  il-RL)n^,  (11) 

=  {I  -  Riy/^a^X  +  {I  -  Riyrx^  . 

In  (10)  X  is  random  number  with  normal  distribution  and  and  are  the  velocity 
variances.  These  are  obtained  from  the  turbulent  kinetic  energy  by 

=  ,  (t^  =  0AE^^^  .  (12) 

The  Lagrangian  time  scale  ri  needed  in  (9)  and  (10)  is  given  by 

tl  =  .  (13) 

By  solving  Equations  (1)  through  (12)  numerically  it  is  possible,  to  obtain  particle  positi¬ 
ons  for  every  tiraestep  At  of  the  flow  development.  Concentrations  can  then  be  obtained 
by  counting  the  number  of  particles  contained  in  a  box  of  the  numerical  grid. 

4  Simulation  of  breaking  gravity  waves 

The  aim  of  our  study  weis  to  investigate  the  mixing  of  passive  scalars  due  to  breaking 
gravity  waves  within  the  lower  Stratosphere.  As  initial  condition  v/e  choose  a  stably 
stratified  shear  flow  with  stratification  AT  =  8  •  =  constant  and  mean  velocity  u'o 

according  to 


tio(2)  =  —  At/tanh((ir  —  2:c)/w]  ,  (14) 

with  H  =  1000m,  Zc  =  25km  (critical  level),  AU  —  -l-20ms“*.  The  computational  domain 
was  taken  between  10km  and  30km  height  in  the  vertical  and  8km  in  the  hoi'izontal 
direction.  The  gravity  waves  were  initiated  at  the  lower  domain  level  (2=10km).  This 
simplifies  the  physical  observation  that  gravity  waves  in  the  stratosphere  are  excitated 
by  gravity  waves  starting  in  the  troposphere.  Following  Fritts  (1985),  a  single  wave  was 
prescribed  at  the  lower  boundary  by  a  vertical  velocity 

w{x,  t)  -  wo[sin  A:(a:  -  ct)]g{t)  ,  (15) 
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Figure  1:  Structure  of  a  gravity  wave  with  L  =  8  kni  and  c  =  0  ms~*  for  differeut  times 
after  excitation  at  the  lower  boundary  {z  =  10  km).  Shown  are  lines  of  constant  potential 
temperature  0  and  cloud  of  particles  set  free  at  t=30  min. 


where  g{t)  is  an  initialization  function 

g{i)  =  sm^{2irt/T)i  <T 
g{t)  =  1  t>T  . 

The  wave  amplitude  was  increased  in  time  according  to  (14)  until  i  =  T  (usually  T  = 
300s)  and  was  then  kept  to  constant  at  its  final  value  Wg  =  Wave  length  L  =  k/2i: 

was  varied  between  2  km  and  8  km  and  phase  speed  c  between  0  ms“'  and  16.7  ms"’. 

An  example  of  numerical  simulations  for  the  case  L  =  8km  and  c  =  0  ms"’  is  given  in  Fig. 
1.  About  30  minutes  after  the  wave  was  excitated  at  the  lower  boundary  (at  z  =  10km), 
a  large  amplitude  wave  can  be  seen  at  midlevel  (about  ‘22km)  winch  breaks  subsequently 
(t  =  40  min  - 1  =  Ih).  One  should  note,  that  wave  breaking  occurs  already  at  z  «  20  km, 
which  is  below  the  critical  level  at  z  =  25km.  Hence  in  this  case,  wave  breaking  is  not 
due  to  wave-critical  level  interaction  but  due  to  self-induction  of  a  local  critical  level  by 
tilting  of  phase  lines  due  to  wind  shear  (Koop,  1981;  Weinstock,  1982). 

The  wave  breaking  event  has  a  dramatic  effect  on  the  dispersion  of  a  cloud  of  passive 
scalar,  which  is  injected  into  the  gravity  wave  at  time  t— 30  min  at  z=19km.  Although 
the  wave  is  starting  to  break  at  time  40  min,  the  particle  cloud  is  stretched  initially 
more  or  less  in  the  horizontal  direction  due  to  shear  effects.  But  after  t!=50  min,  vertical 
transport  starts  to  be  very  fast  and  the  particle  cloud  is  distributed  vertically  over  about 
6km  within  a  few  minutes.  This  behaviour  is  presented  more  clearly  in  Fig.  2,  where  the 
cloud  development  without  gravity  wave  contours  is  shown  (time  is  now  counted  from  the 
start  of  injection  of  particle  cloud). 


5  Effective  Diffusivity  in  Breaking  Gravity  Waves 


The  vertical  mixing  of  passive  scalars  due  to  breaking  gravity  waves  (Fig.  1,2)  can  not  be 
regarded  as  turbulent  diffusion  in  the  usual  sense,  because  mixing  is  due  to  the  special 
event  of  wave  breaking.  But  for  large  scale  models  of  the  stratosphere  it  is  necessary,  to 
parameterize  diffusion  by  an  effective  subgrid  diffusion  coefficient.  Hence  it  may  be  useful, 
to  define  a  diffusion  coefficient  for  the  total  event  of  a  breaking  gravity  wave.  This  is  of 
course  not  an  easy  task  and  it  is  not  clear  from  the  outset,  which  method  will  provide 
reasonable  estimates. 


For  the  case  of  mixing  in  Kelvin-Helmholtz  waves,  several  methods  of  evaluating  an  ef¬ 
fective  diffusion  coefficient  have  been  tested  (Schilling  and  Janssen,  1992).  The  estimate 
from  a  diffusion  equation  averaged  over  horizontal  planes  seemed  to  yield  the  most  plausi¬ 
ble  results.  If  we  denote  mean  concentration  by  c,  the  one-dimensional  diffusion  equation 
can  be  written  as 

dc  _  d  dc 
dt  ~  dz^'^dz  ’ 


Here  /fc(«)  is  an  eddy  diffusivity  which  can  be  evaluated  from  (14)  by  inserting  concen¬ 
trations  c(z,f)  as  obtained  from  simulations  with  the  Lagrangiau  model.  For  the  case 
shown  in  Fig.  1,2,  the  temporal  development  for  the  vertical  mean  of  Kg{z)  is  shown  in 
Fig.  3.  Vertical  mixing  seems  to  be  most  effective  in  the  first  half  an  hour  of  the  breaking 
gravity  event.  If  we  take  the  mean  over  the  whole  event  of  say  90  minute  duration,  we 
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get  for  the  vertically  and  temporal  averaged  effective  diffusivity  A'ee//  —  0.7m^3“‘.  This 
would  he  the  average  value  for  a  breaking  gravity  wave  over  a  vertical  volume  depth  of 
10km  and  time  scale  about  90  minutes.  This  value  is  comparable  with  estimated  of  Kajj 
given  from  other  authors  (e.g.  Woodman  and  Rastogi,  1984). 

More  examples  of  breaking  gravity  waves  for  other  combinations  of  wave  length  and  phase 
speed  and  the  dispersion  of  pa-ssive  scalars  within  those  wave  events  are  given  in  Schilling 
(1993). 

The  final  stage  of  breaking  gravity  wave  will  lead  to  layers  of  small-scale  turbulence  as 
is  often  observed  in  the  lower  Stratosphere.  This  is  clearly  a  three-dimensional  process 
which  cannot  be  handlerl  properly  with  a  two-dimensional  model  as  presented  here.  But 
with  regard  to  dispersion  of  trace  substances  our  results  indicate  (see  e.g.  Fig.  3),  that 
vertical  mixing  is  most  effective  within  the  early  stages  of  wave  breaking.  As  this  part  of 
the  whole  process  can  be  still  regarded  as  dominated  by  two-dimensional  motions,  the  use 
of  a  two-dimensional  numerical  model  seems  to  be  justified  for  the  purpose  of  this  study. 


T  I  I  I  I  r 
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Figure  3:  Temporal  development  of  the  siiatial  averaged  effective  vertical  diffusivity  Ace// 
for  the  case  of  breaking  gravity  Wave  in  Fig,  1.2. 
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Abstract 

This  paper  describes  results  of  numerical  computations  of  stratified  flow  of  finite  depth  D 
over  a  variety  of  obstacles  using  the  time-dependent  Navier  Stokes  equations  with  stability- 
dependent  eddy  viscosity  turbulence  models.  Most  computations  were  performed  with  the 
Froude  number  Fh  in  the  lange  O.SsFh^2  and  the  parameter  K=D/(]thFh)  in  the  range  IsK&lO. 
Here  Fh  ■  U/Nh,  where  U  is  the  free  stream  velocity.  N  is  the  buoyancy  frequency  and  h  is  the 
height  of  the  body.  The  domain  and  boundary  conditions  correspond  to  those  of  a  towing  tank 
cxperinieni,  and  the  initial  conditions  were  'impulsive  start'.  Critical  Froude  numbers  for 
wave-breaking  over  two-dimcn.siona!  obstacles  arc  compared  with  theoretical  predictions  and 
experimental  results.  Preliminary  results  suggest  that  while  a  mixing  length  turbulence 
model  may  be  adequate  for  two-dimensional  flows,  accurate  representation  of  flows  containing 
breaking  waves  in  three-dimensions  requires  at  least  a  one-equation  model.  The  occurrence  of 
'merged  flow',  in  which  tltc  breaking  region  joins  with  the  secondary  separation  zone,  and 
which  lias  been  seen  in  experiments,  is  found  in  the  computations  in  three  dimensions,  but  not 
those  in  two. 


1.  Introduction 

It  is  well  known  that  stationary  lee  waves  can  form  in  the  flow  of  a  density- 
stratified  fluid  over  an  obstacle.  Under  the  right  conditions,  streamlines  may 

steepen  sufficiently  that  overturning  occurs  and  the  wave  breaks.  The 
phenomenon  has  been  studied  in  a  variety  of  ways,  ranging  from  Uicoretical  work 
to  more  recent  experimental  and  numerical  studies,  usually  in  the  simplifying 
context  of  unifonn  upstream  flow  and  linear  stratification.  Miles  &  Huppert’s 
(1969)  analysis  with  Long's  model  for  two-dimensional  flow  of  infinite  depth 
showed  that  the  critical  Froude  number  (the  Froude  number  at  which  breaking 
first  occurs)  increases  with  body  length,  and  values  for  different  body  shapes 

were  predicted.  Clark  Sc  Peltier's  (1977)  numerical  simulations  first  revealed  the 

profound  effects  of  wave  breaking  on  the  surrounding  flow  in  the  atmosphere. 
Implications  for  gravity  wave  parametrisaiion  schemes  for  atmospheric  models 
and  the  prediction  of  transport  rates  of  atmospheric  constituents,  for  example, 
have  motivated  interest  in  detailed  delineation  of  wave-breaking  regimes. 

Recent  towing  tank  experiments  (Rottman  &  Smith,  1989  and  Casiro  &  Snyder, 
1993)  have  provided  critical  Froude  numbers  for  a  variety  of  three-dimensional 
hill  shapes.  I'o  date,  however,  there  has  been  little  corresponding  numerical 
work.  The  numerical  work  that  has  been  done  tends  to  falls  into  two  categories. 
Firstly,  inviscid  atmospheric  simulations  (for  example  Clark  &  Peltici,  1977, 
Scinocca  &  Peltier,  1989  and  Smolarkiewicz  &  Rotunno,  1989),  and  secondly, 
smaller  scale  computations  (for  example  Hana:taki,  1989  and  Lamb,  1994),  used 
largely  to  provide  comparison  with  theoretical  models. 

The  numerical  computations  described  here  arc  part  of  a  program  of  linked 
experimental  and  computational  work  designed  to  explore  the  phenomena 
associated  with  stratified  flow  over  obstacles.  Results  for  laminar  flow  over  a  two- 


dimensional  vertical  barrier  arc  summarised  in  Castro  (1993)  and  Paisley  et  al 
(1994),  for  weak  and  strong  stratification  respectively.  The  latter  results  indicated 
significant  unsteadiness,  in  keeping  with  that  found  experimentally  for  obstacles 
wide  in  the  spanwise  direction  (Castro  ct  al,  1990).  Subsequent  computations  have 
included  a  boundary  conforming  transformation  and  simple  turbulence  models, 
allowing  simulation  of  flows  over  smooth  obstacles  at  realistic  Reynolds  numbers. 
The  results  described  here  are  believed  to  be  the  first  viscous  predictions  of 
critical  Froude  numbers  for  particular  obstacle  shapes. 

Although  most  computations  so  far  have  been  two-dimensional,  we  describe  the 
results  of  some  three-dimensional  computations  using  the  SWIFT  code  (Stratified 
Wind  Flow  over  Topography,  Apsley.  1993).  A  striking  feature  of  recent  towing 
tank  experiments  has  been  the  occurrence  of  ‘merged  flow'  (Castro  &  Snyder, 
1993),  or  a  ‘hydraulic  jump'  (Hunt  &.  Snyder,  1980).  Under  these  conditions  the 
breaking  wave  is  observed  to  merge  with  the  zone  of  separated  flow  in  the  wake  to 
give  a  deep  region  of  well-mixed  flow  extending  downsteam.  Although  not  seen  in 
the  two-dimensional  computations,  qualitative  behaviour  such  as  this  has  been 
seen  in  the  three-dimensional  computations. 


2.  Numerical  Method 

2.1  Discretisation  and  solution  procedure 

The  nondiniensional  equations  of  motion  for  turbulent  stratified  flow  in  two  or 
three  dimensions  arc 

Duj  3p  1  .A  a  f  1  ^  , 

Dt  “  ■■  axi  ■  axj  IRe  dxj  } 

Dt“axjlRe.sc  axj^"J  r 

The  equations  have  been  non-dimensionaliscd  by  the  freestream  velocity  U,  the 
reference  density  Po  nnd  the  height  of  the  obstacle  h.  The  equations  arc  recast 
using  a  boundary-conforming  tru  isformation,  and  are  discretised  using  a  finite 
volume  method  with  standard  techniques  for  the  diffusive  terms  and  a  flux-limited 
treatment  for  the  advcct.ivc  terms.  The  solution  procedure  is  implicit,  employing 
Backward  Euler  time-stepping  and  an  outer  pressure-correction  iteration.  All  the 
resulting  discrete  equations  form  diagonally  dominant  sets  and  are  solved  using  a 
standard  tridiagonal  matrix  method. 


z.z  lurbuicncc  parametrisatiou 

In  the  eddy  viscosity  approach  adopted,  a  mixing  length  model  and  a  one-equation 
model  have  been  used.  The  components  of  the  Reynolds  stress  tensor  and  the 
turbulent  contribution  in  the  diffusive  tenn  in  the  transport  equations  are 

3ui  3ui ,  ,  36 

where  Pr  is  the  turbulent  Prandlt  number  (=0.9).  In  the  mixing  length  model  the 
eddy  viscosity  is  determined  as  =  l^s,  where  the  strain  rate  S  is  given  by 

3uj  2 
~2l3xj  ^3xi  j  ’ 


and  the  mixing  length  I  is  given  by  1/1  =  l/l©  +  1/kz.  Here  x  is  von  Karman’s 
constant,  z  is  the  distance  from  nearest  solid  surface  and  lo  is  a  constant. 


In  the  one-equation  model,  a  transport  equatioir  of  the  fonn 

Dt=axj{^^"'a>3xj}  + 

is  solved  for  the  turbulent  kinetic  energy,  k,  where  Pk,  Gk  and  e  are  terms 
representing  shear  production,  bouyancy  production  and  dissipation  rate.  The 
eddy  viscosity  is  now  Vj  =  Cuk^^^i  where  Cji  is  a  standard  constani. 


In  stratified  flow  the  eddy  viscosity  is  modified  according  to  tlie  local  conditions  of 
stability.  DcHning  the  value  of  the  local  gradient  Richardson  number  as 

_La^ 

"  -2  _2 
Fh  S 

and  setting  a  value  for  the  critical  value  Rjc  (say  0.25),  the  eddy  viscosity  is  now; 

e  u.  m.  fv^(I-Ri/Ric)2  .  0  S  Ri  S  Ric 

Stable  (Ri  >  0).  ^  .  Ric  i  Ri 


Unstable  (R;  <  0): 


Details  of  the  numerical  method  and  procedure  can  be  found  in  Paisley  (1993). 


3.  Results  and  Discu.ssion 
3.1  Two-dimensional  computations 

Results  have  been  obtained  for  two-dimensional  flows  over  a  vertical  barrier  and 
two  cosine  hills  of  the  form  h(x)-0.5(l+cos(7(x/L)).  The  axial  aspect  ratios  of  the 
hills  arc  L/h=:8.0  and  L/h=1.8,  giving  slopes  of  11°  and  40°  respectively.  A  typical 
computational  domain  is  shown  in  figure  1,  with  associated  boundary  conditions. 
In  all  computations  h/D=Q.l  and  initial  conditions  correspond  to  an  'impuisive 

start'.  76  cells  were  used  in  the  vertical  direction,  with  the  smallest  vertical  cell 
dimension  being  0.025  for  the  hills  (at  the  surface)  and  0.1  for  tbc  fence  (at  the 

tip).  Although  the  upstream  extent  of  the  grids  varied,  thcic  were  around  200 
points  covering  -lOOh^x^lOOh,  with  the  smallest  horizontal  grid  dimension  being 
0.1.  Most  computations  have  been  performed  with  Re=10‘^  and  the  mixing  length 

turbulence  model,  with  selected  cases  being  repealed  with  tlie  k-1  model. 


Fig  2  shows  typical  streamlines  for  the  long  cosine  hiil,  fence  and  short  cosine  hill 
at  the  approximate  Froude  number  at  which  streamline  overturning  first  occurs. 
In  each  case  the  discrete  structure  imposed  on  the  flow  by  the  presence  of  the 


upiiCr  lid  can  be  clearly  seen,  wuh  2,  3  and  5  wave  tiiodes  present  respectively. 


Upstream  iiinuence  is  marked,  as  expected  in  two-dimensional  finite  depth  flows. 


with  blocking  and  upstream  separation  known  to  occur. 


Data  relating  to  the  breaking  waves  in  two  dimensions  is  summarised  in  figs  3  and 
4.  Fig  3  shows  the  variation  of  the  critical  Froude  number  with  the  axial  length  of 
the  three  obstacles.  The  value  of  F^rit  for  the  short  cosine  hill  agrees  well  with 
Baines'  (1977)  experimental  results  for  a  similarly  short  Agnesi  hill.  The  cosine 
hills  follow  tlie  trend  of  Miles  &.  Huppen's  (1969)  result  for  infinite  depth  in  that 
Fj-fij  increases  with  obstacle  length.  It  is  likely,  however  that  for  the  long 

cosine  hill  is  not  independent  of  finite  depth  effects,  since  K  is  only  just  greater 
than  2,  while  K  is  between  4  and  5  for  the  short  hill.  The  value  of  Ferij  for  the 


fence  is  believed  to  be  independent  of  such  effects,  for  there  was  no  change  in 
^crit  when  the  computation  was  repeated  with  h/D=0.05.  The  value  of  for  the 
fence  is  significantly  greater  than  the  Miles  &.  Huppen  prediction  for  a  zero  width 
body,  and  is  closer  to  the  value  obtained  experimentally  for  narrow  triangular 
obstacles  (Castro,  1987).  It  would  appear  that  the  separated  wake  gives  the  bluff 
body  on  apparent  length,  with  the  value  of  correspondingly  higher. 

Fig  4  shows  the  non-dimensioual  time  to  the  first  occurrence  of  streamline  over¬ 
turning  for  each  obstacle.  In  each  case  there  is  a  monotonic  decrease  as  the 
Proude  number  decreases  and  wave  speeds  increase.  The  waves  over  the  long  hill 
break  before  those  over  the  fence,  presumably  because  the  longer  obstacle 
generates  waves  of  greater  amplitude.  When  waves  over  the  short  hill  break 
however,  they  break  sooner  than  those  over  either  of  the  other  two  obstacles, 
probably  a  consequence  of  the  matching  of  the  shortest  Icc  waves  (X/h»3.8  when 
Fij=0.6)  and  the  length  of  the  topography  (2I./h=3.6). 

The  computations  with  the  short  cosine  hill  were  performed  to  provide  a 
comparison  with  Castro  &,  Snyder's  (1993)  recent  experiments  with  three- 
dimensional  hills  of  this  cross-section.  Fig  5  shows  streamlines  at  Utyh-20 

(approximately  one  quarter  of  the  total  tow-time  in  the  experiments)  for  the 
computations  of  the  flow  ovet  the  short  cosine  hill  at  Fj^ikO.S,  0.7  and  0.6.  The 
breaking  region,  when  it  occurs,  is  quite  distinct  from  the  secondary  separation 
zone,  with  no  sign  of  merging  at  all.  The  influence  of  the  turbulence  model  on 

the.se  results  was  assessed  by  repeating  the  computation  at  Fh=0.C  with  the  k-I 

model,  with  little  qualitative  change. 

As  found  in  experiments  with  bodies  which  arc  wide  in  the  spanwisc  direction, 
sonic  of  the  two-dinieiisiotial  flows  computed  here  exhibit  significant 
unsteadiness.  Fig  6  shows  drag  histories  for  the  three  cases  just  described,  in 

which  pronounced  oscillatory  behaviour  is  observed.  A  fuller  account  of  the  data 
relating  to  unsteady  behaviour  is  given  in  Paisley  &  Castro  (1994). 


3.2  Three-dimensional  computations 

The  geometry  for  the  three-dimensional  cases  corresponds  to  the  COS3  hill  used  in 
the  experimental  study  of  Castro  &  Snyder  (1993),  the  cross-section  of  which  is  the 
short  cosine  hill  descibed  above,  and  the  end-section  of  which  is  generated  by 
rotating  the  cross-section  through  180°.  As  the  hill  is  symmetric  about  its  centre 
plane,  only  the  flow  in  one  half  of  the  domain  has  been  computed.  The  geometry 
corresponds  to  a  rectangular  cube  of  dimension  -2S£x/h£lOO,  0£;y/hsl2  and 
O^z/h^lO.  Boundary  conditions  were  as  in  the  two-dimensional  case  with  an 
additional  symmetry  boundaiy  condition  on  the  centre  plane  and  wall  boundary 
conditions  at  the  far  side.  Two  grids  have  been  used,  of  sizes  64x24x32  and 
96x32x48.  The  grid  spacings  near  Uie  hill  are  approximately  four  times  and  two 
times  greater  respectively  than  those  in  the  corresponding  two-dimensional  grid. 

The  three-dimensional  flows  arc  qualitatively  close  to  those  found  experimentally, 
although  they  arc  more  sensitive  to  the  numerical  procedures  than  the 
corresponding  two-dimensional  flows.  Because  of  the  long  computing  times,  so  far 
only  coarse  grid  computations  with  the  mixing  length  turbulence  model  have 
been  run  on  for  long  times.  As  expected,  the  drag  histories  (fig  7)  for  Fjj=0.8,  0.7 
and  0.6  indicate  less  variation  than  those  of  the  two-dimensional  cases  (fig  6). 

Velocity  vectors  in  the  centre  plane  at  Ut/h=20  for  these  three  cases  arc  shown  in 
fig  8,  Although  the  flows  at  Fi,=0.8  and  0.7  arc  qualitatively  very  similar  to  the 
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two-dimensional  results  of  Fig  5,  the  flow  at  Ft,=0.6  is  quite  different.  Streamline 
Overturning  occurs  at  low  level  in  the  three-dimensional  flow,  with  the  breaking 
region  and  the  separation  zone  merging,  in  a  manner  very  similar  to  the  observed 
experimental  behaviour  at  this  Froude  number. 

An  attempt  was  made  to  verify  these  results  with  the  mixing  length  model  on  the 
finer  grid,  but  without  success.  Although  the  How  without  breaking  waves,  Fh=0.S, 
was  similar  to  the  flow  obtained  on  the  coarse  grid,  streamline  overturning  did  not 
occur  in  the  other  cases,  either  aloft  at  Fh=0.7  or  at  low  level  at  Fh=0.6,  In  each 
case,  surface  separation  is  very  much  more  pronounced.  The  mixing  length  model 
would  appear  to  overpredict  surface  separation  to  such  an  extent  that  overturning 
aloft  never  occurs  on  the  finer  grid.  The  fact  that  the  flows  obtained  on  the  coarse 
grid  were  qualitatively  close  to  (he  those  obtained  experimentally  appears  to  be 
fortuitous,  and  a  result  of  the  effect  of  poor  grid  resolution  in  predicting 
.separation.  Although  the  mixing-length  model  was  found  to  be  adequate  for 
predicting  wave-breaking  in  two  dimensions  it  would  appear  to  be  just  too  crude 
(perhaps  unsurprisingly)  for  more  complex  three-dimensional  flows. 

A  third  set  of  results  was  obtained  with  the  k-1  model  on  the  coarse  grid.  These 
were  qualitatively  similar  to  the  results  with  the  mixing  length  model  on  the 
coarse  grid  (fig  8),  with  clear  merging  flow  again  apparent  at  Fh=0.6.  These 
computations  were  repeated  an  the  finer  grid,  fig  9,  with  better  .success  than  with 
the  mixing  length  model.  Streamline  overturning  and  wave  breaking  is  predicted, 
with  evidence  of  merged  flow  at  Fh=0.6.  Although  the  qualitative  features  agree 
well  with  the  experiments,  the  differences  between  the  results  on  the  two  grids 
indicate  that  computations  on  finer  grids  arc  necessary  to  eliminate  grid  effects. 

The  fact  that  merging  flow  was  not  seen  in  two  dimensions  clearly  points  to  the 
mechanism  responsible  being  linked  to  flow  in  the  third  dimension.  Indeed, 
examination  of  the  flow  in  the  lee  of  the  hill  shows  tliat  the  flow  remains  largely 
two-dimensionui  in  the  non-merging  ca.ses.  In  the  merging  case,  however,  there 
is  a  large  low-level  cross-flow  vortex  (fig  10),  the  effect  of  which  is  seen  in  the 
strongly  reversed  flow  in  the  centre-plane  downstream  of  the  obstacle  (figs  8(c). 
9(c)).  This  evidently  contributes  to  the  early  separation  and  subsequent 
ovenurning  of  the  low-levcl  Jet  of  fluid  passing  down  the  lee  slope. 


4.  Conclusions 

Computations  of  finite  depth  stratified  flows  over  two-  and  three-dimensional 
obstacles  have  been  performed  with  eddy  viscosity  turbulence  models.  The  critical 
Froude  numbers  obtained  for  the  two-dimensional  obstacles  are  in  good  agreement 
with  experimental  data,  and  for  the  smooth  obstacles  follow  the  general  trend  of 
Huppert  &  Miles'  (1969)  result.  For  the  fence,  the  computed  Fg^jt  is  higher  than 
the  theoretical  result,  which  is  consistent  with  the  separated  wake  giving  the  body 
an  apparent  length.  In  cases  where  breaking  occurred,  the  breaking  region  was 
always  distinct  from  the  separation  zone,  and  we  conclude  that  merging  flow  does 
not  occur  in  two  dimensions.  The  precise  nature  of  the  turbulence  model  for  these 
two-dimensional  flows  containing  breaking  waves  does  not  seem  to  be  important. 
Selected  three-dimensional  cases  have  been  performed  and  the  results  compared 
to  those  of  recent  experiments.  They  indicate  that  a  mixing  length  model  is  unable 
to  adequately  predict  three-dimensional  flows  with  breaking  waves  of  the  kind 
considered  here,  and  that  a  onc-cquation  model  is  the  minimum  required.  The 
qualitative  features  of  merging  flow  have  been  obtained  for  a  particular  case,  in 
which  a  strong  cross-flow  vortex  in  the  wake  seems  to  be  characteristic. 
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9<p/9l  +  C9p/9x  =  0 
for  9  =  u,  w  and  6 


Figure  1.  Typical  domain  and  boundary  conditions  for  compulation  of  flow 
over  smooth  topography. 


Figure  2.  Flow  over  two-dimensional  obstacles  with  Froude  number  just 
below  its  respective  critical  value,  (a)  Long  cosine  hill. 

(K»2.27),  (b)  Vertical  barrier,  Fh=1.0  (K=3.18),  (e)  Short  cosine 

hill.  Fh=0.6  (K=5.31). 
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Figure  3.  Variation  of  critical  Froude 
number  with  axial  aspect  ratio  for  two- 
dimensional  bodies. 

□  present  computations; - Huppert  & 

Miles  (1969);  ^  experiments  (triangular 
hills,  Castro,  1987);  O  experiments 
(Agnesi  hills,  Saines,  1977). 


Figure  4.  Time  to  wave  overturning, 
o  long  cosine  hill  ;  O  fence;  A  shon  cosine 
hill. 


Figure  5.  Streamlines  for  two- 
dimensional  flow  over  short  cosine  hill, 
Ut/!j=20.  (a)  Fi,*0.8  (K=5.98),  (b)  F),=0.7 
(K=4.54).  (c)  F},»=0.6  (K=5.3i). 


Figure  8.  Velocity  vectors  in  the  centre  Figure  9.  Velocity  vectors  in  the  centre 


plane  for  three-dimensional  flow  over  plane  for  three-dimensional  flow  over 


COS3  hill.  Coarse  grid,  0-equation  eddy  COS3  hill.  Fitte  grid,  1-equation  eddy 

viscosity,  Ut;h=20.  (a)  Fii=0.8  (K=3.98).  viscosity,  Ut/h=20.  (a)  Fij=0.8  (K=3.98), 

(b)  Fh=0.7  (K=4.54),  (c)  Fh=0.6  (K=5.31).  (b)  Ft,=0.7  (K=4.54),  (c)  Fh=0.6  (K=5.31). 
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Figure  10.  Cross-flow  velocity  vectors,  z/h=0.1.  Fine  grid,  1-equation 
eddy  viscosity,  Ut/h=20,  F},=0.6  (K=5.31). 
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Abstract 

Standing  internal  waves  are  studied  in  a  tank  where  a  stable  density  stratification 
has  been  initially  introduced  by  a  gradient  of  salt  concentration-  A  primary  wave 
grows  by  parametric  instability:  a  periodic  modulation  of  the  apparent  gravity  is 
produced  by  a  vertical  oscillation  of  the  tank.  Two  aspects  of  the  dynamics  are 
studied 

-The  mechanism  of  breaking  that  leads  to  turbulence 

•A  kind  of  developed  turbulence  forced  by  wave  breaking  in  the  permanent  regime. 
A  succession  of  instabilities  leading  to  wave  breaking  has  been  clearly  identified;  the 
primary  wave  first  excites  a  secondary  wave  at  half  its  frequency  by  a  mechanism 
of  parametric  instability.  The  density  isolines  associated  with  this  secondary  wave 
then  locally  overhang,  and  breaking  occurs  through  a  convective  instability.  In  the 
turbulent  regime,  a  specific  inertial  range  with  k~^  density  spectra  is  measured. 


1  Introduction 

We  study  the  complex  dynamics  of  internal  waves,  by  laboratory  experiments  performed  in 
relation  with  numerical  simulations [1]  [2].  The  aim  is  to  generate  something  equivalent  to 
homogeneous  turbulence,  but  in  a  strongly  stratified  situation:  a  wave  field  whose  statistical 
properties  would  be  a  genuine  feature  of  the  dynamics,  independently  from  the  details  of 
the  forcing  mechanism.  In  theoretical  or  numerical  studies,  some  white  noise  forcing  is  often 
introduced  for  this  purpose.  However  this  may  violate  the  "natural”  dynamics  in  some  way, 
and  it  is  desirable  to  seek  a  more  realistic  mechanism  of  generation.  The  collapse  of  a  strong 
turbulence  in  a  stratified  medium  is  a  possibihty,  but  the  resulting  dynamics  seems  to  be 
somewhat  different  than  in  the  regime  of  internal  waves.  Excitation  by  a  wave  maker  selects 
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a  particular  structure  associated  with  the  driving  mechanism.  The  parametric  instability 
that  we  use  here  seems  to  produce  instead  a  more  random  field.  Also  this  mechanism  of 
instability  is  interesting  in  itself,  and  it  naturally  occurs  as  a  process  of  transfer  from  large 
scales  to  smaller  ones,  for  instance  in  the  Oceans.  Parametrically  generated  internal  waves 
in  a  continuously  stratified  fluid  has  been  already  realized  by  Me  Ewan  [3]  with  similar 
motivations,  but  in  a  more  qualitative  way,  and  in  a  somewhat  different  system.  Our  first 
step  is  to  study  the  pai-ametrically  instability  itself  in  next  section.  Then  the  secondary 
instabilities  leaiding  to  wave  breaking  will  be  described  in  section  3.  Finally,  an  inertial 
range  of  turbulence  is  characterized,  and  related  to  atmospheric  studies. 


2  Apparatus  and  Experimental  Procedure 

The  continuous  stratification  is  produced  by  salt  concentration  in  a  water  tank  with  rect¬ 
angular  cross  section.  This  tank  is  oscillating  with  a  motion  of  vertical  translation,  so  that 
the  apparent  gravity  and  the  Brunt  Vaisala  frequency  are  modulated  around  their  value  at 
rest.  Dye  is  periodically  injected  at  the  tank  bottom  with  the  filling  brine  in  order  to  mark 
fluid  parcels  with  successive  densities.  The  resulting  fluorescent  dye  strips  are  visualized 
by  a  vertical  laser  sheet  as  they  are  deformed  from  their  initial  horizontal  position.  A 
conductivity  probe  can  be  positioned  at  different  depths,  to  get  time  series  of  the  local 
density. 

3  The  primary  parametric  instability 

The  free  modes  of  standing  internal  waves  have  a  simple  sine  structure,  and  are  labelled 
by  the  numbers  of  half  wave-lengths  in  each  direction  (nx,  ny,  nz).  We  consider  here  only 
modes  with  a  purely  vertical  structure  (ny=0)  as  visualized  in  Fig.l.  Each  mode  can  be 
considered  as  an  oscillator  with  a  natural  frequency  w  =  NcosO,  where  N  is  the  Brunt 
Vaisala  frequency  and  $  the  angle  of  the  wave- vector  with  the  horizontal.  An  oscillator  is 
parametrically  excited  when  its  natural  frequency  is  in  a  "tongue”  around  half  the  exciting 
frequency.  Therefore  all  the  modes  with  the  same  0,  the  same  ratio  of  verticaJ  to  horizontal 
wave  numbers,  are  in  principle  excited  together.  This  is  the  case  of  the  different  modes  of 
Fig.l,  and  the  complex  imbrication  of  the  instability  tongues  is  represented  in  Fig.2.  This 
contrasts  with  the  case  of  surface  waves  or  interfacial  waves[4][5],  for  which  the  different 
modes  are  v/ell  separated  in  frequency.  The  instability  theory  has  been  applied  also  to  the 
case  of  a  continuous  stratification[6],  but  the  actual  dynamics  involves  wave  breaking  and 
is  much  more  complicated,  as  discussed  next. 


4  Secondary  instabilities  leading  to  breaking 

Indeed  these  primary  modes  are  always  unstable,  and  a  well  organized  internal  wave  packet 
develops;  this  secondau'y  wave,  with  frequency  half  the  main  mode,  grows  also  by  a  paxa- 
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Figuie  1:  Exeimples  of  pure  modes  (two-dimensional  in  the  vertical  plane)  in  the  phase 
of  linear  growth,  obtained  with  very  close  experimental  conditions  (visualization  of  the 
deformed  isodensity  lines  by  dye  strips)  a)  Mode  (1,  0,  1),  b)  Mode  (2,  0,  1),  c)  Mode  (4, 
0,  2) 
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Figure  2:  Diagram  of  unstable  modes  represented  versus  excitation  frequency  (m  Hertz), 
and  forcing  amplitude  (in  relative  variation  of  the  appai'ent  gravity).  We  observe  that  the 
tongues  corresponding  to  the  different  modes  with  close  natural  frequencies  are  strong  y 
imbricated. 
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metric  instability.  The  excitation  is  now  due  to  an  oscillating  tilt  of  the  wave-packet,  and 
a  corresponding  modulation  of  natural  frequency,  entr2iined  by  the  primary  wave  oscilla¬ 
tion  (Fig.3).  This  wave  packet  quickly  grows  until  local  overturning  of  the  density  occurs. 
The  locally  unstable  stratification  then  rapidly  leads  to  convection  and  turbulence.  The 
convective  rolls  are  mainly  aligned  with  axis  transverse  to  the  vertical  plane  of  the  main 
wave  (Fig.3).  This  process  of  wave  breaking  contributes  to  the  saturation  of  the  primriry 
wave  instability.  Near  the  instability  threshold,  an  intermittent  behavior  results  from  suc¬ 
cessive  periods  of  instability  growth  and  decay.  This  dynamics  is  governed  by  weak  wave 
interactions,  and  is  strongly  dependent  on  particular  resonant  interactions,  which  are  very 
sensitive  to  the  experimental  conditions. 

5  A  turbulent  inertial  range  associated  with  wave 
breaking 

We  observe  that  turbulent  time  spectra  measured  by  the  conductivity  probe  contain  a  well 
defined  range  with  density  spectra  (Fig.4).  We  interpret  the  measured  time  series 
in  terms  of  spatial  fluctuations  along  the  vertical  direction  by  using  a  Taylor  hypothesis, 
although  the  probe  has  no  motion.  We  argue  indeed  that  the  fine  scale  structures,  which 
ai-e  mostly  horizontally  stratified,  are  transported  by  the  vertical  motion  of  the  main  waves. 
By  contrast  with  the  spectral  behavior  at  moderate  frequency,  the  slope  and  level  of  this 
range  depends  only  very  little  on  the  experimental  conditions:  this  seems  to  be  a 
quite  general  feature  of  the  tui'bulence  resulting  from  wave  breaking.  Beyond  the  viscous 
dissipation  wave  number,  an  advective  sub-range  with  k~^  spectrum  is  expected,  since  the 
Prandtl  number  is  very  high.  This  may  be  observed  in  our  experiments,  but  it  is  strongly 
perturbed  by  effects  of  mechanical  vibrations. 

A  simple  interpretation  of  such  k—d  spectra  is  that  the  non-linear  effects  have  the  same 
strength  at  all  scales:i.e.  the  Froude  number  is  of  order  unity  at  each  scale.  Similar 
energy  spectra  are  observed  in  the  "buoyancy  subrange”  of  the  atmosphere  [7],  and  has 
been  explained  by  turbulent  models  [8].  However  the  interpretation  of  these  atmospheric 
measurements  is  still  controversial,  and  our  experimental  results,  together  with  associated 
numericrJ  computations  [2]  could  new  insight  in  this  problem. 
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plan  (x  z)  coupe  A-B 


Figure  3:  Visualization  of  internal  wave  breaking.  Top  photos:  A  secondary  wave  packet 
is  growing  by  pareimetric  instability.  In  the  lateral  view  (right),  the  same  dye  strip  is 
doubled  by  the  overturning  process,  and  a  convective  instability  begins  to  grow  in  the 
region  of  overturning  (arrow).  Bottom:  one  second  later,  the  wave  has  broken  into  small 
scale  instability,  and  the  developement  of  convective  mushrooms  is  visible  on  the  lateral 
view  (right) 
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Figure  4:  Concentration  spectra,  measured  from  the  conductivity  probe  (in  Logarithmic 
coordinates).  The  frequency  is  expressed  in  Hz,  and  the  spectrum  is  nonnaiized  by  the 
density  variance.  The  peak  at  0.3  Hz  corresponds  to  the  primary  excited  wave  (half  the 
excitation  frequency),  while  the  main  peaic  is  excited  by  resonant  interaction,  as  well  as 
a  continuum  of  low  frequencies.  The  fc— 3  slope  in  the  "inertial  range”is  indicated.  High 
frequency  peaks  are  due  to  spurious  vibrations. 
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1  Introduction 

Wavebreaking  is  characterized  by  the  onset  of  turbulence  which  leads  to  the  decrease 
of  the  wave  energy,  either  dissipated  or  irreversibly  transformed.Indeed  in  the  case  of 
internal  gravity  waves,  brealcing  also  results  in  irreversible  vertical  mixing  of  matter.  This 
is  therefore  an  important  mechanism  of  vertical  heat  transfers  and  chemical  transport  in 
stably  stratified  media  like  the  oceans  or  the  atmosphere  (e.g.  Muller  et  al.  1986). 

The  occurence  of  breaking  is  not  limited  to  internal  waves  with  very  steep  initial 
isodensity  lines.  For  internal  gravity  waves  of  moderate  amplitude,  the  breaking  event 
itself  is  preceded  by  a  slower  phase  of  wave  steepening.  For  instance,  a  propagating  wave 
in  a  medium  with  non-uniform  properties  progressively  steepens  and  breaks  near  critical 
layers,  where  the  propagating  velocity  with  respect  to  the  medium  vanishes  (e.g.  Winters 
L  D’Asaro  1989,  Winters  &  Riley  1992).  For  standing  waves  considered  here,  this  process 
cannot  occur,  but  a  mechanism  of  resonant  interaction  between  different  modes  cmi  transfer 
energy  to  smaller  wavelengths.  It  results  in  a  progressive  increase  of  the  local  slope  of  the 
isodensity  lines,  eventually  leading  to  breaking.  Such  standing  waves  correspond  to  the  case 
of  a  confined  domain,  e.g.  laboratory  tanks.  A  periodic  primary  wave  is  then  forced  by  a 
paddle  (  McEwan  1971,  Orla.nski  1972)  or  by  parametric  instability  (Me  Ewan  &  Robinson 
1975,  Thorpe  1994c,  Benielli  Sommeria  1994).  Breaking  is  indeed  commonly  observed 
in  such  experiments.  In  some  other  experimental  conditions,  with  lower  forcing  amplitude, 
the  secondary  wave  is  sf  abilizecl  by  viscous  effects,  so  that  the  non-linear  transfers  between 
a  limited  set  of  modes  can  be  studied  in  isolation,  and  found  in  good  agreement  with  weakly 
non-linear  expansions  (McEwan  et  al.  1972).  However,  the  succession  of  events  leading 
to  the  wave  breaking  itself  are  difficult  to  analyse  precisely  in  laboratory  experiments. 
Therefore  direct  numerical  simulations  can  be  very  useful  to  analyse  these  mechanisms  and 
compare  them  with  theoretical  models.  Previous  studies  (Orlanski  &  Ross,  1973)  showed  a 
good  agreement  during  the  initial  stage  (i.e.:  before  wavebreaking)  between  experiments, 
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numerical  results  and  analytic  solution  (up  to  second  order  in  amplitude).  However  the 
mechanisms  of  wave  breaking  itself  were  not  analysed  because  of  a  low  resolution.  This 
is  the  aim  of  the  present  paper:  we  start  with  a  simple  standing  wave  and  study  the 
succession  of  instabilities  that  lead  to  wave  breaking  and  the  properties  of  the  turbulence 
next  induced. 

We  briefly  present  the  numerical  model  in  next  section.  In  section  3,  we  explain  the 
presence  of  perturbations  by  the  structure  of  the  standing  wave.  The  loss  of  coherence  is 
described  in  the  next  section.  The  transition  to  turbulence  is  then  analy.sed  in  the  last 
section. 


2  Numerical  Model 

We  solve  the  two-dimensional  Navier-Stokes  equations  in  the  Boussinesq  approximation, 
using  a  pseudo-spectral  method  (Orszag  1971).  The  domain  is  a  square  in  a  vertical  plane; 
in  order  to  model  the  boundary  conditions  of  laboratory  experiments,  normal  velocities 
at  the  walls  are  set  to  zero.  This  is  compatible  with  a  pseudo-spectral  method  if  symme¬ 
try  boundary  conditions  are  introduced.  These  symmetry  properties  allow  use  of  Fourier 
transforms,  involving  only  sines  or  cosines,  to  compute  spatial  derivatives  (e.g.  Brachet  et 
al.l988).  Integration  in  time  is  performed  using  an  explicit  third  order  Adaans-Bashforth 
scheme  and  the  diffusion  terms  axe  calculated  explicitly.  Resolution  is  129^,  with  a  few 
test  runs  at  257^  .  We  use  Cartesian  coordinates  (a:,2/),  with  vertical  coordinate  y  directed 
upwards.  A  vertically  displaced  fluid  particle  oscillates  with  the  buoyancy  (Bruut-Vaisala) 
frequency  N,  defined  by  iV^  =  where  g  is  the  acceleration  of  gravity,  and  p  the  basic 

density  profile.  We  assume  that  A  is  constant,  so  that  p  is  linearly  decreasing  with  the 
vertical  coordinate  y.  In  the  Boussinesq  approximation,  this  basic  density  profile,  as  well 
as  the  superimposed  density  fluctuations  p*,  stay  close  to  the  mean  density  p^.  The  condi¬ 
tion  of  incompressibility  is  then  assumed,  and  taken  into  account  by  introducing  a  stream 
function  V")  related  to  the  two  velocity  components  u*  and  Uy  by 

We  solve  the  Boussinesq  equations  in  terms  of  the  vorticity  ~Atl>  and  the  reduced  density 
fluctuations  p'  =  {g! Po)p* 

(1)  StAV'  -b  J(A0,-0)  =  dxp'  + 

(2)  dtp'  -t-  J[p',i>)  =  -N^dxi>  +  ^(-1)"+‘AV 

where  the  non  linear  advective  terras  are  written  by  means  of  the  Jacobian  J,  and  the 
Prandtl  number  Pr  is  taken  equal  to  unity  unless  otherwise  specified.  The  numerical 
computations  are  performed  in  a  square  of  side  ir,  with  a  Brunt-Vmsala  frequency  N  = 
1,  but  the  times  will  be  often  represented  in  units  of  the  Brunt-Vaisala  period  'I'bv  — 
2it/N.  Any  corresponding  physical  situation  can  be  represented  by  these  calculations  with 
appropriate  choices  of  length  and  time  units.  Dissipation  is  modelled  either  as  an  ordinary 
diffusion,  using  a  Laplacian  term  (u=l)  or  by  a  bilaplacian  (n=2),  which  better  restricts 
the  dissipation  to  the  highest  wave  vectors.  Before  each  run.  the  viscosity  is  adjusted  to 
get  its  minimum  possible  value  for  a  given  spatial  resolution. 
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3  A  nearly  periodic  oscillation 


The  aim  of  this  study  is  to  observe  the  evolution  of  a  simple  siaadiug  wave,  until  breaking 
occurs.  It  is  therefore  natural  to  choose,  an  initial  condition  with  an  unperturbed  density 
field,  and  the  velocity  field  of  a  linear  standing  wave  (normal  nif'de),  with  stream  function, 
ip{x.y)  -■  a  siv.{hx  3:)sir\ky ‘j)  and  density,  /5'(a:,y)  =  0  represented  in  Fig.  1  for  different 
choices  of  This  velocity  field  will  displace  the  isadensity  lines,  mid  the  buoyasicy 

restoring  force  will  then  reverse  the  velocity  field,  leading  to  penodic  oscillations.  The 
linear-  solution  for  this  standing  wave  is 


(3)  p'(x,j/,t) 


0-  ainikx  x)3in{k.j  y)Kas{ujt) 

—a  — — cos{kx  x)3in{ky  y)sin{iji) 


The  frequency  u  is  gi^en  by  the  linear  dispersion  relationship  u  =  N  jcos^l  =  N  \kx/k\ 
where  0  is  the  angle  of  the  wa/e-vector  with  the  horizontal  direction.  This  stanaiug  wave 
c.in  he  seen  as  the  superposition  of  four  pairs  oi  plane  waves  with  frequencies  +ui  and  — to, 
and  wave  vectors  {kx,ky),{-^-kx.ky),{kxT  --ky),{~kx,—ky).  For  simplicity,  we  will  refer  to 
this  solution  as  the  mode  k  r=  While  a  single  plane  wave  is  an  exact  solut.’on  of 

the  non-linear  equatious  (1-2)  (in  an  unbounded  domain),  the  standing  wave  (3)  is  only  a 
solution  of  the  linearized  equations  (the  .Tacobiau  vanishes  in  the  hydrodynamic  equation 
(1)  but  not  in  the  densiiy  equation  (2)).  Therefore,  the  e-voiutiou  of  the  initial  condition 
involves  non-linear  interactions,  and  the  actual  solution  will  progressively  departs  from  the 
linear  approximation. 


4  The  growth  of  a  primary  instability 

A  remarkably  organirted  pei-turbation  is  piogressively  developing  upon  the  standing  wave, 
and  its  structure  is  l,>est  represeriterl  by  the  vorticity  field  fFig.2).  It  is  a  straight  diagonal 
band  centered  at  the  extre/uurn  in  stream  function  of  the  primary  wave.  The  perturbation 
is  advected  by  the  pri;nai-y  wave  into  a  rocking  motion  (see  Pig.2.c).  In  the  same  time, 
the  perturbation  is  itself  a  -wave,  which  happens  to  have  the  frequency  half  the  prinioi-y 
wave  frequency;  we  see  indeed  in  Fig.2a  and  c  tiial  after  two  periods  of  the  primary  wave, 
the  initial  structure  is  restored  (although  it  is  .somewhat  distorted  by  the  interaction  with 
another  unstable  mode).  In  fact  these  distersious  result  from  a  local  parametric  instability 
instability  induced  by  the  local  rocking  inotiou  of  the  primary  wave.  The  mechanism  it  self 
has  been  previously  described  by  ]V1cEwpui&  Robiusen  (1975).  However  our  simulations 
revealed  the  spatial  structure  of  tne  instability.  Furthermore  vm  exple.i-aed  this  structure  in 
terms  of  a  wave  packet  of  small  wavelength  osciilatiag  wiih  half  the  primary  -wave  frequency, 
which  cor  respond  in  fact  to  the  parametric  asymptotic  branches  obtained  from  the  resonant 
interaction  theory.  We  feund  a  good  agreement  between  this  theoretical  approach  winch 
predicts  the  dorai.ncUi';e  of  parametric  instability  for  a  high  frequency  primary  wave  and 
our  numerical  results  (Bouruet-A'ibcriot  et  al,  1994). 

5  Transition  to  turbulence 

The  amplitude  of  this  perturbation  grow’s  exponeutially  until  the  density  field  overturns 
(Fig. 2(1),  produci.ng  small  regions  of  static  instability.  This  configuration  appears  not  to 


be  immediately  dynamically  unstable,  and  the  breaking  seems  rather  to  be  initiated  by 
the  instability  of  the  shear  associated  with  the  perturbation  (Fig.2e).  Note  that  at  this 
final  stage,  high  frequency  components  (much  higher  than  the  Brunt  Vaisala)  develop 
and  burst  at  the  time  of  breaking  which  must  be  attributed  to  a  form  of  turbulence,  or 
possibly  rapidly  advected  waves.  Visualizations  of  internal  wave  breaking  in  a  laboratory 
experiment  (Benielli  &  Sommeria  1994)  give  evidence  of  the  remarkable  similarity,  which 
indicates  that  our  two-dimensional  computations  already  capture  some  essential  aspects  of 
the  dynamics.  These  successive  instabilities  lead  to  the  developpment  of  the  wavenumber 
energy  spectrum  (fig.3).  Moreover  our  results  suggest  that  a  universal  behaviour  is  obtained 
during  the  turbulent  stage  where  the  slope  is  approximately  equal  to  —3  whatever  the 
wave  amplitude.  Note  that  such  a  slope  is  predicted  by  the  theory  of  Shur  (1962)  further 
developped  by  Lumley  (1964)  for  stratified  turbulence  (i.e.:  in  the  buoyancy  subrange). 
Furthermore  these  results  can  be  corrrelated  with  atmospheric  spectra  which  also  exhibit 
a  dependency. 

The  wave  breaking  is  associated  with  a  decrease  of  the  total  energy,  as  shown  in  Fig.4. 
The  energy  decay  is  remarkably  independent  of  viscosity,  so  that  the  dynamics  are  indeed 
controlled  by  inertial  effects,  although  energy  is  dissipated  by  viscosity  and  diffusion  (as 
in  the  cascade  of  homogeneous  turbulence).  A  similar  behavior  is  observed  whatever  the 
amplitude  of  the  primary  wave,  but  the  perturbation  has  a  different  wave-length.  This 
scenario  for  wave  breaking  is  quite  general  for  modes  with  fairly  high  frequencies,  for 
instance  (5,1).  By  contrast,  modes  with  low  frequency,  for  instance  (1,5)  with  period 
■\/26Tbv,  evolve  quite  differently.  In  that  case,  wave  breaking  also  eventually  occurs,  but 
density  overturning  seems  rather  to  be  initiated  by  perturbations  at  frequencies  higher 
than  the  primary  wave.  This  difference  of  behavior  can  be  related  to  the  linear  stability 
diagrams  of  the  primary  v/ave,  obtained  from  the  resonant  interaction  theory. 

6  Conclusion 

The  evolution  of  an  internal  gravity  wave  has  been  investigated  by  direct  numerical  com¬ 
putations.  We  considered  the  case  of  a  standing  wave  confined  in  a  bounded  (square) 
domain,  a  case  which  can  be  directly  compared  with  laboratory  experiments.  We  observe 
that  breaking  eventually  occurs,  whatever  the  wave  amplitude:  the  energy  begins  to  de¬ 
crease  after  a  given  time  because  of  irreversible  transfers  of  energy  towards  the  dissipative 
scales.  The  wave  breaking  itself  is  preceded  by  a  slow  transfer  of  energy  to  secondary 
waves  by  a  mechanism  of  resonant  interaction.  The  nature  of  the  events  leading  to  wave 
breaking  depends  on  the  wave  frequency  (i.e.  on  the  direction  of  the  wave- vector);  most  of 
the  aiialysis  is  restricted  to  the  case  of  fairly  high  frequencies.  The  maximum  growth  rate 
of  the  inviscid  wave  instability  then  occurs  in  the  limit  of  high  wave  numbers.  We  observe 
that  a  well  organized  secondary  plane  wave  packet  is  then  excited.  Its  frequency  is  half  the 
frequency  of  the  primary  wave,  corresponding  to  an  excitation  by  a  parametric  instabil¬ 
ity.  Once  this  secondary  wave  packet  has  reached  a  high  amplitude,  density  over-turning 
occurs,  as  well  as  unstable  shear  layers.  A  mechanism  of  shear  instability  then  leads  to  a 
rapid  transfer  of  energy  towards  dissipative  scales.  The  possibility  of  applying  these  result-s 
to  the  brealcing  in  more  general  internal  wave  fields  deserves  further  investigations.  The 
presence  of  a  periodic,  primary  wave,  rather  than  a  more  complex  wave  field,  is  probably 
essential  to  feed  the  secondary  wave  packet  by  par2imetric  in.stability.  Propagating  waves 
in  an  infinite  domain,  or  in  a  horizontal  channel  (with  vertical  confinement)  could  probably 
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display  similar  properties.  Since  periodic  internal  waves  are  produced  by  the  interaction  of 
oceanic  currents  with  bottom  topography,  such  a  formation  of  bands  may  lead  to  observable 
features  in  the  density  field  and  positions  of  mixing  events.  Applications  to  other  waves 
with  similar  dispersive  properties,  in  particular  inertial  waves  of  rotating  fluids  should  also 
be  considered. 

This  work  has  been  supported  by  D.R.E.T.  (Contrat  no  90/1650/A000).  P.  Bouruet- 
Aubertot  currently  benefits  from  a  financial  support  by  D.R..E.T..  Part  of  the  calculations 
have  been  performed  on  the  Cray  2  of  CCVR,  thanks  to  computing  time  allocated  by 
C.N.R.S.  (Dept  of  Physical  and  Mathematical  Sciences)  and  by  Ministry  of  Education 
(D.R.E.D.  Matter  Science  Dept).  Finally  we  thanks  S.A.  Thorpe  for  pertinent  comments 
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Figure  1:  Different  initial  conditions  for  a  standing  wave,  (a)  total  density  field,  (b)-(d)  vorticity 
field,  (b)  fc  =  (5, 1),  (c)  it  =  (1, 1),  (d)  k  =  (1. 5) 


Figure  2:  Development  of  the  secoadnry  instability  in  the  form  of  a  plane  wave  packet  (initial 
condition  (5)  with  t  =  (1, 1)  and  a  =  0.256);  successive  snap  shots  of  the  vorticity  field  (1st 
column)  and  the  total  density  field  (2ad  column).  For  the  vorticity  fields,  the  contribution  in  the 
Fourier  mode  (1,1)  has  been  removed  in  order  to  better  visualize  the  perturbation  itself  (and  the 
represented  iso-values  depend  on  the  extrema,  with  solid  lines  for  positive  values  and  dashed  lines 
for  negative  values).  In  the  last  column,  the  corresponding  position  of  an  analogous  pendulum  is 
indicated  for  comparison:it  is  parametrically  excited  by  the  vertical  oscillation  of  its  support,  (a) 
t=60.4  rBv(42.5  periods  of  the  main  wave  have  occurred  since  t=0);  (vorticity  range  [-.20;  .36]). 
The  deformation  vanishes  while  the  velocity  (and  vorticity)  is  extremal.  The  predicted  inclina¬ 
tion  (25)  of  the  perturbation  wave  crests  fli  =  20.7®  is  indicated,  (b)  t=62.1  Tsvt  1/4  period 
later,  the  pattern  has  been  rocked  by  the  main  wave  and  reaches  its  minimum  slope,  (vorticity 
range: [-.30;  .32]).  The  analogous  pendulum  rises  with  its  support  at  the  upper  position  (its  rising 
motion  then  benefits  from  a  low  apparent  gravity),  (c)  t=63.2  Tbv,  the  structure  of  (a)  is  recov¬ 
ered  (with  the  development  of  a  secondary  perturbationtXvorticity  range  [-.39;  .54])  (d)  t=69.5 
Tbv  (  49  periods  of  the  main  wave  have  occurred  since  t=0)  The  density  is  extremal  and  iso-lines 
first  overhang,  while  vorticity  perturbation  is  weak  (e)  t=73.7  Tbv  The  secondary  wave  is  now 
strongly  disrupted. 
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Figure  3:  Density  energy  spectra  versus  vertical  wavenumber  obtained  for  the  primary  wave  k  = 
(1, 1),  (a)-('u j  amplitude  of  the  wave  .256,  (c)-(d)  o  =  .4  ,  (a)-(c):  kinetic  energy,  (b)-(d);  potential 
energy,  density  energy  spectra  averaged  over  10  periods  of  the  primary  wave  are  represented  at  4 
differents  stages:  (l)-(2)  during  the  growth  of  the  instability,  (3)  during  wavebreaking,  (4)  during 
the  very  last  stage,  when  the  energy  has  steeply  decreased. 


(c)  -wave  k-(1.5) 


Figure  4;  Decay  of  the  total  energy  versus  time  (expressed  in  Tbv  periods)  for  a  standing  wave 
with  initial  condition  (Fig.])  (a)  primary  wave  k  =  (5,1),  a  =  0.0219  (b)  primary  wave  k  = 
(1, 1),  a  =  0.40,  three  computations,  with  different  resolutions  65^,129^,257*  and  corresponding 
coefficients  of  biharmonic  dissipation  (u  =  8.10'*,  4.10“*,  2.10“*),  give  very  similar  results,  (c) 
primary  wave  4:  =  (1, 5),  a  =  0.032 
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1.  ABSTRACT 

In  Potylitsine  and  Peltier  (1993)  we  began  an  examination  of  the  nonlinear  excitation 
of  outgoing  radiation,  in  the  form  of  vertically  propagating  internal  waves,  induced  by 
critical  layer  breal'.ing.  On  the  basis  of  2-D  numerical  simulations,  it  was  demonstrated 
that  the  most  efficient  mechanism  for  the  excitation  of  secondary  radiation  is  through  the 
direct  stimulation  of  a  shear  layer  from  below  with  an  incident  internal  wave.  By  employ¬ 
ing  a  sufficiently  high  level  of  resolution  in  our  numerical  simulations  we  were  able  to  trace 
the  process  of  internal  wave  breaking  in  the  critical  level  through  a  KH-billow  intermedi¬ 
ate  state  into  a  regime  in  which  the  wave  dynamics  is  dominated  by  the  tremsition  from 
“trapped”  KH- instabilities  to  propagating  waves.  Both  observational  and  experimental 
evidence,  however,  suggests  that  KH-billows  commonly  collapse  into  turbulence  long  be¬ 
fore  they  reach  the  stage  in  their  evolution  when  outgoing  radiation  is  predicted  by  the 
2-D  simulations.  In  the  present  paper  we  test  the  2-D  nonlinear  “forced”  KH-wave  states 
against  fully  three-dimensional  infinitesimal  perturbations.  By  restricting  our  analysis  to 
disturbances  which  grow  quickly  compared  to  the  temporal  variation  in  the  background 
KH-wave  we  are  able  to  reduce  our  problem  to  standard  eigenvalue  form. 

2.  THE  MODEL 


In  this  section  we  will  briefly  discuss  the  model  used  to  examine  gravity  wave  break¬ 
ing  processes  in  the  vicinity  of  a  stratified  shear  layer  with  the  initial  profile  of  horizontal 
velocity  specified  by: 


U{z)  =  -Uotanh 


(I) 


where  Uo  =  10  and  zo  =  200  m.  We  choose  a  constant  background  stratification 
with 


=  constant 


(2) 


az  v?oo  -Tie 

with  a  reference  potentiril  temperature  0oo  =  300'’/f  and  a  gravitational  constant  g  = 
10  Parameter  He>  can  be  interpreted  as  the  potential  temperature  scale  height 

Ife  —  Thus  the  initial  nondimensional  potential  temperature  profile  is: 


0(z,O)  =  1  -1  i  ^  — 

t/QO  Zq 

where  J  is  the  minimum  mean  state  Richardson  number: 


—  iijy  — 


Ui 


=  4G 


Qq  ^0 
©00  P@ 


(3) 


(4) 


ajid  G  is  the  nondimensioaal  gravitational  constant  G  =  gzojUl.  With  the  above  choices 
for  Z7o  and  G  =  20. 

In  this  study  we  assume  that  motion  is  two-dimensional,  viscous  and  heat-conducting 
and  that  the  Boussinesq  approximation  is  va’id.  Adopting  a  streamfunction  ij)  and  vor- 
ticity  u>  representation  of  the  Navier-Stokes  equations  and  using  potential  temperature  0 
instead  of  density,  the  equations  of  motion  take  the  form,  e.g.  Smyth  and  Peltier  (1991)  : 

^  +  (5) 

f)0 

—  =  J{e,i;)  +  {RePr)-^Au>  (8) 

w  =  (7) 

where  J{f,g)  is  the  Jacobian  operator: 

dxdz  dxdz 

This  system  has  been  nondimensionalized  in  a  manner  consistent  with  (1)  and  (2), 
Nondimensional  pai'ameters  appearing  in  the  model  equations  are  the  Reynolds  num¬ 
ber  Re  =  ZqUoIv,  the  Prandtl  number  Pr  =  u/k  and  the  bulk  Richardson  number 
Ri  —  gzoQolQooUo^  —  HqJI4zo,  where  v  is  the  molecular  viscosity  and  k  is  the  thermal 
diffusivity.  By  choosing  He  =  4zo  we  obtaun  J  =  Ri  for  this  model.  We  seek  solutions  of 
(5)  —  (7)  which  are  periodic  in  the  horizontal  direction  with  fundamental  wavelength  L 
which  is  the  horizontal  length  of  the  computational  domain  and  fundamental  wavenumber 
a  —  2T^jL.  Accordingly  we  assume  that  the  dependent  fields  may  be  written  as  truncated 
Fourier  series: 

/(x,z,t)=  Y:  F„(r,t)exp(‘“-)  (9) 

«=-A' 

in  which  /  may  represent  w,  V*  or  6.  At  the  upper  and  lower  boundaries  (z  =  0  and 
z  =  if)  of  the  computational  domain,  we  impose  no-slip,  isothermal  boundary  conditions, 
namely: 

w  =  V’  =  0;  ~  ® 

The  model  is  forced  by  specifying  a  vertical  .velocity  perturbation  on  the  lower  boundary 
(z  =  0).  For  convenience,  we  assume  that  the  perturbation  consists  only  of  the  funda¬ 
mental  {N  —  1)  mode.  This  velocity  perturbation  may  be  written: 

•u;(z,0)  =  WoCos(Qrx)  (11) 

This  perturbation  may  be  thought  of  as  the  perturbation  arising  from  the  flow  of  a  fluid 
at  speed  Uo  over  an  infinite  corrugated  lower  boundary: 

h{x)  -^^sin(aa:)  (12) 

OiUo 

3.  MAIN  RESULTS  FROM  THE  2-D  SIMULATIONS 


We  have  performed  a  sequence  of  numerical  simulations  using  the  model  described  above 
in  order  to  investigate  internad  wave  “breaking”  process  near  the  critical  level.  In  this  set 
of  2-D  calculations  we  forced  an  initially  stable  ( J  >  0.25)  critical  layer  from  below  by 


Fig.l  Unstable  region  developed  by  the  nonlinear  GW-CL  interaction  for  times  of  (a)  7.96; 
(b)  10.35  and  (c)  11. 14  wave  periods.  The  model  parameters  are:  J  =  0.5;  Ri  =  0.5; 
Re  =  4000;  Pr  =  1;  a  =  0.5.  Dashed,  solid  and  dotted  lines  show  areas  with  Ri  <  0;  0.25 
and  0.5,  respectively. 

an  incident  internal  wave  eind  observed  the  evolution  of  the  flow,  associated  with  the 
gravity  wave  critical  level  (GW-CL)  interaction.  As  we  expected,  the  deporition  of  mo¬ 
mentum  into  the  mean  flow  caused  by  gravity  wave  “breaking”  near  the  critical  level 
changes  the  stability  of  the  mean  state  mainly  by  increasing  the  velocity  shear  below  the 
critical  level  that,  in  turn,  decreases  the  mean  state  Richardson  number.  If  the  momentum 
absorbed  by  the  mean  flow  is  large,  the  mean  state  Richardson  number  below  the  critical 
level  may  become  small  enough  {Rio  J  <  0.25)  to  destabilize  the  GW-CL  interaction. 
In  other  words  the  nonlinear  GW-CL  interaction  can  develop  an  unstable  region  in  the 
vicinity  of  the  critical  level  (Fig.l)  with  subsequent  generation  of  Kelvin-Helmholtz  (KH) 
instabilities  (Fig.2). 

4.  A  THEORY  FOR  THE  STABILITY  OF  KELVIN-HELMHOLTZ  WAVES. 

In  this  section  we  outline  the  method  developed  initially  by  Klaassen  and  Peltier  (1985) 
for  analyzing  the  stability  of  two-dimensional  finite-amplitude  KH-waves  against  fully 
three-dimensional  infinitesimal  perturbations.  As  the  flows  being  considered  are  no  longer 
2-D,  we  must  abandon  the  vorticity-streamfunction  formulation  and  use  the  full  system 
of  Navier-Stokes  equations  in  terms  of  velocity  u,  pressure  p  and  potential  temperature  9 
fields  (Boussinesq  approximation): 

3u 

-^  +  {u-V)u  =  —Vp  +  Ri6  +  Re~^Au  (13) 

V  •  u  =  0  (14) 

^  +  (u-V)0  =  {RePry^AO  (15) 

The  nondimensional  parameters  Re,  Pr  and  Ri  appearing  in  (13)-(15)  have  been  defined 
previously  in  (5)-(7).  In  the  present  analysis  we  will  consider  only  those  disturbances  that 
have  the  same  streamwise  periodicity  as  the  basic  state  wave.  Furthermore,  we  assume 
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Along -flow  range  (x/zq) 

Fi'j.2  Potential  temperature  field  at  (a)  10.35;  (b)  11.94;  (c)  13.53  and  (d)  15.12  wave 
periods  illustrating  the  KH-billows  growth  in  the  initially  stable  shear  layer  forced  from 
below  by  the  single  harmonic  of  an  internal  wave  whose  horizontal  wavelength  corresponds 
to  the  length  of  our  domain  L.  The  model  parameters  are:  J  =  0.5,’  Ri  —  0.5/  Re  =  4000; 
Pr  =  1;  a  =  0.5. 

that  the  superimposed  3-D  perturbations  evolve  on  a  faster  time  scale  than  does  the 
2-D  nonlinear  wave,  so  that  the  time  dependence  in  the  latter  may  be  neglected.  These 
assumptions  imply  that  the  velocity,  potential  temperature  and  pressure  fields  in  3-D  flow- 
have  the  Floquet  form: 

f{x,y,z,t)  =  F{x,z)  +  sf{x,z)-e'^'’^^^^^e^^  (16) 

w'here  F{x\z)  describes  the  2-D  “background  state”  and  f{x,z)  is  periodic  in  x  with 
period  2rr/a-,  t.r,  6  and  d  are  the  complex  growth  rate  and  real  strecunwise  and  spanwise 
wavenumbers  of  the  disturbance,  respectively,  and  e  is  an  ordering  pariimeter.  VVe  are 
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Fig.  3  Convergence  of  the  growth  rates  o  for  the  most  unstable  longitudinal  mode  of  the 
Re  =  4000,  Pr  =  1,  Ri  —  0.5,  a  =  0.5  KH-wave  at  the  time  equal  to  11.94  wave  periods. 
The  numbers  M  refer  to  the  truncation  level  where  21A|  +  u  <  M. 


going  to  investigate  here  only  the  longitudinally  symmetric  disturbances  with  6  =  0. 
Substituting  (16)  into  the  Boussinesq  equations  (13)  —  (15)  we  obtain,  at  order  e: 

au  =  -Uu^-Wu,-{Uu)^-U,w~p^  +  Re-^Au  (17) 

av  —  —Uvx—Wvi  —  idp  +  Re~^Av  (18) 

<rw  —  —Uwx  —  Wwz  —  {Wu)^  —  W^w  —  pz  +  Ri3  +  Re~^Aw  (19) 

ae  =  -U9x-W0z-{Qu)^-QzU’  +  iRePr)-^A§  (20) 

0  =  Ui  +  idv  +  Wz  (21) 


in  which  u,  v,  w,  6  and  p  are  the  (x,  0)-dependent  parts  of  the  streamwise,  spanwise 
and  vertical  velocity,  potential  temperature  and  pressure  perturbations,  respectively.  A 
diagnostic  equation  for  pressure  is  obtained  by  combining  (.17),  (19)  and  the  continuity 
equation  (21): 

Ap  =  RiOz:  -  2UxUx  +  WzWz  +  WxUz  +  UzWx  (22) 

We  replace  (21)  with  (22)  and  find  as  a  result  that  (18)  decouples  from  the  remainder  of 
the  system.  We  are  thus  left  with  four  equations  (17),  (19),  (20)  and  (22)  for  the  dependent 
fields  u,  u),  6  and  p.  The  boundary  conditions  at  2  =  0  and  z  =  H  are: 


ti  =  0; 


du 

dz 


dv  „ 


«  =  0; 


dz  ^  dz^ 


(23) 


In  order  to  convert  the  described  above  system  into  an  eigenproblem,  we  must  discretize 
the  (x,  x)-dependeiice  of  the  solution  fields.  This  is  accomplished  via  the  Galerkin  method. 


(1) 

(2) 

(3) 


(4) 


FigU  A  comparison  of  the  wavenumber  dependence  of  the  growth  rates  a  for  the  most 
unstable  longitudinal  mode  at  various  times  in  the  evolution  of  the  Re  =  4000,  Fr  =  1, 
Ri  =  0.5,  a  =  0.5  KH-wave.  Labels  (1),  (2),  (3)  and  (4)  correspond  to  13.53,  15.12,  11.94 
and  10.35  wave  periods  respectively. 


using  the  expansions; 
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in  which 


Fxu  =  e'^°^cos  ( ;  Ga..  ■=  e'^^^sin  ( 


V  H  J 


\  H  j 


Following  Klaassen  and  Peltier  (1985),  we  employ  the  truncation  scheme: 


(24) 

(25) 

(2fi) 


(27) 


where  M  is  the  “truncation  parameter”.  If  we  substitute  (24)  —  (25)  into  the  perturba¬ 
tion  equations  (17),  (19),  (20)  and  (22)  and  eliminate  pAv  using  (17),  (19)  and  (22),  we 
transform  the  system  consisting  of  (17),  (19),  (20)  and  (23)  into  the  following  set  of  linear 
edgebreiic  equations  for  the  coefficients  uai-,  and  $xv' 

ouk,  =  {UU)ll-ux.  +  {UW)l^^-wx.-l-{UT)t-ex.  (28) 

crwx,  =  {WU)ll-ux,,  +  {WW)Z-wx,,  +  {WT)ll-exu  (29) 

=  {TU)l^;^-ux.^{TW)l(^-wx.  +  {TT)ll-6x,,  (30) 


Fig. 5  Evolution  of  the  vertical  heat  flux  comiations  for  the  most  unstable  longitu¬ 
dinal  mode  of  the  Re  =  4000^  Pr  —  1,  Ri  =  0.5,  a  =  0.5  KH-wave.  Vertical  heat  flux 
correlations  are  shown  for  11.94  (<^)!  i-3.53  (b)  and  15.12  (c)  wave  periods.  The  spanwise 
wavenumber  d  =  3.5  was  chosen  to  be  near  that  of  the  fastest  growing  3-D  mode.  Note 
the  correlation  of  the  convective  activity  (positive  heat  flux)  with  the  primary  portion  of 
the  super  adiabatic  region  (shaded  area)  where  <0. 


Explicit  expressions  for  the  four-dimensional  coefficient  arrays  (t/i/),  {UW),  etc.  may 
be  found  in  Smyth  and  Peltier  (1991).  The  system  (28)  -  (30)  may  be  written  in  the 
form: 

cr<S>i  =  (31) 

in  which  A  is  a  constant  matrix  and  $  is  the  concatenation  of  {uxv^wxy.,6xf).  Eigenvalues 
and  selected  eigenvectors  of  A  arc  computed  using  subroutines  from  the  IMSL  library. 
Once  the  KH-wave  state  whose  stability  is  to  be  tasted  has  been  chosen  and  the  horizon¬ 
tal  longitudinal  wavenumber  d  and  the  truncation  level  M  have  been  specified,  the  matrix 
A  may  be  computed  and  the  eigensystem  (31)  solved. 

5.  THREE-DIMENSIONAL  STABILITY  ANALYSIS:  RESULTS. 


All  results  of  the  stability  analysis  presented  here  have  been  calculated  with  the  trun¬ 
cation  level  M  —  2b  apperired  to  be  the  most  efficient  one  for  our  simulations.  In  order 
to  justify  our  choice  we  present  the  dependence  of  the  eigen  value  curves  upon  the  trun¬ 
cation  level  M  (Fig.3).  In  Fig, 4  we  show  the  growth  rates  cr  of  the  dominant  longitudinal 
modes  as  a  function  of  the  spanwise  wavenumber  d  at  selected  times  during  the  simulation 
described  in  section  3.  As  in  previous  studies  of  a  similar  nature  [Klaassen  and  Peltier 
(1985),  a{d)  exhibits  a  strong  local  maximum  in  the  vicinity  of  d  =  3.  This  indicates  a 
secondary  instability  with  a  well-defined  spanwise  wavelength  which  could  lead  the  flow 
into  a  complex,  but  nevertheless  laminar,  three-dimensional  state. 

Fig.5  shows  the  contours  of  vertical  heat-flux  correlations  Ouf  for  the  most  unsta¬ 
ble  longitudinal  mode  superimposed  on  the  shaded  superadiabatic  regions  (SAR)  where 
N‘'  <  0.  It  can  be  seen  that  the  most  unstable  longitudinal  mode  is  ^lssociated  with  con¬ 
vective  activity  (positive  heat-flux)  in  the  evolving  statically  unstable  regions  that  develop 
above  and  below  the  core  of  the  vortex. 


6.  CONCLUSIONS. 


The  deposition  of  momentum  into  the  mean  flow  due  to  internal  wave  “breciking”  near  the 
initially  stable  critical  layer  ( J  >  0.25)  cein  lead  to  the  development  of  a  dyucimically  un¬ 
stable  region  with  subsequent  generation  of  growing  Kelvin-Helmholtz  (KH)  instabilities. 
By  performing  appropriate  3-D  linear  stability  analysis  we  have  tested  these  “forced”  2-D 
KH-waves  for  stability  against  3-D  infinitesimaJ  disturbances  and  have  ound  that  they 
are  most  unstable  against  longitudinal  modes,  which  are  confined  to  the  local  statically 
unstable  regions  induced  by  the  roll-up  of  the  nonlinear  wave.  We  have  shown  that  these 
longitudinal  modes  achieve  their  largest  growth  rates  approximately  at  the  same  time 
as  KH-billows  attain  their  maximum  amplitude  but  the  growth  of  these  3-D  instabilities 
is  initiated  earlier  in  the  KH-wave’s  evolution.  Our  conclusions  concerning  the  localized 
origin  and  intrinsic  three-dimensionality  of  the  unstable  longitudinal  modes  are  consistent 
with  the  theoretical  results  derived  in  Klaassen  and  Peltier  (1985)  for  “pure”  KH-billows. 
Since  our  analysis  revealed  that  “forced”  KH-billows  are  highly  unstable  against  3-D  in¬ 
finitesimal  disturbances  we  expect  that  the  momentum  deposition  into  the  critical  level 
caused  by  the  “breaking”  of  the  incident  internal  wave  will  more  likely  engender  a  cascade 
of  energy  into  small-scale  turbulent  mixing  than  lead  to  reradiation  from  the  shear  layer 
of  outgoing  internal  waves.  Although  it  is  clear  from  our  discussion  that  the  instability 
we  have  described  here  is  strongly  related  to  the  transition  to  turbulence  in  “forced” 
KH-waves,  the  precise  way  in  which  this  transition  proceeds  remains  unclear.  We  are  in 
the  process  of  investigating  this  question  by  performing  three  dimensional  fully  nonlinear 
simulations  of  gravity  wave  “breaking”  near  the  critical  level. 

7.  REFERENCES: 

Klaassen  G.P.,  Peltier  W.R.,  1985:  The  onset  of  turbulence  in  finite-amplitude  Kelvin- 
Helmholtz  billows.  J.  Fluid  Meek.,  156,  1-35. 

Potylitsine  N.G.,  Peltier  W.R.,  1993:  Internal  wave-vortex  interaction:  stimulated  emis¬ 
sion  from  stratified  shear  layers.  Preprints  of  the  9-tl'  Conference  on  Atmospheric  and 
Oceanic  waves  and  stability,  AMS,  167-170. 

Smyth  W.D.,  Peltier  W.R.,  1991:  Instability  and  transition  in  finite-amplitude  Kelvin- 
Helmholtz  and  Holmboe  waves.  J.  Fluid  Mech.,  228,  387-415. 


On  th*":  breakdown  mio  luihiueiK-e  prop^aiuiA'  intema*  wavv^. 


N  LdoiEiAtc  ajM  J«.a«3  ^ 
L'auiiirt'ut«  at  WAift«K4t«a* 
SctM'.lw.  Sc»>9<S 


1  Introduction 

The  propa^iitwo  oi  latcfM  m  m  uttpartAK  itMLan  A  tW  tatikA  ■t>tiaama>  at  tW 
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breakdown  into  lurbulaacc  iias  t>«  d««  i«  a  nnmber  of  cl!«icu.  Foe  piuiBpk.  is  iM  atanonp^er*- 
upward-propagating  iniernai  wave*  experwacc  coounBai  A<rNu«  ka  aanpijtMi*  Ooe  to  tbc  de¬ 
crease  in  density  wiib  beicbt.  !t  u  ibou^i  tkat  kkts  ultmateiy  reswiu  in  wase  breakdown 
(Hines,  I960).  Propagating  internaS  waves  in  the  ocean  oiten  experience  cnticai  leveis  (Henycy. 
et  al.,  1986),  which  can  lead  to  wave  breakdown,  possthiy  in  the  form  ut  vorticts 

(Winters  and  Riley,  1992).  And  nonlineai  wave-wave  interactions  can  lead  to  wave  breakdown, 
as  demozutrated,  e.g.,  in  the  laboratory  experiments  of  McEwan  (1980). 

Using  linear  stability  analysis,  Draatc  (1977)  and  hiied  (1976)  have  shown  that  an  internal 
wave  of  any  amplitude,  propagating  in  a  uniform  environment  with  uo  ambient  current  shear, 
is  unstable  to  two-dimensionai  disturbances.  Hence  a  propagating  wave  may  break  down  on  its 
own,  independent  of  tbe  mechanisms  mentioned  above.  In  the  work  presented  in  this  paper,  we 
examine  the  breakdown  of  a  freely  propagating  interna)  wave  in  a  uniform,  nonrotating,  nons¬ 
hearing  environment.  It  is  thought  that  a  better  understanding  of  this  breakdown  process  can 
be  used  as  a  basis  for  understanding  the  possibly  more  complex  situations  discussed  above.  To 
do  this  we  first  extend  the  stability  analysis  of  Draziu  and  Mied  to  consider  three-dimensional 
perturbations.  The  results  of  Winters  and  Riley  for  instability  of  a  wave  approaching  a  crit¬ 
ical  layer  suggest  the  importance  of  three-dimensional  perturbations.  We  then  perform  direct 
numerical  simulations  of  this  three-dimensional,  unsteady  breakdown  process.  Of  particular  in¬ 
terest  is  how  uicakdown  occurs,  e.g.,  it  is  initially  two-  or  three-dimensional?  Does  it  occur  due 
to  wave  overturning  or  .shear  instability?  Due  to  turbulent  mixing,  how  much  wave  energy  is 
ultimately  deposited  in  the  background  density  field  as  potential  energy? 


2  Stability  analysis 


We  consider  a  fluid  satisfying  the  Navier-Stokes  equations  subject  to  the  Boussinesq  approxima¬ 
tion.  The  ambient  conditions  co.isist  of  a  fluid  at  rest  with  a  uniform,  stable  density  gradient, 
characterized  by  the  buoyancy  frequency  N,  defined  by 


--?>»■ 

Podz 


(1) 


Here  g  is  the  acceleration  of  gravity,  Og  a  reference  density,  and  p{z)  the  ambient  density,  assumed 
to  depend  only  on  the  vertical  coordiuale  z.  An  internal  wave  is  assumed  to  be  propagating 
through  this  fluid  in  the  x-z  plane,  with  vertical  velocity  given  by 
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Similar  expressions  exist  for  other  flow  variables.  Here  A  is  the  wave  amplitude,  {k,  m)  is  the 
wave  number  vector,  and  u  is  the  wave  frequency,  which  must  satisfy  the  dispersion  relation 


u  =  ±N 


k 


(3) 


Note  that,  neglecting  viscous  and  diffusive  effects,  this  single  wave  is  an  exact  solution  to  the 
equations  of  motion  for  any  amplitude  A,  as  the  nonlinear  terms  are  identically  zero. 

We  consider  a  small  perturbation  to  this  base  wave,  e.g.,  writing  the  total  vertical  velocity 
as 

w  =  th  +  tn' .  (4) 


A  new  coordinate  system  is  defined  to  move  with  the  wave,  and  is  rotated  such  that  x'  is  in 
the  direction  of  the  wave  current,  and  z'  is  in  the  direction  of  the  wavenumber  vector.  Plugging 
this  assumed  form  into  the  original  equations,  the  resulting  equations  are  linearized  in  terms 
of  the  perturbation  amplitude.  Furthermore,  only  normal  mode  solutions  are  sought,  hence 
neglecting  the  contribution  to  the  solution  from  the  continuous  spectrum.  These  assumptions 
can  be  ultimately  tested  by  comparing  the  predictions  of  stability  theory  with  the  results  from 
the  direct  numerical  simulations. 

The  resulting  stability  problem  is  quite  different  from  that  for  a  stratified  shear  flow,  i.e.,  the 
Tayior-Goldstein  problem  (Drazin  and  Reid,  1981).  Squire’s  theorem  does  not  apply.  Further¬ 
more,  because  of  the  periodic  nature  of  the  problem  in  the  z'-direction,  Floquet  theory  (Bender 
and  Orszag,  1978)  is  needed  to  simplify  the  form  of  the  resulting  equations.  The  application  of 
Fioquct  theory  gives  an  eigenvalue  prahlem  in  =  z'  —  wt  for  the  eigenvalue  a,  the  complex 
growth  rate.  The  problem  is  defined  in  terms  of  the  parameters  describing  the  base  wave,  i.e., 
the  nondimensional  wave  amplitude  and  wavenumber  vector  direction,  and  the  wave  number 
(a, (3)  of  the  disturbance,  corresponding  to  the  (z',y)  directions.  The  Floquet  parameter  is 
chosen  in  order  to  examine  perturbations  which  are  periodic  over  the  same  wavelength  as  the 
base  wave,  or  a  rational  fraction  of  this  wavelength.  The  resulting  eigenvalue  problem  is  solved 
by  Fourier  expansion,  taking  full  advantage  of  the  symmetry  properties  of  this  problem. 

The  stability  problem  is  solved  for  several  different  wave  propagation  angles,  namely  30°,  45°, 
60°,  80°,  85°,  and  90°  to  the  horizontal.  Furthermore  calculations  are  performed  for  various  wave 
amplitudes,  nondlmensionalized  by  the  amplitude  of  a  wave  at  incipient  overturning,  ranging 
from  0.1  to  1.1.  The  Prandtl  number  is  taken  to  be  1,  and  the  Reynolds  number,  based  upon 
the  wavelength  and  maximum  wave  velocity,  ranges  from  about  300,  for  comparison  with  direct 
numerical  simulations,  to  up  to  about  10^,  au  approximately  inviscid,  nondiffusive  case. 

Typical  results  are  presented  in  Figure  1,  which  gives  contours  of  maximum  growth  rate  in 
the  {a,0)  plane  for  waves  propagating  at  45°  to  the  horizontal,  with  nondimensional  amplitudes 
ranging  from  0.1  to  1.1,  and  a  Reynolds  number  of  the  order  of  10®.  For  the  smaller-ampUtude 
cases,  the  maximum  growth  rates  are  for  two-dimensional  perturbations  {P  =  0).  As  suggested 
by  Mied,  the  instability  for  small  amplitudes  can  be  shown  to  be  a  ;sonant  interaction,  the 
different  resonant  curves  producing  the  rib-like  structure  seen  in  the  curves.  As  the  amplitude  of 
the  wave  is  increased,  other  instability  modes  appear,  especially  ones  which  are  three-dimensional 
iP  #  0).  VoT  tuc  largest  Amplitude  C2kS6,  the  giCwth  lateS  of  ths  thre^uiuiSaSaOuShl  mGdeS  ale 
comparable  to  the  two-dimensional  ones,  suggesting  a  fairly  complex  breakdown  process. 


3  Numerical  simulations 

In  order  to  numerically  simulate  internal  wave  breakdown,  we  solve  the  hiitial  value  problem 
consisting  of  a  freely-propagating  internal  wave  trmn  with  an  initial  perturbation  superimposed. 
We  assume  that  the  flow  satisfies  the  Navier-Stokes  equations  subject  to  the  Boussinesq  ap¬ 
proximation.  Periodic  boundary  conditions  are  employed  in  all  three  spatial  directions.  The 
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peiiodidty  length  in  any  direction  is  taken  to  be  an  integer  multiple  of  the  periodicity  length 
of  the  base  wave  in  that  direction,  and  depends  on  the  specific  problem  considered.  For  initial 
conditions,  we  superimposed  the  base  wave  and  a  l^'w-levei  perturbation.  The  perturbations 
considered  are  of  two  types: 

i)  low-level,  broad-banded  noise; 

ii)  low-level,  broad-banded  noise  plus  an  eigenfunction  taken  from  linear  stability  theory. 

The  first  type  (i)  is  meant  to  simulate  background  noise.  In  the  second  type  (ii),  the  eigenfunction 
is  generally  taken  as  the  most  unstable  one  predicted  by  linear  stability  theory.  Initialization 
with  (ii)  allows  a  more  careful  investigation  of  a  particular  instability  than  for  (i),  since  in  the 
latter  case  several  competing  modes  of  similar  growth  rates  can  be  excited. 

In  order  to  solve  the  equations  numerically,  the  nonlinear  terms  are  advanced  in  time  using 
a  second-order  Adams-Bashforth  method.  The  viscous  and  diffusion  terms  are  treated  exactly 
using  an  integrating  factor,  while  the  pressure  term  is  computed  by  the  projection  method. 
Fourier  Galerkin  methods  are  employed  to  approximate  spatial  derivatives,  with  an  ellipsoidal 
wavenumber  truncation  at  two-thirds  of  the  maximum  wave  number  in  order  to  eliminate  aliasing 
errors  (Canute  et  al.,  1988).  Simulations  were  performed  on  up  to  128x64x  128'point  compu¬ 
tational  grids  in  the  x-,  y-,  and  z-directions,  respectively.  The  simulations  were  usually  started 
on  a  smaller  grid,  e.g.,  with  32  x  32x32  grid  points,  and  then  regridded  to  a  finer  mesh  as  the 
wavenumber  spectrum  broadened. 

A  number  of  simulations  have  been  performed  at  different  base  wave  amplitudes  and  prop¬ 
agation  angles  [Lombard  (1994)].  We  present  here  a  particular  case  that  has  many  of  the 
characteristics  of  the  other  simulations.  In  this  case  the  base  wave  is  propagating  at  45°  to 
the  horizontal,  and  has  a  nondimensional  amplitude  of  0.5.  The  Reynolds  number,  based  on 
the  wavelength  and  maximum  velocity  of  the  base  wave,  is  311,  and  the  Prandtl  number  is  set 
to  1.  The  linear  stability  theory  results  for  this  case  are  similar  to  those  given  in  Figure  Ic. 
(Note  that  the  Reynolds  number  for  Figure  Ic  is  10^.  The  principal  effect  on  linear  instability  of 
lowering  the  Reynolds  number  is  to  greatly  reduce  the  growth  rates  Cor  larger  values  of  a  and  0. 
In  the  stability  calculation  for  the  Reynolds  number  of  311,  no  unstable  modes  are  observed  for 
a  greater  than  about  6  or  d  greater  than  about  5.)  For  this  case,  the  fastest  growing  instability 
is  two-dimension^,  although  the  instability  is  fairly  broad-banded  with  significant  regions  off 
the  o-axis.  The  computational  domain  in  Fourier  space  is  adjusted  so  that  approximately  the 
fastest  growing  mode  is  excited,  as  well  as  a  number  of  its  harmonics  and  a  fast-growing  oblique 
instability.  Low-level,  broad-banded  noise  is  employed  for  excitation. 

Initially,  after  some  adjustment,  the  perturbation  energy  begins  to  grow  at  an  approximately 
exponential  rate  for  several  decades.  Here  the  growth  rate  is  0.099,  close  to  the  value  of  0.108 
predicted  from  linear  stability  theory  for  the  most  unstable  mode,  and  indicating  that  this  mode 
is  a  main  participant  in  the  instability  process.  This  exponential  growth  proceeds  until  the  base 
wave  begins  to  lose  a  significant  amount  of  its  energy. 

In  order  to  understand  the  breakdown  process,  it  is  useful  to  first  visualize  the  flow.  Figure 
2  contains  a  sequence  of  plots  depicting  the  evolution  of  the  wave  at  six  different  times,  where 
time  has  been  nondimensionalized  by  1/iV,  and  lengths  have  been  nondlmensionalized  by  the 
wavelength  of  the  base  wave.  The  plots  are  two-dimensional  slices  of  the  flow  field  in  the  x-z 
plane  (the  plane  of  the  base  wave).  The  velocity  field  is  indicated  by  vectors,  the  density  field 
by  contour  lines,  and  shading  is  used  to  indicate  regions  of  density  overturning  (i.e.,  where 
dpfdz  >  0).  Note  that  the  wave  period  is  8.89  time  units,  while  the  domain  size  is  8.89  units 
along  both  the  x-  and  z-axes.  The  wave  has  a  phase  speed  in  the  direction  of  propagation  of 
0.707.  In  the  frame  of  reference  moving  with  the  baise  wave,  the  principal  instability  has  a  phase 
speed  of  1.68  along  the  wave  front  (from  upper  left  to  lower  right).  Thus  in  a  fixed  frame  of 
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Fig^e  2;  Velocity  vectors  and  density  contours  in  the  x-z  plane  ^  iudi'  >s  regions  of 

density  overturning.  Times  are,  from  left  to  right,  starting  at  the  ■  ,  fi8,  ^6, 1 4,  92,  100. 


reference  the  instability  has  a  phase  speed  of  1.69  ii>  the  ^-direction  and  -0.69  in  the  z-diiection. 
The  instability,  which  has  been  growing  for  some  time,  is  first  readily  visible  as  an  isolated  patch 
of  statically  unstable  fluid  (Figure  2c),  although  by  this  time  significant  steepening  of  the  wave 
in  other  regions,  as  well  as  curvature  of  the  flow  direction,  is  observable.  Initially  this  statically 
unstable  region  is  somewhat  two-dimensional,  as  the  principal  instabilities  are  two-dimensional. 
In  Figure  2d  another  patch  of  statically  unstable  fluid  has  emerged  as  well.  By  this  time  the  flow 
has  become  very  three-dimensional  (see  below).  The  breakdown  process  is  very  complex,  and 
at  the  time  of  the  last  image  (Figure  2f),  little  vestige  of  the  original  wave  is  apparent  (about 
18%  of  its  energy  still  remains). 

More  understanding  of  this  breakdown  process  can  be  obtmned  by  examining  the  flow  en¬ 
ergetics.  It  is  convenient  here  to  split  the  velocity  field  into  three  pacts:  (i)  the  base  wave;  (ii) 
the  velocity  in  the  vertical  plane  of  the  principal  instability  (in  this  case  the  x-z  plane);  and 
(iii)  the  remainder  (in  this  case  the  three-dimensional  part  of  the  flow).  Figure  3  contains  plots 
of  these  three  energy  components  as  functions  of  time,  along  with  various  terms  in  the  energy 
balance  for  each  component.  One  observes  the  importance  of  the  three-dimensional  component 
of  the  instability,  as  it  ultimately  has  more  energy  than  that  of  the  base  wave.  During  the 
time  period  shown  in  this  figure,  the  base  wave  loses  kinetic  energy  by  shear  interactions  to 
both  the  tw>o-  and  three-dimensional  components,  and  to  potential  energy  through  the  buoy¬ 
ancy  flux.  The  three-dimensional  component  gains  kinetic  energy  from  the  base  wave  by  shear 
interactions,  and  also  from  potential  energy  through  the  buoyancy  flux,  while  losing  energy  to 
the  two-dimensional  component  through  shear  interactions.  The  two-dimensional  component 
loses  kinetic  energy  to  potential  energy  through  the  buoyancy  flux,  while  gaining  energy  from 
the  base  wave  and  the  three-dimensional  component  through  shear  interactions.  From  these 
results  it  is  seen  that  it  is  not  possible  to  classify  the  breakdown  process  as  either  shear-driven 
or  convectively-driven.  Both  means  of  energy  transfer  are  at  work,  removing  energy  from  the 
base  wave,  ultimately  leading  to  both  the  dissipation  of  kinetic  energy  into  heat  and  also  the 
mixing  of  the  background  density  field. 

A  number  of  other  aspects  of  this  breakdown  process  have  been  examined.  Of  particular 
interest  is  this  mixing  of  the  background  density  field,  in  which  the  energy  of  the  internal  wave  is 
converted  into  background  potential  energy.  Defining  the  mixing  efficiency  to  be  the  ratio  of  the 
potential  energy  dissipation  to  the  kinetic  energy  dissipation,  it  was  found  to  be  appro::dmately 
0.85,  considerably  larger  that  the  typical  value  measured  in  the  ocean  of  about  0.3  (Gregg, 
1987),  but  consistent  with  other  results  from  numerical  simulations  (Winters  and  D’Asaro, 
1994).  This  difference  in  mixing  efficiencies  is  probably  affected  most  by  the  difference  in  the 
Frandtl  numbers,  being  1  in  the  simulations  compared  to  about  700  in  the  ocean.  Furthermore, 
this  single  wave  breakdown  event  may  be  a  more  efficient  means  of  mixing  in  comparison  to  the 
far  more  random  nature  of  the  ocean.  .  "  ■ 

4  Conclusions 

FVom  the  stability  analysis  and  direct  numerical  simulations,  a  number  of  conclusions  can  be 
drawn  regarding  the  breakdown  process  for  a  propagating  internal  wave.  For  smaller-amplitude 
waves,  a  portion  of  the  instability  can  be  associated  with  resonant  interactions  (Mied,  1976), 
although  other  types  of  instabilities  are  present.  For  larger  amplitude  waves  the  resonance  inter¬ 
pretation  is  not  of  use;  the  instabilities  can  be  rather  broad-banded  and  three-dimensional,  and 
their  specific  character  depends  on  the  wave  amplitude  and  propagation  direction  (in  additional 
to  the  Reynolds  and  Prandtl  numbers). 

The  breakdown  process  itself  is  due  to  the  inherent  instability  of  the  wave.  As  the  wave  prop¬ 
agates,  disturbances  continually  grow,  drawing  energy  from  the  wave  itself.  As  suggested  by  the 
stability  theory,  these  growing  disturbances  can  be  rather  broad-banded  and  three-dimensional. 
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Energy  components  Bose  Wave  Energy  Balance 


Figure  3:  Base  wave  (B),  two-dimensional  component  (2),  and  three-dimensional  (3)  Idnetic  (K) 
and  potential  (P)  energy  components  and  alsr  the  energy  balances  for  the  three.  In  the  balance 
plots,  R  is  the  time  rate  of  change,  BF  is  the  buoyancy  flux,  and  D  the  dissipation.  The  energy 
transfer  terms  (12),  (13),and  (23)  are  the  corresponding  Reynolds  stress  terms.  The  net  value 
(N)  indicates  any  error  in  the  energy  balance. 
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As  the  perturbations  reach  finite  amplitude,  localized  patches  of  hydrostatically  unstable  fluid 
are  formed,  breaking  down  in  a  complex,  three-dimensional  manner  and  leading  to  turbulence. 
The  final  result  is  that  much  of  the  wave  energy  is  lost  through  mixing  of  the  ambient  density 
field  as  well  as  dissipation  into  heat,  the  ratio  of  these  two  effects  being  about  0.85.  Thus  the 
breakdown  process  cannot  be  classified  as  simply  shear-driven  or  convectively- driven,  but  is  a 
combination  of  the  two.  Moreover,  overturning  is  not  necessarily  a  cause  of  wave  breakdown, 
but  more  an  indication  of  the  growing  instability.  And  finally,  the  wave  does  not  break  down 
by  one  large-scale  overturning,  as  with  a  “plunger- breaker”  surface  wave,  but  through  several 
localized  regions. 
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86-K-06S0  and  N00014-90-J-1112). 
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Introduction: 

We  have  performed  a  series  of  experiments  on  the  dynamics  of  sedimenting  surface-gravity- 
currents.  The  physical  situation  concerns  a  current  with  a  total  density  (pc)  which  is  less 
than  that  of  (pa)  the  main  body  of  fluid  with  which  it  interacts.  In  turn  pc  is  made  up 
of  interstitial  fluid  of  density  pj  and  particles  with  a  volume  concentration  c  and  density 
Pp.  Of  additional  importance  is  the  density  deficit  ratio  (J?,)  between  the  current  and  its 
surroundings.  We  use  Rp  =  as  a  measure  of  the  relative  instability  of  the  current  and 
it  will  be  noted  that  it  is  equivalent  to  the  similarly  defined  quantity,  jSASJaAT,  used  in 
the  study  of  double-diffusive  convection.  Thus  when  Rp':>  I  the  interface  between  current 
and  ambient  is  very  stable  and  it  tsdres  a  large  local  particle  concentration  to  generate  a 
sufficiently  large  local  density  to  penetrate  the  interface.  On  the  other  hand  when  Rp  1 
the  whole  layer  can  penetrate  the  interface  rind  substantial  mixing  can  occur.  It  is  this  latter 
mixing  process  that  is  the  key  to  a  basic  understanding  of  the  dynamics  of  such  currents 
and  we  present  new  measurements  of  the  magnitude  of  this  effect.  That  this  is  the  case 
has  become  obvious  during  a  number  of  experiments  that  explored  the  temporal  evolution 
of  particle-laden  currents  released  at  one  end  of  a  long,  deep  tank.  In  wliat  follows  we  will 
present  details  of  the  experiments  and  the  outline  of  a  t  .eory  that  appears  to  explain,  in  a 
general  way,  the  results  of  those  experiments. 

Apparatus: 

The  main  piece  of  equipment  that  evolved  during  the  course  of  this  investigation  is  shown 
in  figure  1.  it  consists  of  a  rectangular  tank  2  m  long  and  0.65  m  deep.  In  its  original  form 
it  was  8  cms  wide  but  it  became  clear  after  a  number  of  initial  experiment  that  this  tank 
was  too  naiTOw.  The  results  clearly  showed  the  effects  of  viscous  stresses  at  the  side  walls. 
Thus  the  tank  was  modified  eind  its  width  increased  to  16  cms.  New  experiments  had  a 
behaviour  that  were  consistent  with  a  negligible  level  of  later  al  viscous  forces.  The  current 
itself  was  generated  in  two  ways.  In  the  first  a  well  mixed  smd  fixed  volume  of  particle-laden 
fresh  water  was  contained  behind  a  barrier.  At  the  start  of  the  experiment  the  barrier  was 


removed  and  the  gravity  current  allowed  tc  evolve  down  the  tank.  In  the  second  method  a 
large  container  of  particle-water  mixture  was  suspended  above  the  tank.  The  mixture  was 
released  at  a  constant  flow-rate  through  1  cm  deep  manifold  spanning  the  width  of  the  tank. 
Again  the  evolution  of  the  current  wris  followed  and  recorded  on  video-tape  for  later  analysis. 

When  it  became  obvious  that  mixing  generated  by  the  instability  of  the  interface  was  of 
crucial  importance  to  our  understanding  of  the  dynamics  of  the  current,  the  apparatus  was 
modified  further  as  shown  in  figure  lb.  Here  a  partial  bzurrier  was  placed  approximately  65 
eras  from  the  upstream  barrier.  A  gravity  current  was  released  but  when  it  hit  the  second 
barrier  it  was  stopped  and  a  uniform,  almost-stationary  layer  of  mixture  was  generated.  This 
then  became  unstable  in  a  quasi-one-dimensional  fashion.  As  discussed  later,  by  taking  fiuid 
samples  and  measuring  their  density  it  is  possible  to  infer  the  total  amount  of  mixing  that 
has  taken  place. 

Results: 

In  what  follows  we  will  concentrate  on  details  of  the  lock-exchange  flow  realizing  that  similar 
results  hold  for  the  constant  flow-rate  case  as  well.  The  lock  exchange  flow  is  characterised 
by  a  number  of  primary  variables,  p*,  pi  the  particle  volume  concentration  (c)^  and  the 
geometry  (length  and  height)  of  the  daimmed  volume.  From  these  we  extract  or  directly 
measure  the  initial  current  density  (p*) 

i.  -  I  (1-c) 

Pc  Pp  PI 

and  the  density  deficit  ratio: 


R, 


Pc  -  Pi 
Pc-  Pi 


a)  Gravity  current  evolution: 

A  sequence  of  photographs  of  a  typical  evolution  is  shown  in  figure  2.  From  photographs  such 
as  this  and  video  recordings  of  the  evolution  of  the  gravity  current  it  is  possible  to  determine 
the  time  dependence  of  front  location.  Typical  examples,  chosen  from  the  approximately  40 
experiments  that  were  run,  are  shown  in  figure  3  for  the  case  of  a  constant  volume  release  and 
in  figure  4  for  a  release  with  almost  constant  flow  rate.  In  both  cases  the  critical  power-law 
behaviours  are  noted.  In  particular  we  note  that  for  the  constmit  volume  (V)  release  the 
flow  starts  out  as  a  conventional  gravity  current  with  a  more-or-less  constant  velocity  and 
apparently  undergoes  a  transition  to  a  buoyancy-inertia  balance  after  approximatley  20  secs. 
It  then  asymptotes  a  constant  value  of  x  rather  than  undergoing  a  tr2iasition  to  a  viscous- 
buoyancy  balance  as  would  have  happened  had  this  been  a  particle-free  current.  Similarly 

'Of  course  the  characteristics  of  particles  we  important.  Of  primuy  interest  is  the  particle  density  pp. 
However  the  size  distribution  is  also  critical.  These  can  be  combined  also  into  the  distribution  of  particle 
fall  velocity.  In  what  follows  we  use,  mainly,  one  grade  of  carborundum  powder  (the  1000  grade)  with  the 
size  distribution  shown  in  figure  Ic. 
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for  the  case  of  constant  inflow  (Q)  the  current  starts  out  in  a  conventional  fashion  with 
X  ~  t,  but  then  undergoes  a  transition  to  a  power  law  considerably  less  steep,  at  n  =  2/3, 
than  that  of  a  current  under  a  viscous  buoyancy  balance  (n  =  4/5)  These  manifestations 
of  particle  settling  across  the  interface  between  current  and  ambient  fluid  can  be  explained, 
partially,  by  invoking  a  particle  induced  stress  at  that  interface  (see  the  section  on  theory 
which  follows  for  specific  details).  This  stress  is  due  to  the  fact  that  the  particles,  as  they 
settle  through  the  interface,  drag  with  them  fluid  of  density  pj.  This  fluid  mixes  with  the 
lower  layer  fluid  essentially  to  the  bottom  of  the  tank.  Its  major  effect  can  be  seen  in  the 
last  photograph  (j)  of  figure  2  where  we  note  that  a  gravity  current  made  up  of  particies 
and  fluid  of  density  intermediate  between  pi  and  pa  runs  along  the  bottom  of  the  tank. 
As  particles  continue  to  settle  out  of  this  current  the  light  fluid  is  released  and  rises,  to 
eventually  form  a  continuous  density  distribution  beneath  the  surface.  This  latter  case  has 
been  considered  separately  by  Huppert,  Kerr,  Lister  cind  Turner  f  JFM  226.  pp.  349-369)  and 
Sparks,  et  al.  (Earth  and  Planetary  Sci.  Lett.  114.  243-257)  for  example.  Its  major  effect  is 
to  generate  a  flow  in  the  layer  between  the  two  gravity  currents  that  opposes  the  motion 
of  the  one  of  interest,  i.e.,  the  surface  current.  Thus  the  interfacial  stress  is  due  to  the 
fact  that  particles  and  interstitial  fluid  (p/)  carry  thmr  momentum  with  them  as  they  pass 
through  the  interface.  If  we  assign  a  vertical  velocity  (u)  to  this  transfer  process  then  the 
stress  is  given  by  pvU,  where  (7  is  a  measure  of  the  horizontal  velocity  in  the  current.  Thus 
V  becomes  a  crucial  characteristic  of  the  system.  It  can  easily  be  seen  that  in  the  present 
cases  where  c,  the  particle  concentration  is  small  (c  w  0.01),  the  major  effect  concerns  the 
amount  of  interstitial  fluid  that  is  dragged  across  the  interface  and  requires  an  independent 
measurement. 


b)  Measurement  of  interface  flux  due  to  sedimentation; 

A  limited  number  of  experiments  on  the  mixing  due  to  sedimentation  were  carried  out  in  a 
modified  version  of  the  tank  (fig.  lb),  A  barrier  was  placed  65  ems  from  the  tank  end  and  the 
initial,  constant-volume  gravity-current  allov/ed  to  contact  it  after  a  short  time.  Only  a  few 
moments  were  necessary  to  generate  a  horizontally  uniform  layer  of  particles  and  interstitial 
fluid.  Sedimentation  began  and  when  the  density  at  the  interface  exceeded  the  density  of  the 
lower  fluid  convection  commenced.  The  system  was  allowed  to  run  until  all  the  particle  had 
settled  to  the  bottom.  As  before,  a  gravity  current  of  particles  and  mixed  fluid  moved  along 
the  bottom  of  the  tank  and  into  the  right  hand  compartment  where  the  mixed  fluid  was 
released  away  from  the  original  layer.  Samples  were  taken  from  various  depths  of  this  layer 
using  a  specially  designed  nozzle  that  reduced  contamination  from  fluid  at  other  levels.  The 
sample  densities  were  measured  to  5  decimal  places  using  a  specific  gravity  bottle.  A  typical 
result  is  shown  in  figure  5.  From  these  data  the  density  deficit  could  be  found  and  compared 
to  the  initial  deficit.  The  difference  divided  by  the  initial  density  difference  (p*  —  pi)  is  a 
measure  of  the  depth  (S)  of  interstitial  fluid  lost  to  the  lower  fluid. 


i.e. 


~  Pa  -  p(y) 


dy 


JO  (pa  -  Pi) 

A  number  of  experiments  with  different  values  of  and  initial  fluid  depths  were  carried  out. 
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The  results  are  summarised  on  figure  6  for  the  limited  number  of  experiments  performed. 
As  expected  the  loss  of  interstitial  fluid  is  greater  as  -*  I  and  clearly  there  is  an  optimum 
value  of  the  fluid  depth  between  h  =  3.4  and  6.7  cms.  Unfortunately  such  measurements 
only  give  the  overall  mixing  due  to  sedimentation  and  not  the  mixing  rate.  We  have  plans 
to  extend  the  measurements  to  not  only  measure  the  final  state  but  intermediate  states  as 
well.  In  this  way  we  hope  to  be  able  to  estimate  the  necessary  fluxes. 


Theory: 

The  similarity  solutions  of  Huppert  (JFM  121.  43-58)  and  Maxworthy  (JFM  128.  283-322) 
can  easily  be  extended  to  the  present  case.  For  an  intrusion  the  volume  of  which  varies  with 
time  as: 


Lh  ~ 


Where  L  is  the  intrusion  length  and  k  its  height.  Then  a  balance  between  buoyancy  and  the 
interfacial  stress  pU v  results  in  a  spreading  law: 


Jj  ^ 


.i2s±n 

t  * 


if  there  is  no  velocity  in  the  outer  flow.  Here  g'  ~  g[pg.  —  pc)lpa-  On  the  other  hand  if 
external  forces  (e.g.,  those  due  to  the  bottom  boundary  current)  generate  a  flow  (Uoo)  to 
oppose  the  surface  current  then: 


L  ~ 


.j2c»/3 


We  note  that  for  the  case  of  a  constant  volume  release,  i.e.,  a  —  0,  i  tends  to  a  constant 
value  as  has  been  found  in  the  present  experiments  (figure  3).  For  a  constant  inflow,  i.e., 
a  =  1,  the  similarity  solution  gives  L  While  such  a  result  has  been  found  in  some 

cases,  e.g.,  figure  4,  often  the  slope  is  less  steep  than  this  suggesting  that  any  of  the  quantities 
g',  q  or  may  perhaps  have  a  power  law  behaviour  in  time  as  well  due  to  the  unsteady 
nature  of  the  flow.  There  is,  also,  considerable  merit  to  the  idea  of  genera,  ing  a  more  detailed 
computer  model,  but  this  reserved  for  the  extended  project. 
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The  internal  slab-collapse  problem 

J.  Buhler*  S.J.WriglitJ  T.Dreier* 


Abstract 

A  siiaple  surface  wave  develops,  for  example,  after  a  dam  break  in  a  reservoir. 
The  wave  lengthens  as  its  upper  edge  travels  into  the  reservoir,  and  the  surface 
slopes  gradually  decrease.  Steep  slopes  are  maintained,  however,  in  a  region  near 
the  leading  edge  of  the  wave.  This  region  is  called  a  bore  when  the  contents  of 
the  reservoir  spill  into  a  preexisting  tailwater  downstream  of  the  dam,  and  a  front 
when  they  spill  onto  a  dry  bed.  The  focus  of  the  present  contribution  is  on  the 
corresponding  two-layer  flow,  i.e.  on  the  collapse  of  a  fluid  slab  in  another  fluid  of 
only  slightly  different  density  and  of  finite  depth.  Use  is  made  of  the  fact  that  the 
interface  along  a  simple  internal  wave  advances  with  the  local  long  wave  speed,  and 
of  flow  continuity.  A  general  analytical  solution  for  the  shape  of  simple  waves  in 
inviscid  Boussinesq  flows  is  presented.  Also,  limits  are  outlined  at  which  the  inter¬ 
face  of  a  simple  wave  becomes  imstable.  Experiments  on  the  collapse  of  a  slender 
slab  of  fresh  water  along  the  surface  of  a  body  of  salt  water  were  carried  out,  and 
the  results  for  the  shape  of  the  collapse  region  are  compared  with  the  predictions. 


Introduction 

Simple  waves  and  bores  occur  on  the  interface  between  warm  surface  water  and  cold 
bottom  water  in  stratified  reservoirs  when  the  infiow  rate  suddenly  increases  or  decreases 
(Fig.  1).  Reasons  for  such  a  change  of  the  infiow  rate  include  emergency  releases  from 
an  upstream  reservoir  or  sudden  fioods,  and  the  resulting  interface  level  changes  may 
affect  the  water  quality  at  submerged  intakes  located  along  the  reservoir. 

While  an  increase  of  the  infiow  rate  produces  a  bore  which  travels  along  the  free 
surface  of  the  reservoir,  the  corresponding  internal  wave  may  either  steepen  to  form 
a  bore  £is  well,  or  it  may  gradually  lengthen  in  time  and  propagate  as  a  simple  wave. 
Simple  v/aves  arc  also  called  rarefactions  or  negative  waves,  whereas  bores  are  moving 
hydraulic  jumps  associated  with  energy  dissipation. 

Numerical  solutions  for  the  shape  of  simple  internal  waves  in  flows  with  small  density 
differences  (Boussinesq  flows)  were  presented  by  Rottman  and  Simpson  (1983)  in  their 
analysis  of  the  lateral  collapse  of  a  slab  of  salt  water  beneath  a  body  of  &esh  water, 
and  by  Kranenbiurg  (1993)  for  intrusions  of  one  fluid  into  another.  A  similar  analysis 
is  the  one  by  Keller  and  Chyou  (1991)  for  lock  -  exchange  flows  in  ducts.  Rottman 
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and  Simpson  (1983)  also  showed  that  an  the  interface  becomes  imstable  when  the  slab 
thickness  exceeds  one-haif  of  the  water  depth,  and  that  this  instability  leads  to  the  forn- 
mation  of  a  bore.  Among  the  more  recent  concepts  for  the  description  of  bores  are  those 
offered  by  Denton  (1990),  and  by  Keller  and  Chyou  (1991).  Other  types  of  instabilities 
occur  when  the  velocity  difference  between  the  two  layers  exceeds  a  limit  depending 
on  the  how  depth  (Long,  1956  )  or  on  the  thickness  of  the  more  slender  layer  (Ellison 
and  Turner,  1959).  In  this  study  an  analytical  solution  for  the  shape  of  simple  internal 
waves  is  derived.  Experiments  on  the  collapse  of  a  slender  slab  of  fresh  water  along  the 
.^uerface  of  a  body  of  saltwater  are  described,  and  the  shapes  measured  shapes  of  the 
resulting  simple  internal  waves  are  compared  with  predictions.  The  slabs  extended  over 
less  than  one-half  of  the  water  depth,  in  which  case  no  bores  develop. 


Critical  flow  and  simple  waves 

The  present  analysis  is  carried  out  for  two-layer  flows  iu  a  duct,  as  shown  in  Fig.  2, 
and  the  positive  direction  is  towards  the  right.  Ducted  flows  often  involve  considerable 
temperatme  and  density  differences,  and  the  density  terms  will  be  retained  in  most  of 
the  results.  In  the  Boussinesq  limit  the  results  will  also  be  valid  for  flows  with  a  free 
surface.  Properties  of  the  flow  in  the  upper  layer  will  be  denoted  by  the  index  i  =  1, 
and  those  in  the  lower  layer  by  i  =  2.  Provided  that  the  interfacial  shear  and  the 
entrainment  of  fluid  ffom  one  layer  into  the  other  can  be  neglected,  the  flow  in  each 
layer  is  then  described  by  the  flirid  density  pi,  as  well  as  by  the  values  of  the  layer 
thickness  A,-  and  the  velocity  m  at  a  given  distance  x  along  the  duct  and  at  time  t.  The 
corresponding  discharge  rate  is  q,  =  The  thi-oughflow  rale  q  —  qi-\-qi  and  the  flow 
depth  h  =  hi  +  h2  are  taken  to  be  invariant  along  the  duct  and  in  time.  The  effective 
gravitational  acceleration  acting  on  the  fluid  is  g'  =  (I  —  r)g,  where  r  =  pi/p2. 

It  is  convenient  to  examine  gradually  varying  flows  by  using  the  fact  that  small 
disturbances  on  an  interface  travel  at  the  phase  speed  A  of  long  interfacial  waves  of 
limiting  euuplitude.  The  flow  in  the  &ame  of  reference  of  such  a  disturbance  is  called 
critical,  and  the  composite  Eroude  number  of  the  flow  is  equal  to  one.  According  to 
Armi  (1986)  and  other  authors  the  corresponding  relation  for  a  ducted  flow  is 


y'Ai  g'h2 


(1) 


The  asterisk  is  used  to  derrote  quantities  in  the  moving  frame  of  reference,  in  particrrlar, 
u*  =  Ui  —  X.  In  the  spedal  case  that  the  density  of  the  upper  fluid  can  be  neglected 
(r  -*  0,g'  g)  the  flrst  term  of  the  above  equation  vanishes,  and  the  composite  Eroude 
number  becomes  equal  to  the  square  of  the  conventional  Froude  number  for  open  chaimel 
flows.  By  solving  the  remaining  statement  for  the  phase  speed  of  a  disturbance  on  the 
free  surface  one  obtains  the  familiar  relation 


A  =  ii2  i  \Jgh2  (2) 

who'e  the  upper  sign  applies  to  the  leading  wave  field  travelling  at  a  speed  A"*"  in  the 
positive  direction,  and  the  negative  sign  to  the  trailing  field  moving  at  a  lesser  speed 
A~.  A  slightly  different  procedure  can  be  used  to  solve  the  general  form  of  (1)  for  the 
wave  speeds.  By  noting  that  the  throughflow  velocity  q/h  is  constant  along  the  duct. 
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one  may  introduce  A  —  qjh  as  a  scale  for  the  wave  speed.  Similarly,  one  may  make  use 
of  the  velocity  difference  u  =  uj  —  which  is  independent  of  the  £:ame  of  reference 
(u  =  uj  —  uj).  In  dimensionless  form,  the  resulting  expression  for  the  wave  speeds  is 
then  _ 

^  t^[(l  -  iY  -  Te\  ±  y/gT-  Oja  -  rU^) 

a 

Here,  f  =  h,/h,  U  =  A  =  X/ig'hy/^,  Q  =  and  a  =  1  -  ^(1  -  r). 

This  result  for  ducted  two-layer  flows  with  small  or  large  density  differences  was  derived 
independently  by  Keller  and  Chyou  (1991)  and  by  Buhler  et  al.  (1992). 

For  the  further  analysis  of  unsteady  flows  it  is  useful  to  consider  a  (moving)  charac¬ 
teristic  point  defined  by  the  intersection  of  the  interface  with  a  line  at  height  above 
the  floor,  as  the  one  marked  by  a  filled  aide  in  Fig.  2.  An  important  feature  of  simple 
w'aves  is  that  this  point  moves  along  the  duct  at  the  long  wave  speed  A,  and  that  the 
flow  through  a  cross-section  moving  with  it  remains  time  invariant.  As  a  consequence, 
the  velocity  A  of  the  characteristic  point  is  also  a  function  of  only,  and  not  of  time.  In 
order  to  determine  the  variation  of  the  velodty  difference  u  between  the  two  layers  along 
a  simple  wave  one  may  examine  the  change  of  the  flowrate  in  the  upper  layer  through 
adjacent  characteristic  aoss  sections.  The  flowrate  in  this  layer  through  a  characteris¬ 
tic  cross-section  moving  at  a  velocity  A  is  q{  =  (ui  —  A)hi.  This  flowrate  exeeds  that 
through  an  adjacent  charactaistic  cross-  section,  which  moves  at  a  speed  A  +  dA,  by  an 
increment  which  is  equal  to  the  rate  h^dX  at  which  light  fluid  is  stored  between  the  two 
cross-sections,  and  hence 

€ui-A)h,]  dA 
dhj  *■  ^^d/i3 

where  both  sides  have  been  divided  by  the  change  dh%  in  the  interface  level  from  the 
first  to  the  second  cross-section.  Similarly,  one  obtains 

d[(uj  -  X)h2]  .  dX 


=  —hi 


(5) 


dhi  "‘dhi 

for  the  lower  layer. 

The  classical  solution  for  the  dam-break  problem  (r  =  0)  can  be  retrieved  flom  (5) 
by  eliminating  Uj  by  means  of  (2),  and  by  integrating  the  resulting  expression.  This 
leads  to 

A  -  Ao  =  ±Zg^>\hy^  -  (6) 

and  a  parabolic  shape  of  the  free  surface.  Here,  hjo  is  the  initial  thickness  of  the  slab. 
When  the  slab  collapses  towards  the  right  and  is  initially  at  rest,  uj  is  positive  and 
Ao  =  — (phjo)^^^  is  the  wave  speed  on  its  upper  surface. 

Returning  to  two-layer  flows,  the  variation  of  the  velocity  difference  ic  =  uj  —  ui 
along  a  simple  wave  can  be  derived  from  (4)  and  (5)  as 

du  _  Xh  —q  +  Xi{hi  —  fti) 

dhi  hi  hi 

By  nondimensionalizing  this  expression  and  using  (3)  one  obtains 


(7) 


+  £/■(!  -  r) 


(8) 
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Rottmaa  acd  Simpson  (1933),  Kranenbiirg  (1993),  as  well  as  Keller  and  Chyou  (1991) 
derived  their  relations  for  the  change  of  the  flow  along  simple  interfacial  waves  from 
the  inviscid  shallow  water  equations.  Keller  and  Chyou’s  relations  are  for  ducted  ncn- 
Boussinesq  flows  and  can  be  shown  eqmvalent  to  (8).  There  are  a  number  of  substitu¬ 
tions  that  convert  (8)  into  standard  forms  of  the  Abelian  diflerential  equation  of  the  first 
kind,  but  no  general  analytical  solution  was  found.  For  the  special  case  of  Boussinesq 
flows,  i.e.  when  r  and  a  both  approach  a  value  of  one,  the  variables  can  be  separated. 
By  substituting  U  =  ain{(f)  and  ^  =  [1  -b  3tn(tf)]/2,  (8)  can  then  be  written  as 

d<i>  =  ±d6  (9) 


where  the  upper  sign  still  applies  for  the  leading  wave  system  and  the  negative  sign  to 
the  trailing  system.  After  integrating  from  starting  points  <j>o  and  $q,  we  obtain  in  terms 
of  the  original  variables 


U  =  5in{arosm(Uo)  ±  [arcsm(2^  ~  1)  “  nrcAm(2^o  —  f)]}  (10) 


where  the  sign  convention  is  the  same  as  fur  (9).  Fig.  3  represents  two  solutions 
generated  &om  (10)  for  simple  waves  which  are  due  to  the  collapse  of  slender  slabs  of 
fluid  along  the  siuface  of  a  body  of  somewhat  denser  flmd  (solid  curves).  To  facilitate 
the  physical  interpretation  of  the  curves  the  vertical  axis  is  the  one  representing  the 
interface  level,  i.e.  the  independent  variable.  The  direction  of  the  collapse  is  towards 
the  left  and  associated  with  the  leaxliug  wave,  such  that  the  velocity  difference  u  across 
the  interface  is  positive  and  the  positive  sign  in  (10)  applies.  Curves  are  drawn  for 
two  slabs  of  different  thickness  1  —  (o<  The  slab  interfaces  are  initially  at  (o  =  .5  wd 
^0  —  .75,  and  all  fluid  is  initially  at  rest  (17o  —  0).  These  initial  conditions  axe  marked 
by  solid  circles  in  Fig.  3.  For  the  thicker  one  of  the  two  slabs  (10)  degenerates,  and 
the  corresponding  curve  is  a  straight  line.  The  speed  A  at  which  a  characreristic  point 
moves  along  the  duct  can  now  be  obtained  by  setting  r  — v  1  in  (3)  and  by  combining 
the  result  with  (10),  or  by  evaluating  the  corresponding  expressions  in  and  6.  Results 
for  zero  throughflow  {Q  =  0)  are  shown  in  Fig.  4.  Again,  the  same  two  starting  p.'>ints 
{o  with  Uio  =  0  are  chosen  as  in  Fig.  3,  and  marked  by  flUed  circles.  The  curves  for  A"*" 
starting  at  these  points  also  reflect  the  shape  of  the  simple  wave  since  the  distance  x 
which  a  characteristic  point  has  travelled  along  the  duct  in  a  time  t  after  release  is  Xl, 
and  thus  proportional  to  the  interface  velocity  A  at  any  height  To  emphasize  the  fact 
that  the  left  end  of  the  slabs  collapses,  a  small  part  nf  the  remaining  horizontal  slab 
surface  is  shown  just  to  the  right  of  the  starting  point.  It  should  be  mentioned  here  that 
the  shape  of  the  interface  near  the  point  where  it  meets  the  free  surface  is  not  reulisi,ic. 


The  reason  is  that  the  shallow  water  equations  do  not  account  for  a  stagnation  point 


which  is  present  at  the  tip  of  the  collapsing  re^ou.  This  stagnation  point  produces 
a  blunt  {font,  which  was  considered  by  Kranenburg  (1993)  and  other  investigators  of 
simple  waves  (see  also  Fig.  5). 

Finally,  the  interface  curves  for  slender  dense  slabs  collapsing  to  the  along  the  bot¬ 
tom,  as  the  one  shown  in  Fig.  2,  are  symmetrical  to  those  shown  here  about  the 
horizontal  axis  at  ^  =  0.5. 
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Instabilities 

Rottman.  and  Simpson  (1385)  noted  that  for  slabs  thicker  than  one-half  the  water  depth 
the  maximuin  of  the  interface  speed  does  not  occur  at  one  of  the  end  points  of  the 
corresponding  simple  wave,  but  somewhere  along  it.  This  leads  to  the  formation  of  a 
bore,  a  region  of  rapidly  varying  flow  which  is  associated  with  energy  dissipation.  Stable 
simple  waves  are  tiuss  only  possible  over  parts  of  these  curves  which  do  not  include  a 
minimum.  The  vaiue  of  1/  at  the  maxima  of  the  interface  curves,  for  ducted  flows  was 
derived  by  Buhler  (1S94),  and  for  Boussinesq  flows  it  is 

(11) 

where  the  negative  sign  appiies  for  the  leading  wave  field.  The  corresponding  relation 
does  not  intersect  with  the  two  curves  in  Fig.  3,  so  that  no  bores  are  expexted  on 
the  inteiface,  and  the  only  point  which  is  included  in  (11)  is  the  lower  one  of  the  filled 
circles  in  Fig.  3.  Long  (1956)  showed  that  a  second  type  of  instability  arises  when 
the  long  wave  speeds  become  imaginary,  i.e.  when  the  expression  in  the  root  of  (3) 
becomes  negative.  For  Boussinesq  flows  this  occurs  when  U  >  1.  Fig.  3  shows  that 
this  instability  is  not  relevant  for  the  flows  under  consideration.  Interfacial  instability 
is  also  possible  at  shorter  wavelengths  and  entails  local  mixing  of  the  two  fluids  near 
the  interface.  Eliison  and  Turner  (1959)  suggested  that  mixiirg  is  largely  absent  when 
the  bulk  Richardson  number  of  a  gravity  current  is  less  than  about  0.8.  For  the  case 
considered  here  this  means  that  no  mixing  is  expected  when 

If*  <  1.25(1  -  0  (12) 

This  limit  is  also  shown  in  Figs.  3  and,  by  maldug  use  of  (3),  in  Fig.  4. 


Experiments 

The  solutions  (3)  and  (10)  aie  based  on  the  invisdd  shallow  water  equations,  and  it 
of  interest  how  much  the  interface  is  changed  by  tniving  and  other  real  fluid  effects. 
To  provide  a  basis  for  such  comparisons,  two  experiments  were  carried  out  for  slender 
slabs  extending  over*  less  than  one  half  the  water  depth.  The  fluid  was  contained  in  a 
glass-walled  tank  3m  long,  0.25m  wide,  and  0.55m  deep.  A  removable  vertical  gate  was 
installixl  at  1.76m  from  the  right  end  of  the  tank.  A  gap  was  left  between  the  lower 
end  of  the  gate  and  the  bottom  of  the  tank.  To  run  an  experiment  the  tank  was  filled 
with  slightly  salty  water  to  a  depth  of  0.336m.  For  the  first  experiment  the  density  of 
the  salt  water  was  p2  =  lOOG.lfcy/m®,  for  the  second  one  lOOS.ljfcjf/m*.  Fresh  water 
(pi  =  999.76kg/m^)  containing  some  dye  was  carefully  and  slowly  released  onto  the 


water  surface  on  the  ught  side  of  the  gate  until  the  total  watei'  depth  was  u.4o7'ri..  In 
the  absence  of  mixing  this  procedure  would  have  led  to  a  sharp  interface  at  =  0.54. 
Finally,  some  detergent  was  released  on  the  surface  to  the  right  of  the  gate  to  reduce 
the  surface  tension  and  the  height  of  the  frontal  region  of  the  collapsing  slab.  The  gate 
was  then  removed  to  start  the  flow.  Still  pictures  of  the  advancing  wave  were  taken  at 
intervals  of  1.5s  imtil  the  front  was  reflected  at  the  wall,  and  started  interfering  with 
the  flow  in  the  re^on  of  interest.  Fig.  5  is  a  picture  of  the  flow  in  experiment  2,  and 
B.t  t  —  17.5s  after  the  release.  It  was  taken  against  a  semitransparent  paper  illuminated 


from  behind,  and  shows  the  remaimng  part  of  the  initial  slab  interface  on  the  right  at 
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a  level  of  =  0-52.  The  simple  wave  starts  further  to  the  left,  and  ends  in  a  front. 
The  initial  location  of  the  retaining  gate  at  x  =  0  is  marked  by  a  vertical  arrow.  The 
results  for  both  experiments,  and  at  20.5s  after  the  iceleaae  are  shown  in  Fig.  4.  One 
rather  striking  resrdt  is  the  hump  just  to  the  left  of  Ellison  and  Turner’s  limit  (12).  The 
hump  is  also  visible  in  Fig.  5,  and  appears  to  be  a  remnant  of  large  structures  near 
the  lower  &inges  of  the  frontal  re^on,  which  is  gradually  left  behind  and  grows  in  size. 
An  influence  of  standing  surface  waves  on  the  evolution  of  the  hump  is  unlikely  as  the 
time  scales  of  the  two  motions  are  quite  different.  Another  noteworthy  feature  of  the 
results  is  the  slope  of  the  interface  near  the  point  0.5, 0, 5.  At  this  point  a  maximum 
of  the  interface  speed  is  reached  according  to  (11),  and  the  interface  slope  should  be 
infinite,  while  the  experimental  data  suggest  a  moderate  slope.  This  discrepancy  reflects 
the  weakness  of  the  shallow  water  concept  in  locations  where  the  flow  is,  or  shoiild  be, 
rapidly  varying. 

Conclusions 

An  analytical  solution  for  the  shape  of  simple  waves  in  two-layer  flows  is  presented.  So¬ 
lutions  for  the  shape  of  these  waves  are  based  on  the  inviscid  shallow  water  equations, 
and  experiments  were  carried  out  to  determine  errors  caused  by  the  rmderlying  simpli¬ 
fying  assumptions.  The  results  for  the  collapse  of  a  slender  slab  of  fresli  water  along 
the  aiurface  of  a  body  of  salt  water  (Fig.  5)  agree  reasonably  well  with  predictions  (Fig. 
4),  except  that  the  real  interface  does  not  show  abrupt  changes  in  slope,  and  that  a 
growing  disturbance  was  observed  in  a  region  where  interfacial  mixing  can  be  expected. 
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Fig.  4  Velocity  A  of  the  inteiface,  refiectiog  the  shape  of  the  collapse  region 


Fig.  5  Collapse  of  a  slender  slab  of  freshwater  in  a  body  of  saltwater.  The  arrov/  marks 
the  position  of  the  retaining  wall  before  its  removal. 
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Abstract 

Experimental  results  from  an  on-going  research  program  on  3-D  density  currents  are 
presented.  The  experiments  were  conducted  In  a  large  laboratory  basin  so  as  to 
achieve  rather  large  Reynolds  numbers  and  avoid  interference  with  side  or  end  walls. 
Results  from  visual  observatior\s  obtained  via  photographic  records  for  four  different 
bottom  slopes  between  5°  and  15°  arc  presented  in  non-dimensional  form  and 
discussed  in  comparison  to  earlier  investigations.  It  is  found  that  In  most  cases  the 
current  attains  a  nearly  constant  width,  with  minima!  further  growth.  This  width  is 
proportior^  to  a  length  scale  expressed  in  terms  of  the  initial  buoyancy  flux  arxi 
density  difference,  with  no  influence  of  the  initial  widtii,  the  coefficient  of 
proportionality  being  dependent  on  the  bottom  slope. 

1-  Introduction 

The  betiaviour  of  3-D  steady  density  currents  on  a  sloping  bottom  has  been  little 
studied  so  tar,  despite  considerable  work  on  2-D  currents,  in  a  recent  review,  Aiavian 
et  a)  [2]  state  tiiat  3-0  currents  attain  an  equilibrium  condition  given  by  linear  inaease 
of  depth  and  lateral  width,  and  a  constant  normal  Richardson  number.  Yet, 
experimental  evidence  from  available  previous  studies  yields  widely  different  estimates 
of  the  rate  of  spread  of  such  currents,  rating  from  nearly  0°  to  nearly  90°. 

Fietz  and  Y/ood  [51  were  the  first  to  conduct  an  experimental  study  of  3-D  currents: 
they  used  a  small  tank  12x0.9  rn  and  placed  the  dense  inflow  near  the  wall,  therefore 
they  recorded  the  development  of  half  of  the  current  field.  They  observed  that 
turbulent  currents  spread  ^most  linearly,  at  angles  ranging  between  30°  and  84°, 
depending  on  the  initial  Richardson  number,  and  always  considerably  larger  than 
respective  laminar  currents.  Reliance  on  these  conclusions,  however,  is  doubtful  due 
to  the  severe  wall  effects.  Hauenstein  and  Dracos  [6]  investigated  the  phenomenon  of 
plunging  3-D  currertts  in  a  large  basin  10x6  m  and  proposed  an  Integral  model  based 
on  the  concept  of  a  radial  source  of  buoyancy.  They  found  out  that  the  assumption  of 
linear  growth  of  the  current's  lateral  bourxiahes  was  not  satisfactory.  Aiavian  [1] 
presented  limited  experimental  results  obtained  in  a  2  m  long  tank  and  suggested  that 
3-D  currents  tend  to  attain  a  normal  state  with  a  constant  Richardson  number,  where 
the  depth  arxi  widin  of  the  curreni  rerriain  nearly  constant,  their  subsequent  growth 
depetxiirrg  only  on  the  (smali)  entrainment  rate.  Tsihrintzis  [7]  presented  more 
extensive  results  obtained  in  the  same  experimental  facility  leading  to  the  same 
conclusion;  he  also  distinguished  three  flow  regin'ies,  i.e.  lamirrar,  traisitiona!  and 
turbulent.  According  to  his  results  tho  generation  of  turbulent  currents  requires  at  the 
iniet  Reynolds  numbers  in  excess  of  about  1000.  The  evolution  of  3-D  currents  was 
also  studied  numerically  by  Tsiiirintzis  [7]  and  Tsihrintzis  and  Aiavian  [8]. 
Christodoutou  [3]  attempted  to  generalize  in  notvdimerisional  form  Alavian's  [1]  results 
concerning  the  normal  width. 

The  objective  of  the  present  study  Is  a  systematic  examination  of  the  basic 
characteristics  of  3-D  currents  by  means  of  extensive  experiments  in  c  large 
experimental  basin,  so  that  (i)  Reynolds  numbers  are  sufficiently  high  for  turbulent  flow 
to  occur  in  most  cases  and  (ii)  interference  with  side  or  end  wall?,  is  avoided.  The 


experimental  study  is  supplemented  by  theoretical  model  development,  extending 
previous  investigations.  In  this  paper,  results  concerning  plume  growth  as  obtained 
through  photographic  records  are  presented  and  discussed. 


The  experiments  were  conducted  in  the  Applied  Hydraulics  Laboratory  of  tiie  NTU  of 
Athens,  in  a  large  basin  7  m  long,  5  m  wide  and  0.7  m  deep.  One  of  its  sidewalls  was 
made  of  plexiglass,  allowing  a  side  view  of  the  flowing  current.  The  dense  fluid  was 
supplied  through  a  small  channel  and  released  at  the  top  edge  of  a  metal  slab  which 
was  positioned  inside  the  basin  at  the  desired  slope.  The  slab  consisted  of  corrugated 
steel  sheets  which  were  placed  together  and  properly  supported  on  aluminum  legs  so 
as  to  form  flat  rigid  surfaces  4  rn  wide  and  2  m  long.  By  adjusting  the  height  of  the 
supporting  legs,  the  slope  of  the  slab  could  be  varied.  For  small  slopes  a  second  2  m 
long  slab  was  added,  so  that  the  total  length  was  4  m.  Before  placement  the  slabs 
were  painted  white  and  had  a  10x10  cm  grid  drawn  on  them,  to  facilitate  visual 
observation. 

The  dense  fluid  consisted  of  a  saltwater  solution  which  was  well  mixed  to  the  desired 
density,  measured  at  the  beginning  and  end  of  each  experiment  to  an  accurancy  of  + 
0.001  gr/cm^.  The  saltwater  solution  was  supplied  to  the  inflow  channel  from  a  nearly 
constant  head  tank  through  a  plastic  pipe  equipped  witSt  vanes  for  controlling  live  flow 
artd  with  a  specially  designed  onfice  meter,  connected  to  a  precalibrated  carbon 
tetrachloride  differential  manometer  for  flow  measurement.  Before  each  run,  the  basin 
was  slowly  filled  with  tap  water,  and  allowed  to  rest  for  more  than  one  hour  to  avoid 
residual  ambient  circulation.  Then  the  dense  fluid  was  introduced  from  the  inflow 
clwnnol  onto  the  bottom  slab.  Preliminary  runs  indicated  that  1  to  3  minutes  were 
required  for  toe  dense  front  to  travel  the  entire  slab  length  depending  on  the  bottom 
slope,  slab  length  and  Initial  discharge;  therefore,  colour  was  injected  after  the 
respective  time,  so  that  the  behaviour  of  the  desired  steady  part  of  the  current  was 
observed.  The  colour  was  supplied  through  a  separate  reservoir  and  a  series  of 
photographs  were  being  taken  from  a  n'.oving  platform  suitably  located  at  6  m  above 
ground  level.  The  colour  consisted  of  a  kaKum  permanganate  solution  and  its  flowrate 
v/as  taken  into  account  in  the  value  of  initial  discharge,  being  of  the  order  of  5%  of  the 
dense  inflow, 

F-igure  1  shows  schematically  the  experimental  setup.  Excluding  preliminary  runs,  a 
total  of  63  experiments  were  carried  out  in  four  series,  corresponding  to  different 
bottom  slopes,  i.e.  15°,  10°,  7.5°  and  5°;  further  experiments  on  a  2°  slope  are 
presently  underway.  Table  !  presents  a  summary  of  tfwj  experiments,  indicating  toe 
range  of  parameters  examined.  For  comparison,  available  similar  data  from  previous 
studies  are  also  shown. 

3.  Results  and  Discussion 

Figures  2  and  3  show  samples  of  the  pfiotographs  taken,  which  Illustrate  consecutive 
stages  of  the  coloured  dense  plumes.  Analysis  of  the  photographic  records  allows 
quantitative  estimates  of  the  longitudinal  velocity  on  the  axis  u(x),  and  the  width  of  ttie 
currenl,  b(x).  The  thickness  of  the  current,  h(x),  was  observed  only  qualitatively  by 
side  v'tew  of  the  coloured  plume  in  selected  runs.  In  general  it  was  seen  that  the 
currenl  upon  entrance  to  the  basin  undergoes  a  rapid  lateral  spreading  and  at  the 
same  time  a  severe  reduction  of  height,  in  a  way  resembling  the  plunging 
phenomenon.  Further  downstream,  the  current  height  changes  only  slightly,  whereas 
the  widto  continues  to  inaease  significantly,  but  at  an  ever  decreasing  rate,  to  the 
experimental  series  carried  out  on  the  2  m  long  slab  it  was  often  not  clear  whether  a 
'normal"  width  has  been  reached  by  the  end  of  the  slab,  i.e.  a  width  witfi  slight 
(approaching  zero)  linear  further  growth.  In  the  experiments  carried  out  on  the  4  m 


long  slab  it  was  evident  that  such  a  norma!  width  condition  was  indeed  reached  at  a 
distance  usujily  2.0  to  2.5  m  from  the  origin:  specifically,  the  increase  of  width  db/dx 
beyond  this  distance  was  estimated  at  0.1  or  less. 

Previous  research  [1,7]  suggests  titat  the  increase  of  width  at  the  normal  stage  of  tlie 
3-D  current  should  be  related  to  the  entrainment  rate,  as  follows: 

db/dx  =  3E  (1) 

where  E  depends  on  tlie  normal  Richardson  number  Ri^.  To  an  order-of-magnitude 
approximation,  the  value  of  Rin  may  be  obtained  as  [1,2]: 

Rin  =  tan6)  (2) 

where  c^j  is  the  bottom  friction  factor,  Cj  is  a  shape  factor  and  6  is  the  bottom  slope.  In 
the  present  experiments  on  a  smooth  bottom,  a  value  of  c,j  of  the  order  of  0.01  was 
found  appropriate.  Therefore,  using  Cj  =  0.75  [1],  and  for  8  -  5°  to  15°,  the  range  of 
Rif,  is,  approximately,  Rif,  =  0.15  to  0.05.  According  to  Christodoulou  [4],  the 
entrainment  rate  for  Rin<1  may  be  estlmatcsd  by 

E  =  0.007  Rir,-''/2  (3) 

Therefore,  for  Rip  between  0.15  and  0.05,  the  respective  range  of  E  is  E  =  0.018  to 
0.031.  Consequently,  based  on  eq.(1),  the  predicted  rate  of  increase  of  the  width  is  at 
most  0.1,  i.e.  of  the  same  order  as  expeiimentaliy  found,  taking  into  account  the 
accuracy  of  the  method  used.  While  the  detailed  analysis  of  the  records  is  still  in 
progress,  the  width  of  the  plume  at  the  beginning  of  small  linear  increase  as  discussed 
above  was  considered  as  the  “normal"  width  b,,.  It  was  attempted  to  correlate  this 
normal  width  to  the  initial  width  of  inflow,  bo,  or  to  other  flow  variables.  By  comparing 
results  with  bo  =  5.0  cm  and  bg  =  2.8  cm  it  became  clear  that  bf,  does  not  depend  on 
the  initial  width;  instead,  bf,  correlates  very  well  with  the  buoyancy  flux  and  the  initial 
density  difference.  Through  dimensional  considerations,  the  following  expression  was 
established; 


bf,  /  (B2/g'3)1/5  =  K  (4) 

where  g'  =  gApo/P  is  the  effective  intensity  of  gravity  based  on  the  density  difference 
of  inflow  (Apo),  and  B  =  g'Q  is  the  buoyancy  flux. 

Figure  4  shows  the  correlation  of  experimental  data  with  eq.(4).  Despite  the 
experimental  scatter,  it  may  be  seen  that  eq.(4)  represents  well  all  experiments,  with 
a  different  value  of  the  constant  K  for  each  iiittom  slope.  The  value  of  K,  determined 
by  least-squares  analysis,  is  found  to  increase  with  decreasing  bottom  slope,  as 
follows: 


0  =  15° 

K  =  33.5 

(5.1) 

0=10° 

K  =  36.4 

(5.2) 

0  =  7.5° 

K  =  39.8 

(5.3) 

e  =  5° 

K  =  45.0 

(5.4} 

It  is  to  be  noted  fliat  even  experiments  with  relatively  small  Reynolds  numbers,  which 
may  conceivably  belong  to  the  transitional  or  even  iaminar  regine,  are  also  well 
described  by  the  above  general  expression,  within  the  observed  experimental  scatter. 
Besides,  In  Fig  4  the  experimental  data  of  Alavian  [1]  are  included,  which  clearly 
represent  laminar  currents.  Those  data  are  also  in  fair  agreement  with  the  propc'sed 
expression. 


It  may  therefore  be  concluded  that  the  width  bf,  at  the  beginning  of  the  norma!  state  of 
a  3-D  current  on  a  smooth  surface  depends  uniqueiy  on  the  length  scale  (B2/g'3)1/5 
and  the  bottom  slope;  the  initial  width,  bo,  has  no  influence  as  iong  as  it  remains  smail, 

i.e.  bo<(B2/g'3)1/5, 

4.  Conclusions 

Results  are  presented  from  an  experimental  investigation  of  mostly  turbulent  3-D 
density  currents,  carried  out  in  a  large  laboratory  basin.  Analysis  of  photographic 
records  tends  to  support  earlier  eviderx^  about  the  attainment  of  a  normal  state,  in 
which  the  current  dimensions  grow  only  marginally.  The  current  width  at  the  beginning 
of  the  normal  state  is  found  to  depend  mainly  on  a  length  scale  consisting  of  the 
buoyancy  flux  and  the  effective  gravity,  as  given  by  eq.  (4).  The  constant  K  depends 
on  the  tottom  slope  but  not  on  other  experimental  variables  in  the  ranges  studied. 
Further  work  on  the  behaviour  of  3-D  currents  is  in  progress. 
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Figure  1 .  The  experimental  setup 


Figure  3.  Views  of  a  density  current  on  a  5°slope  at  various 
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times  after  the  injection  of  colour;  Q=100cm  /s, 
Ap_/p  =  0.030,  =  2943  cm'^/s'^,  Re^  =  2000 
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INTRODUCTION 

Mixing  at  the  front  of  a  gravity  current  such  as  a  saline  flow  or  a  turbidity  current 
depends  on  two  main  processes,  '^ey  consist  of  (a)  Kelvin-Helmholtz  billows  which  roll  up  in 
the  region  of  velocity  shear  above  the  front  of  the  dense  current,  and  (b)  a  complex  shifting 
pattern  of  lobes  and  clefts  which  form  near  the  bottom  at  the  lower  part  of  the  leading  edge 
(Simpson,  1987).  It  has  been  suggested  that  mixing  at  the  front  of  tumidity  currents  plays  an 
important  role  on  the  dynamics  of  such  flows,  regulating  their  capacity  to  transport  sedunent  for 
long  distances  as  well  as  the  characteristics  of  the  sedimentary  structures  that  they  generate 
along  their  pjdh  (Allen,  1971).  However,  our  present  ability  to  quantify  the  imp^t  of  frontal 
mixing  on  the  dynamics  of  dense  bottom  currents  is  quite  limited  Probably  the  main  reason  for 
the  limited  amount  of  data  obtained  through  laboratory  experiments  and  field  work  is  the 
unsteady  nature  of  the  phenomenon  under  consideration.  The  fact  that  a  current  front  is 
continuously  moving  as  the  flow  evolves  with  distance,  renders  the  measuring  of  its  internal 
structure  a  \'ery  difficult  task,  both  in  the  laboratory  (Altinakar  et  al.,  1990)  and  in  nature  (Hay 
et  al,  1982).  If  the  issue  of  unsteadiness  could  be  resolved,  the  potential  for  obtaining 
quantitative  data  and  detailed  observations  on  fluid-sediment  dpaniics  would  be  vastly 
increased.  This  has  motivated  the  experiments  reported  herein,  which  are  part  of  a  long-temi 
program  to  study  the  dyiuimics  of  gravity  currents  in  continental  shelves  and  slopes. 

EXPERIMENTAL  APPARATUS 

An  experimental  tank  specially  designed  to  freeze  the  motion  of  unsteady  gravity  current 
fronts  was  constructed  for  the  experiments,  The  tank  is  similar  to  but  larger  than  the  one  used 
by  Simpson  and  Britter  (1979).  A  schematic  of  the  facility  is  shown  in  Figure  1.  The 
apparatus  includes;  a  channel  fabricated  with  clear  Plexiglass  having  a  moving  conveyor-floor 
portion  and  a  flxed-bed  portion,  a  headbox  with  flow  condidouers,  a  tailbox  reservoir  with  an 
adjustable  weir,  a  sediment-water  mixing  reservoir  with  a  constant-head  tank,  two  pumps, 
valves  and  piping  with  flow  meters,  and  a  supporting  structure.  The  working  channel  is  300 


cm  per  second.  Downstream  of  the  conveyor  belt,  a  75  cm  long  portion  of  the  ISO  cm  long 
fixed-bed  region  of  the  channel  has  a  false  floor  that  allows  for  placement  of  a  sediment  bed  to 
enable  erosion  studies.  A  sliding  slot  valve  is  installed  at  the  downstream  end  of  the  flume  to 
regulate  the  flow  of  dense  fluid.  A  25(K)  liter  working  capacity  reservoir  is  used  to  prepare  the 
dense  fluid  by  mixing  salt  or  sediment  with  water.  A  pump  conveys  the  dense  fluid  to  a  500 
liter  constant  head  ta^  from  were  it  is  delivered  at  a  controlled  rate  to  the  slot  valve.  A  broad 
crest  weir  mounted  just  behind  the  slot  valve,  regulates  the  water  depth  along  the  working 
channel  anywhere  from  10  cm  up  to  48  cm.  Tlie  water  that  flov/s  over  the  wcii-  goes  into  a  tank 
with  a  2000  liter  capacity  from  were  it  is  pumped  back  to  the  upstream  end  of  the  channel.  The 
flow  rates  of  dense  fluid  and  fresh  water  are  monitored  with  the  help  of  Venturi  flow  meters. 
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Figure  1.  Schematic  of  expenmental  apparatus  (not  to  scale) 
EXPERIMENTAL  TECHNIQUE 

In  this  set  of  experiments  only  conservative  saline  currents  have  been  studied.  Their 
behavior  can  be  expect^  to  be  quite  similar  to  that  of  turbidity  currents  laded  with  very  fine 
sediment  (Garcia,  1993).  'fhe  experiments  were  started  by  setting  the  conveyor  belt  to  a  desired 
speed  and  by  adjusting  the  discharge  of  fresh  water  over  tlie  weir  and  the  weir  height  so  as  to 
produce  a  mean  flow  velocity  in  the  channel  equal  in  direction  and  magnitude  to  that  of  the  belt 
(i.e.  slip  veloci^  condition).  Dense  water,  previously  prepared  in  the  mixing  tank  by  adding 
salt,  was  then  introduced  through  the  slot  valve  at  a  measured  rate,  thus  creating  a  density 
current.  The  discharge  of  dense  fluid  was  varied  until  reaching  a  steady  state  in  which  the 
current  front  was  arrested  Just  in  front  of  the  end  of  the  conveyor  belt  but  still  on  the  fixed-bed 
portion  of  the  channel.  At  this  point  the  front  chardcteristics  were  measured.  Such  equilibrium 
configuration  inhibited  the  formation  of  lobes  and  clefts  near  the  bottom  at  the  lower  part  of  the 
leading  edge  and  isolated  the  effect  of  the  Kelvin-Helmholtz  billows  at  the  upper  edge  of  tiie 
density  current  front 


Figure  2.  EleTmition  diagram 


ANALYSIS 


Consider  the  situation  described  in  Figure  2.  Tiic  independent  variables  are  the  flow 
velocity  in  the  channel  (Ul),  the  total  flow  dcjpth  (hi),  the  reduced  gravity  (g')  due  to  excess 
fractional  density,  and  the  discharge  per  unit  width  of  dense  fluid  (q).  The  dependent  variables 
of  interest  are  the  density  current  velocity  (Uf)  and  the  depth  of  the  body  (h4).  Following 
Blitter  and  Simpson  (1978),  dimensional  analysis  can  be  used  to  obtain  the  lelation: 
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For  given  Ul  and  hi,  the  buoyancy  discharge  g'q  can  be  adjusted,  as  it  was  done  in  the 
experiments,  until  the  velocity  of  the  front  (Uf)  is  equal  to  zero,  lliis  yields: 
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From  (1)  and  (2)  it  follows  that 
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For  the  purpose  of  comparison  with  tlie  observations  of  both  Blitter  and  Simpson  (1978)  and 
Simpson  and  Brittcr  (1979),  (3)  is  modified  to 


Uii 

g'ti4 


(5) 


where  <I>5=<t>3(hl/h4),  witliout  any  loss  of  generality.  Figure  3  shows  a  plot  of  observations 
corresponding  to  the  relationship  implied  by  (S).  The  data  fall  between  the  limits  set  by  the 
observations  of  Britter  and  Simpson  (1978)  and  Simpson  and  Brittcr  (1979)  which  correspond 
to  slip  and  no-slip  velocity  conditions;  respectively.  This  suggests  that  the  formation  of  lobes 
and  clefts  may  not  have  bwn  totally  inhibit^  during  the  present  experiments  as  corroborated  by 
casual  observation. 


The  most  important  parameter  for  the  present  study  is  the  dimensionless  mixing  rate; 
g'q/Ul'^S.  A  plot  of  the  observed  values  of  mixing  rates  is  shown  in  Figure  4.  For  the  sake  of 
comparison,  the  data  of  Blitter  and  Simpson  (1978)  obtained  under  sinular  conditions  are  also 
included  in  the  graph. 
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Figure  4.  Dimensionless  mixing  rates 


The  Hara  range  is  restricted  by  the  amount  of  saline  flow  that  can  be  measured  accur  ately  in  tire 
experimental  facility  at  low  mixing  rates,  and  by  a  critical  condition  at  the  upper  end.  Sucii  an 
upper  limit  is  interesting  because  the  data  in  this  study,  Britter  and  Simpson  (1978)  and 
Simpson  and  Britter  (1979)  suggest  a  critical  dimensionless  entrainment  rate  of  a'oout  0.3. 
Above  this  level  it  was  found  that  all  fronts  could  not  exist  as  such  and  became  unstable,  mixing 
up  completely  widi  the  clear  water. 

The  observed  dimensionless  mixing  rates  display  a  pattern  that  seems  to  be  liaTuenctd  by  the 
depth  of  the  clear  water,  as  determined  by  the  clear  water  discharge  and  tire  height  of  tlic  weir. 
After  careful  inspection  of  the  data,  it  was  found  that  a  different  parameter,  that  is  not 
dimensionless,  can  account  for  such  behavior.  This  parameter  is  the  velocily  cf  a  given  front 
moving  throu^  a  still  water  body  divided  by  the  deptli  of  the  water  body  (Ui/hl).  Such  a 
parameter,  gives  a  measure  of  the  amount  of  time  the  front  takes  to  travel  a  distance  equal  to  tlie 
depth  of  the  body  it  is  intruding.  In  this  fashion,  short  travel  times  would  be  characteristic  of 
shallow  environments  and  long  travel  times  would  be  representative  of  deep  water  bodies.  In 
these  experiments,  the  travel  time  of  die  front  is  fairly  constant  (widiin  10%)  for  each  of  the 
weir  heights  considered  in  the  present  experiments.  What  is  even  more  unique  ab<3ut  the 
behavior  of  the  travel  time,  as  it  can  be  observed  in  Figure  S,  is  that  the  differences  between 
each  subset  of  experiments  is  representative  of  the  differences  in  the  rates  of  mixing  for  a  given 
height  ratio  (h4/hl).  Also  of  interest,  is  the  fact  that  the  slope  of  the  mixing  rare  lines  are 
relatively  constant  and  equal  to  about  three  for  all  the  weir  heights  considered.  On  die  other 
hand,  the  different  mixing  rate  lines  in  Figure  5,  give  difrerent  v^ues  of  (h4/hl)  for  no  mixing. 
Such  values  would  imply  that  there  is  a  condition  for  which  a  dense  bottom  layer  of  a  certain 
height  (h4)  could  exist  without  entraining  the  clear  water  above.  This  condition,  in  which  a 
density  wedge  forms  at  the  comer  of  the  channel,  has  been  observed  in  these  experiments  when 
the  supply  of  dense  fluid  was  suppressed  and  the  clear  water  flow  velocity  was  small. 


h4/bl 


Figure  5.  Relation  between  travel  time  and  mixing  rate  lines 
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Fig(irc  6.  Trend  of  the  mixing  rate  intercept  with  travel  time 

IMFLICAIIONS  FOa  BOTTOM  CURRENTS  IN  NATURE 

in  Figure  d,  the  variation  of  the  n, eight  ratio  (h4/hl)  for  which  there  is  no  mixing  in  the 
experiments  is  seen  to  decrease  exponentially  wijh  travel  time.  On  continental  shelves,  where 
water  depths  aie  on  the  order  of  100  meters  and  current  velocities  are  of  about  1  m/s  (Garcia, 
1952),  chaiacteristic  navel  times  will  be  on  the  cider  of  100  seconds.  Assuming  that  the 
cxpoi'ential  decay  displayed  in  Figure  6  is  valid  for  large  scale  flows,  the  dimcnsioolcss  mixing 
rate  for  density  current  fronts  in  continemal  shelves  will  be  equal  to  three  times  the  ratio 
between  the  current  body  height  and  the  total  water  depth  (h4/hl).  Observations  suggests  that 
cuirent  depths  ar«  approximately  equal  to  5  meters  (Garcia,  1992),  thus  the  dimensionless 
mixing  rats  would  be  given  by 

Jp-  =  0.15  (6) 


From  Figure  3  and  using  h4/lil  =  0.05,  a  Froude  number  Uf/(g’h4)'^l/2  =  1.7  results.  Further 
reduction  gives  a  value  of  g'  =  0.07  'tiM2  and  an  excess  fractional  density  of  0.7  %  which  is 
quite  reasonable  for  dilute  currents  as  tire  ones  being  considered  herein. 
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A  gravity  current  is  a  gravity-driven  flow  by  the  current's  fluid-density  difference  from  that 
of  its  surroundings.  When  a  similar  flow  advances  into  a  quiescent  two-layer  fluid  of  wMch  the 
thinner  layer  has  the  same  fluid  density  as  the  advancing  current  and  distinct  wave  breaking  is 
formed  at  dre  leading  wave,  the  flow  is  called  air  intemd  bore.  Salient  features  of  graviQr 
currents  and  internal  bores  arc  investigated  in  a  horizontal  flume  with  a  lock-exchange  device, 
i.e.  by  I'fting  a  partition  that  initially  separates  fresh  water  from  saline  water. 

Up-to-date  luiderstanding  of  physic^  features  of  gravity  currents  are  summarized  in 
Simpson’s  book  (1987).  As  a  gravity  current  advances,  a  characteristic  'head'  is  formed  at  the 
leading  edge  of  the  gravity  current,  which  is  approximately  twice  as  deep  as^  the  following  flow. 
The  characteristics  of  the  head  are  considered  to  be  the  ones  that  conttol  the  entire  flow  behavior. 

The  head  profile  is  sensitive  to  the  Reynolds  number  (R  =  UhA'),  the  internal  Froude  number  (F 

=  U/Vg'h),  and  the  ambient  flow  conditions,  e.g.  the  total  flow  depth,  and  the  ambient  flow 
velocity,  its  direction  and  turbulence  intensity.  (Note  that  in  the  Peynolds  number  and  the 
internal  Froude  number,  U  is  tire  velocity  of  the  front  advancement,  h  is  the  depth  of  the  current 

behind  the  head,  v  is  the  kinematic  viscosity  of  the  fluid,  g'  is  the  buoyant  acceleration,  g'  =  (p^ 

-  pj)g/pi,  Pi  and  Pj  are  the  fluid  densities  of  the  ambient  and  the  current,  respectively,  and  g  is 
the  acceleration  of  gravity.) 

There  are,  according  to  Simpson  (1987),  two  types  of  instabilities  that  are  responsible  for  the 
mixing  associated  with  gravity  currents;  1)  billows  which  roll  up  in  the  region  of  velocity  shear 
above  the  advancing  front  and  2)  a  complex  shifting  pattern  of  'lobes  and  clefts'  located  on  the 
face  of  the  head.  Simpson  suggested  that  the  billow  formation  on  the  upper  surface  of  the  head 
is  similar  to  the  Kelvin-Helmholtz  instability.  Simpson  also  indicated  that  the  formation  of 
'lobes  and  clefts'  develops  from  the  lighter  fluid  that  is  overrun  by  the  gravity  current’s  foremost 
leading  edge.  (The  foremost  leading  edge  of  the  current  is  located  slightly  above  the  bed; 
approximately  1/8  of  tiie  total  height  of  the  head.)  Some  ambient  fresh  water  is  trapped  under  the 
head  and  entrained  into  the  current  from  the  bottom.  This  trapped  lighter  fluid  is  convected 
upward  through  the  denser  fluid  to  form  a  complicated  shifting  pattern  of  'lobes  and  clefts'  on 
the  front  face  of  the  head. 

Experiments 

Our  laboratory  experiments  were  performed  in  a  16.2  m  long,  0.61  m  wide  and  0.45  m  deep 
tanL  The  tank  was  initially  divided  into  two  separate  chambers  with  an  aluminum  gate:  the  from 
chamber  is  8.9  m  long  and  the  back  chamber  is  7.3  m  long.  For  the  gravity  cuirent  experiments, 
uniformly  mixed  saline  water  filled  the  back  chamber,  while  fresh  water  fiUed  the  front  chamber. 
For  the  internal  bore  experiments,  a  thin  layer  of  saline  water  was  placed  beneath  the  fresh  water 
in  the  front  chamber,  and  the  fluid  density  of  the  thin  layer  was  identical  to  that  of  the  saline 
water  in  the  back  chamber.  A  sharp  interface  was  established  by  introducing  saline  water  slowly 
through  a  diffuser  along  the  bottom  against  the  side  wall. 

Throughout  the  series  of  experiments,  the  total  depth  of  both  front  and  back  chambers  was 
set  at  36  cm.  A  gravity  current  or  an  internal  bore  was  created  as  a  lock-exchange  flow  by  lifting 
the  aforementioned  aluminum  gate  to  20  cm  from  the  bed;  this  partial  gate  opening  is  a  similar 
generation  scheme  as  that  used  by  Wood  &  Simpson  (1984),  which  minimizes  the  free-surface 
disturbance  created  at  the  gate  and  conttols  the  current  depth  to  approximately  9  cm. 

Observations  by  laser-induced  fluorescence  were  made  in  the  front-chamber  area  at  4.5  m 
downstream  from  Ae  gate,  approximately  50  times  the  average  saline- water  flow  depth;  all  the 
transient  disturbances  caused  by  the  gate  motion  should  have  sufficiently  subsided  in  the  area  of 


the  observation  and  measurements.  It  is  also  noted  that  the  length  of  the  back  chamber  is  long 
enough  so  that  flows  in  the  observation  area  are  not  disturbed  by  the  reflection  from  the  back- 
chamber  end  wall.  In  addition  to  the  flow  visualization,  fluid  density  profiles  were  measured  by 
vertically  traversing  a  conductivity-thennistor  probe. 

The  saline  water  densities  used  in  the  experiments  are  1002, 1005,  and  1025  kg/m^.  For  the 
internal  bore  experiments,  the  initial  saline-layer  thicknesses  in  the  front  chamber  are  0.5, 1.0, 
2.0,  and  3.0  cm.  The  cases  with  1002  kg/m^  saline  densities  are  focused  on  in  this  paper 
because  the  results  with  other  densities  are  qualitatively  similar:  tite  complete  set  of  chta  and  the 
results  were  reported  in  Grandinetti  (1992). 

Features  of  Gravity  Currents 

Figures  la  and  2  show  our  laser-induced-fluorescence  flow  images  of  a  gravity  current  in  a 
longitudinal  vertical  plane  at  the  center  of  the  tank  and  in  a  horizont^  plane  10.5  cm  above  the 
bed,  respectively.  For  the  images  shown  in  Hg.  2,  a  sketch  to  identify  the  locations  of  the  laser 


illuminating  planes  are  depicted  in  Fig.  2c.  Only  the  saline  water  (pj  =  1002  kg/m^)  was  dyed 
with  fluorescein,  and  appear  as  green-yeUow  regions,  having  been  illuminated  by  an  Argon-icn 
laser  sheet 

The  flow  image  in  Fig.  la  shows  the  formation  of  billows  on  the  front  face;  these  small-scale 
billows  are  found  to  be  t&ee-dimensionaL  This  can  be  verified  in  Fig.  2  where  the  front's  flow 
pattern  in  the  horizontal  plane  is  irregular.  This  is,  however,  different  from  t>pical  Kelvin- 
Helrnholtz  instability  features  in  a  plain  shear  flow  created,  for  exainple,  by  a  splitter  plate;  the 
billows  associated  with  the  Kelvin-Helmholtz  instability  are  at  least  initially  two-dimensional, 
i.s.  the  roll-up  features  of  billows  are  long-crested.  Instead,  the  three-dimensional  front 
formation  observed  here  is  consistent  wi&  the  'lobes  and  clefts'  pattnm  indicated  by  Simpson 
(1987). 

There  are  several  intriguing  features  in  Figs,  la  and  2  that  need  to  be  addressed.  ITie 
midcrside  entrainment  of  die  lighter  fluid  at  the  front  of  the  gravity  current  is  clearly  ^ri  in  Fig. 
la  where  the  entrapped  fresh  water  ascends  due  to  its  buoyancy.  The  leading  edge  is  inegular  as 
seen  in  Fig.  2,  including  the  formation  of  counter-rotating  eddies  (Fig.  2a),  which  .-ue 
presumably  associated  with  the  formation  of  U-shaped  vortex  loops  on  the  front  face.  In  the 
flow  following  the  front  (see  Fig.  2b),  the  pattern  is  irregular,  although  it  appears  to  be  an 
alternating  pattern  of  saline  and  fresh  water  rows  in  the  propagation  direction  indicating  periodic 
formation  of  large-size  eddies. 

Features  of  Internal  Bores 

Differences  in  initial  conditions  between  the  gravity  current  and  internal  bore  phenomena  ate 
minute:  whether  or  not  a  thin  layer  of  denser  fluid  is  present  initially.  A  limited  number  of 
previous  studies  on  internal  bores  are  toimd,  for  example,  in  Wood  and  Simpson  (1984), 
Wallace  and  Wilkinson  (1988),  and  Denton  (1990). 

Uur  experimental  results  in  Fig.  1  show  that  the  flow  characteristics  of  the  grevity  current 
and  inremal  bore  are  significantly  different  from  each  other,  even  when  the  pre-existing  front 
layer  of  the  denser  fluid  for  the  internal  bore  is  thin  (0.5  cm  for  Fig.  lb,  i.e.  approximately  1.4 
percent  of  the  total  depth).  Unlike  a  gravity  current,  the  front  face  of  an  intemd  bore  is  smooth, 
and  turbulence  is  generated  at  the  rear  side  of  the  'head'  by  flow  instability.  Figure  1  shows  that 
the  thinner  the  initial  froitt  layer,  the  steeper  the  front  face  and  the  earlier  the  formation  of  billow 
roll-ups.  Contrary  to  the  case  of  gravity  currents,  the  billow  formation  of  an  internal  bore 
re::embles  that  of  the  Kelvin-Heliuholiz  iusiabiiity,  which  appears  to  be  two-dimensional  at  least 
initially,  i.e.  the  flow  pattern  is  unifonn  in  the  direction  transverse  to  the  flow,  which  will  be 
verified  later. 

The  distinct  differences  in  the  features  between  gravity  currents  and  internal  bores  might  be 
explained  by  Simpson's  (1987)  'lobes  and  clefts'  formation  at  a  gravity  current’s  foremost 
leading  edge.  Such  formations  are  not  possible  in  an  internal  bore  because  ambient  fresh  water 
carmot  be  trapped  along  the  bottom  where  the  denser  fluid  aheady  occupies.  Further  explanation 
is  given  here  based  on  the  voracity  creation  mechanisms.  The  rate  of  change  in  flow  circulation 

r  moving  with  the  fluid  can  be  expressed  as: 
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for  the  fluid  witli  uniform  viscosity  p,  which  cau  t»  justified  since  viscosity  variation  is 
negligible  in  our  saline-fresh  water  experinaents.  In  C*),  u  is  the  fluid  velocity,  co  is  the  vorticity 

(i.e.  curl  u),  p  is  the  fluid  density,  F  is  the  flow  circulation,  and  A  is  the  area  vector  of  the 
surface  s  whose  boundary'  is  a  skgle  closed  curve  c.  Based  on  (*),  there  are  only  two 
mecltanisms  to  create  fluid  rotation  witliin  the  fluid  doiuain  (excluding  the  surface  at  the  solid 
boundary).  These  are  baroclinic  torque  (the  first  integrruid  tsna)  and  viscous-shear  torque  (the 
last  iniegrand  term)  (Y  eh,  1991)  both  of  which  require  the  presence  of  a  density  gradient.  Note 
that  the  second  integrand  in  (*}  represents  the  transfer  of  fluid  rotation  by  vorticity  diffusion 
from  fluid  parcels  adjacent  to  the  boundary  of  the  integration  surface  .s,  and  does  not  represent 
creation  of  new  fluid  rotation  within  the  fluid  domain. 

In  tli&  case  of  the  internal  bore,  the  fluid  parcels  along  the  interface  are  initially  quiescent  and 
irrotational.  Fluid  rotation  must  be  created  at  the  interface  by  baroclinic  torque:  the  pressure 
gradient  must  be  close  to  that  of  hydrostatic  condition  while  the  density  gradient  is  normal  to  the 
interface;  note  that  it  was  shown  by  an  order-of-magiiitude  analysis  that  viscous-shear  torque 
plays  an  insignificant  role  compart  with  the  role  of  barcelinic  tongue  (Yeh,  1991).  Once  fluid 
rotation  was  created  by  baroclinic  torque,  the  rotationaiity  is  advected  with  the  fluid  motion 
(Helmholtz's  theorem)  and  diffuses  by  viscous  effects.  This  property  manifests  itself  in  the 
formation  of  billows  bsliind  the  ridge  of  the  bore  flont. 

On  the  other  hand,  in  a  gravity  current,  tlte  fluid  parcels  along  the  interface  are  advected  from 
inside  of  the  advancing  current  The  fluid  within  the  cunent.  is  ahieady  vortical  due  to  turbulence 
induced  by  a)  wave  breaking  behind  the  head,  b)  entrapped  friish  water  imder  the  leading  edge  or 
nose  (Fig.  la),  c)  tlie  bottom  (no-slip)  boundary  condition,  and  d)  flow  distui'bance  cau^  by 
the  gate  opening;  hence,  fluid  parcels  along  the  interface  are  originally  vortical.  This  initially 
vortical  flow  results  in  three-dimensioiial  and  complicated  patterns  at  the  interface  of  the  head. 
The  nature  of  inhefently  vortical  flow  at  the  gravity-current  head  can  be  an  exjjlanation  for  'lobe- 
and-cleft'  formations  as  well  as  llte  reason  for  three-dimensional  small-scale  billow  formations. 

It  appears  in  Fig.  1  and  in  other  images  not  presented  here,  that  the  vortex  formation  behind 
the  head  of  the  internal  here  resembles  dtat  of  a  separation  eddy  associated  with  a  flow  expansion 
of  the  fresh  water  along  a  ficiiuous  saline  wall  (i.e.  the  saline-fresh  water  interface). 

Furthermore,  roll-ups  form  a  periodic  pattern  of  turbulent  regions  at  somewhat  uniform 
intervals.  The  periodic  features  of  turbulence  patehes  might  be  related  to  the  intermittent  nature 
of  rtie  flow.  We  conjecture  that  turbulence  patches  are  formed  by  a  "generation-advection"  cycle 
of  the  roll-up  formation:  as  .soon  as  the  roU-up  is  formed,  the  large  vortex  of  the  roll-up  is 
advected  behind  the  head,  then  the  next  roll-up  is  created,  and  this  process  is  repeated.  Note  that 
Yeh  and  Mok  (1989)  pointed  out  that  tuibuience-patch  formations  behind  botes  at  the  air-water 
interface  also  result  from  the  generation-advection  cycle.  In  order  to  test  this  hypothesis,  the 
periodic  turbulence-patch  formation  is  quantified  by  the  frequency  of  its  generation;  the 
generation  frequency  can  be  measured  directly  from  the  virto  images  of  our  experiments.  This 
measured  frequency  should  be  related  to  the  frequency  associated  with  the  excursion  time  of  a 
fluid  parcel  traveling  around  the  vortex.  Assuming  the  vortex  size  L  (say  the  diameter  of  the 
orbitd  motion)  is  comparable  with  the  difference  in  height  between  the  head  and  the  cunent 
^pth  behind  the  head  (the  actual  length  scale  of  the  vortex  is  somewhat  smaller  than  this 
estimation),  ai;d  using  the  vortex-velocity  scale  to  be  the  bore  propagation  velocity  U,  then  the 
time  scale  for  roll-up  is  found  to  be  T^  ~  s  L/U.  Computed  fr^uencies  IfTr  shown  in  Fig.  3  are 
in  su^risingly  good  agreement  with  the  measured  frequency  from  the  video  images;  the  error 
bars  in  the  figure  represent  the  SK)  %  confidence  limit  for  the  frequency  measurements.  The 
excellent  agreement  in  Fig.  3  strongly  supports  our  conjecture  that  the  periodic  behavior  of  the 
turbulence  patches  in  internal  bores  is  closely  related  to  the  cyclic  behavior  of  the  roil-up 
formation  Ixtween  its  generation  and  advection. 

Another  dye-tracing  experimental  result  is  shown  in  Fig.  4;  only  the  initially  thin  (1.0  cm) 
saline-water  layer  was  dyed  with  fluorescein  but  the  saline  water  with  the  same  density  behind 
the  lock  gate  was  kept  without  dye.  Note  that  this  supplemental  experiment  was  performed  in  a 


smaller  scale  apparatus.  It  is  evident  in  Fig.  4  that  the  main  portion  of  core  fluid  in  the  internal 
bore  consists  of  the  saline  water  originally  placed  behind  the  gate.  The  fluid  initially  placed  in 
the  thin  layer  is  advected  to  form  the  mixed  layer  behind  the  head  between  the  fresh-water  and 
the  advancing  saline  water,  and  also  to  form  the  boundary  layer  along  the  bottom  bed.  This 
clearly  demonstrates  the  shortcomings  of  one-dimension^-fiow  models:  flow  velocity  of  each 
layer  would  be  uniform  in  the  vertic^  direction  in  a  one-dimensional-flow  model,  hence  the  fluid 
of  the  leading  bore  was  supposed  to  be  made  of  the  fluid  picked  up  from  the  thin  layer  initially 
placed  in  front  of  the  advancing  bore:  the  result  in  Fig.  4  evidently  shows  that  this  is  not  tlie 
case.  Another  important  point  from  Fig.  4  is  that  the  fluid  originally  located  behind  the  lock  gate 
is  capable  of  intruding  through  the  thin  layer  of  fluid  without  significant  mlung:  as  shown  la^ 
the  fluid  mixing  is  limited  to  a  certain  depth  between  the  fresh  water  and  saline  water. 

Nearly  two-dimensional  wave  breaking  patterns  in  the  iniemal  bore  can  be  confirmed  in  Fig. 

5  which  presents  flow  patterns  in  a  horizont^  plane  at  10.5  cm  from  the  bed.  (The  same 
visualization  plane  was  used  to  obtain  Fig.  2  ~  see  Fig.  2c  for  the  position  of  the  laser  sheet).  It 
is  emphasized  that  only  saline  water  was  dyed  with  fluorescein,  i.e.  the  bright  portions  in  the 
figures  represents  the  saline  water  and  the  black  portions  represent  the  fresh  water.  The  bore  is 
propagating  from  left  to  right.  A  fuzzy  broad  band  seen  in  the  figure  represents  the  head  of  the 
bore.  The  initial  roll-up  can  be  seen  as  a  thin  black  line  within  the  fuzzy  broad  band.  Once  the 
vortex  is  detached  from  the  head  on  the  illuminated  plane,  the  roll-up  tube  breaks  apart  and 
appears  as  a  series  of  elliptic  rings  in  the  image  of  Fig.  5b.  The  ring  appearance  indicates  that 
even  though  the  initial  roll-up  formation  is  two-dimensional  Oust  like  the  Kelvin-Helmholtz 
instability),  once  it  is  formed,  the  roll-up  immediately  possesses  transverse  variations.  Such 
transverse  wave  formations  resemble  the  manifestation  of  longitudinal  (streamwise)  vortex 
formations  in  the  Kelvin-Helmholtz  instability  reported  by  Bernal  (1981),  Lin  &  Corcos  (1983), 
Lasheras  &  Maxworthy  (1987),  and  others.  It  is  not  cleat  ,  however,  whether  the  transverse 
variations  shown  here  are  created  by  the  fonnation  of  longitudinal  vortices. 

The  occurrence  of  this  transverse  perturbation  can  be  found  in  the  results  presented  in  Fig.  4. 
The  sequence  of  flow  images  in  Fig.  4  evidently  demonstrates  the  cyclic  beliavior  of  the  roll-up 
formation  between  its  generation  and  advection,  which  was  discuss^  previously.  It  appears  that 
the  initial  roll-up  formation  is  two  dimensional  as  shown  in  Fig.  4a,  but  the  clean  roU-up  pattern 
is  immediately  peiturbed  in  Fig.  4b  within  a  few  seconds  and  becomes  three-dimensional.  At 
the  time  of  the  three-dimensioi^  vortex  fonnation,  the  fluid  mixing  rate  must  increase  drastically 
according  to  the  m<xing-transition  process  proposed  by  Breidenthifl  (1981).  (Note  that  later 
Lasheras,  et  al.  (1987)  demonstrated  in  their  well  controlled  laboratory  environment  that  the 
mixing  nansition  does  not  necessarily  coincide  with  the  initial  formation  of  streamwise  vortices; 
the  mixing  transition  can  be  delayed  well  after  the  formation  of  organized  three-dimensional 
features.)  Figures  4  and  5  show  that  the  thiee-dimensional  vortex  formation  appears  to  occur 
immediately  after  the  rcH-up  eddy  is  advected  behind  the  head,  wliich  implies  that  fluid  muring 
takes  place  immediately  at  the  rear  face  of  the  internal  bore.  In  fact,  the  rapid  mixing  process  will 
be  verified  later  with  the  discussion  of  density-profile  data. 

This  immediate  perturbation  shown  in  Fig.  5  suggests  that  the  three-dimensional  features 
(transverse  variations  of  the  vortex  tube)  could  be  caused  by  a  mechanism  other  titan  the 
fonnation  of  longitudinal  vortices.  Consider  the  fact  that  rotational  motions  which  initially  have 
rotational  axes  perpendicular  to  the  density  gradient  are  not  stable  and  cannot  maintain  their 
orientation  due  to  an  adverse  buoyancy-force  gradient  created  by  the  overturning  motion  itself 
(just  like  the  Rayleigh-Taylor  instability);  ail  the  rotational  motions  tend  to  become  those  which 
have  axes  parallel  to  the  density  gradient  (i.e.  pancake-like  tuihulence  patches).  Hence,  the 
initially  created  roll-up  with  the  horizontal  axis  tends  to  bend,  which  causes  transverse 
variations.  This  expls^tion  for  the  three-dimensional  variations  is  plausible  for  the  present  case. 
To  see  this  more  clearly,  consider  the  time  scales  of  the  vortex  motion  and  the  buoyancy  effect. 
The  buoyancy  time  scale  Tb  can  be  estimated  as  the  traversing  time  for  a  fluid-parcel  to  ascend 
through  the  vortex  lengtli  scale  L  by  the  buoyancy  force:  Tb  «  VL/g'.  Assuming  the  vortex  size 
is  comparable  with  the  difference  in  height  between  tiie  head  and  tlie  current  depth  behind  the 

head  and  using  the  buoyant  acceleration,  g’  =  (pj  -  Pi)g/pi,  the  time  scale  for  the  buoyancy 
effect  is  found  to  be  Tb  *  1. 15  sec.  The  roU-up  time  scale  can  be  estimated  as  before:  an 
excursion  time  for  a  fluid  parcel  to  uavel  around  the  vortex.  Using  the  vortex  velocity  scale  to  be 
the  bore  propagation  velocity  U,  the  time  scale  for  roll-up  is  found  to  be  Tr « Jt  L/U  =  3.80  sec. 


These  rough  estimates  demonstrate  that  tlie  order  of  magnitude  of  the  buoyancy-effect  time  scale 
and  of  the  vortex-motion  time  scale  are  comparable,  which  supports  tiie  explanation  for  three- 
dimensional  variations  discussed  above,  flence,  the  transverse  perturbation  of  vortices,  which 
appear  in  Figs.  4  and  5,  could  be  caused  by  gravitational  instability  rather  than  the  manifestation 
of  longitudinal  (streamwise)  vortex  formations  in  the  Kelvin-Helrnholtz  instability. 

Density  Profiles 

In  our  laboratory  experiments,  quantitative  data  for  mixing  processes  were  obtained  by 
vertically  traversing  the  conductivity/thermistor  probe.  The  results  show  the  mixing  phase 
caused  by  overturning  billows;  small-scale  density  inversions  in  the  profiles  are  interpreted  as  the 
presence  of  small  active  eddies.  Approximately  10  sec.  after  the  passage  of  the  head,  these 
small-scale  density  inversions  are  diminished.  At  this  point,  the  region  of  overturning  billows  is 
considered  to  be  mixed,  i.e.  appreciable  fluid  mixing  has  already  taken  place  in  the  vicinity  of  the 
head.  The  results  appear  to  be  consistent  with  our  discussion  made  for  Figs.  4  and  S,  indicating 
that  fluid  mixing  at  the  head  is  immediate  and  efficient  in  comparison  to  mixing  in  the  current  far 
behind  the  head. 

Two  separate  mixing  processes  are  represented  by  the  appearance  of  two  distinguishable 
gradients  in  the  density  profile  plots.  The  upper  portion  of  a  profile  has  a  uniform  density 
gradient  caused  by  large-scale  mixing  of  overturning  billows.  As  mentioned,  this  mixing 
process  takes  place  dir^tly  behind  the  head.  In  the  second  gradient,  the  mixing  process  is 
attributed  to  the  continual  shear  flow  created  by  the  fast-moving  den^  water  under  the  nearly 
stationary  mixed-fluid  region.  This  fast-moving  fluid  layer  is  vortical  due  to  the  boundary-layer 
effect  which  gradually  erodes  the  layer,  as  do  the  combined  effects  of  shear  instability  and  small- 
scale  eddies  within  the  lower  layer  Huid.  The  variations  of  mixed-layer  thickness  are  measured 
by  the  ratio  of  fluid  density  difference  to  the  maximum  density  gradient,  i.e.  the  parameter 
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,  for  the  two  separate  mixing  processes  and  are  plotted  in  Fig.  6  versus 


downstream  distance  from  the  head.  The  mixing  right  behind  tlie  head  is  immediate  and  very 
efficient  but  once  this  process  takes  place,  the  subsequent  mixing  pixicess  due  to  shear  is  very 
slow,  in  fact  the  thickness  of  the  mixed  layer  decreases,  instead,  due  to  the  buoyancy  effect  All 
the  mixing  is  completed  at  the  head.  Figure  6  also  indicates  that  the  thinner  the  initial  front 
saline-water  layer,  the  thicker  the  mixed  layer. 
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Figure  2.  Gravity-current  images  on  a  horizontal  plane  at  10.5  cm  from  the  bed.  Only  saline  portion  is  dyed.  p2  =  1002  kg/m^;  R  =  1450; 

F  =  0.995.  The  current  motion  is  from  left  to  right  Time  interval  between  a)  and  b)  is  5.6  sec.  c)  A  sketch  of  the  flow  pattern  and 
the  imaging  plane. 
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Figure  3. 


Figure  4, 


Predicted  and  measured  generation  frequencies  of  the  large-scale  eddies:  0 ,  gravity  i 

current  shown  in  Fig.  la;  the  internal  bores  shown  in  Fig.  Ib-d.  X :  h  =  0.5  cm.  ! 

•:  h  =  1  cm.  X :  h  =  2  cm.  The  error  bars  represent  90  %  confidence  1 
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Flow  pattern  of  an  internal  bore  with  the  initial  layer  thickness  of  1.0  cm:  R  =  1030, 
F  =  0.70,  p2  =  1002  kg/m^.  (My  tlie  saline  water  initially  placed  in  front  of  the 
gate  was  dyed  with  fluorescein,  while  the  saline  water  behind  the  gate  was  left 
without  dye.  a)  t  =  to,  b)  t  =  in  +  2.8  sec. 


j 


Shear  Instabilities  in  Arrested  Salt- Wedge  Flows 


Noboni  Yonemitsu*.  Gordon  E.  Swaters**, 
Naliarauthu  Rajaratnam***  and  Gregoiy  A.  Lawrence* 

*  Eo\'iroaiiieQt3l  Fluid  Mechaaica, 

Cepe  of  Civil  Engineering, 

University  of  Bririsb  Coliunbifi,  Vancouver 
B.C.  Vtrr  124,  CANADA 

**  Institute  of  Applied  Mathematics, 

Dept  of  Mathematics, 

University  of  Alberta,  Edmonton, 

Alberta,  T6G  2GI.  CANADA 

***  Depaitment  of  Civil  Engineering, 

University  of  Alberta,  Edmonton, 

Alberta,  T6G  2G7,  CANADA 


ABSTRACT 

"One-sidedness"  in  arrested  salt-wedge  flows  is  investigated  with  theoretical  models 
based  upon  two-layer  approximations.  These  models  include  the  effects  of  rigid  bottom 
boundaries  and  tlie  effects  of  density  interface  displacement  with  respect  to  the  centre  of  the 
shear  layer.  The  results  indicate  diat  inclusion  of  both  interface  displacement  and  rigid 
boundaries  in  the  model  greatly  contribute  to  the  "one-sidedness"  phenomenon  and  influence 
the  wave  chai-acteristics,  especially  their  stability  criteria.  Data  from  laboratory  experiments 
agreed  well  with  the  results  produced  by  these  models. 


1.  INTnODUCnON 

"Onc-sidedness"  (Keulegan  1966,  Browant  and  Winant  1973)  is  a  classic  problem  in 
the  study  of  mixing  processes  in  two-layered  stratified  flows.  This  phenomenon,  which  is 
associated  with  the  breaking  of  the  density  interface,  tends  to  be  confined  to  the  high-speed 
side  of  the  flow,  and  is  commonly  observed  in  anested  salt  wedges.  Figure  1  shows  a 
schematic  of  a  salt  wedge.  The  longitudinal  sub-divisions  are  defined  by  Svgent  and  Jirka 
(19S7)  using  the  force  balances.  Two  different  kinds  of  interfacial  waves  (positive  and 
negative  waves)  are  observed;  they  propagate  in  opposite  directions.  The  positive  waves  ensp 
upwards  and  occasionally  break  down  into  ^e  upper  layer.  They  appear  near  the  tip  region 
and  propagate  in  the  downstream  direction.  In  contrast,  the  negative  waves  cusp  towards  the 
lower  layer,  and  are  commonly  observed  near  the  exit  region.  This  is  the  one-sidedness 
phenomenon  in  salt-wedge  flows.  Although  many  attempts  have  been  made  to  interpret  this 
phenomenon  as  shear  ins^ility,  they  fail  to  clarify  its  m^banism,  due  mainly  to  the  lack  of 
appropriate  models. 

One  of  the  problems  associated  with  analysis  of  this  type  of  flow  is  the  modeling  of 
the  velocity  profile.  Most  models  employ  time-averaged  veloci^  profiles  which  are  gene^ly 
anti -symmetric  to  the  density  interface.  Interfacial  waves,  however,  are  known  to  be 
intermittent  and  consequently  must  be  considered  as  events  dependent  on  the  instantaneous 
velocity  distribution.  Our  observations  show  that  instantaneous  velocity  profiles  often  have  a 
displacement  between  the  centre  of  the  shear  layer  and  the  density  interface,  and  the  stability 
characteristics  of  such  flows  are  known  to  be  quite  difierent  from  those  of  anti-symmetric 


casej  (Lawrence  et  al.  1991).  Another  modeling  problem  i$  that  most  of  the  stability  analyses 
have  neglected  the  existence  of  rigid  boundaries  for  simplicity.  It  is  obvious  that  the  bottom 
boundary  effects  on  salt-wedge  flows  are  not  negligible. 


Fig.  1.  Schematic  structure  of  a  salt-wedge  flow  with  three  longitudinal  sub¬ 
divisions  (based  upon  its  force  balance)  and  its  typical  interfacial  waves. 


The  effects  of  rigid  boundaries  were  first  invesdgated  by  Howard  (1963),  and  Hazel 
(1972)  in  inviscid  theory.  This  study  was  followed  by  Lalas  and  Einaudi  (1976),  Lindzen  and 
Rosenthal  (1976),  and  Fua  and  Einaudi  (1984),  to  solve  atmospheric  boundary  layer 
problems.  Hazel  showed,  in  one  of  his  models  (continuous  velocity  and  density  profiles),  that 
flows  were  stable  for  0<ZR<1. 195-1.205,  despite  some  numerical  instability  problems.  These 
models  are,  however,  designed  for  atmospheric  boundary  layers,  and  hence  their  results, 
owing  to  their  density  profiles,  arc  not  directly  applicable  to  the  salt-wedge  flows. 

In  this  paper,  we  report  fust  on  the  experiments  we  performed  to  obtain  detailed 
information  on  &e  flow  field,  which  is  often  three-dimensional.  These  experiments 
determined  the  appropriate  functions  for  modeling  the  velocity  profile  for  two-layered 
stratified  flow;  we  then  calculated  the  stability  characteristics  assuming  the  existence  of  rigid 
boundaries,  interface  displacements  and  viscosity. 


2.  EXPERIMENTS 


The  aim  of  our  experiments  was  to  identify  the  relationships  among  three-dimensional 
flow  structures,  velocity  profiles,  interfacial  displacements,  lower  layer  thickness,  and 
assodaied  intecfacial  waves.  Sixty-three  salt  wedge  experiments  were  conducted  in  the  flume 
shown  in  Figure  2.  Flow  visualization  was  employed  to  obtain  the  flow  structure  and  wave 
chaiacteiistics,  while  LDA  and  dye  injection  (see  Yoshida  1980)  were  used  to  measure  the 
velocity  profiles.  Density  interface  position  and  thickness  were  measured  by  using 
conductivity  probes,  and  throughout  the  ex^riments  the  interface  thickness  was  found  to  be 
less  than  1/10  of  the  shear  layer  thickness.  This  result  justifies  the  use  of  two-layered  models. 

The  results  of  the  flow  visualization  can  be  sunuuarized  as  shown  in  Figrm  3.  It  was 
impossible  to  eliminate  side  and  bottom  boundary  effects  from  our  experiments,  and 
consequently  the  flows  in  this  channel  exhibited  a  three-dimensional  structure.  Tire 
second^  flows,  induced  by  several  pairs  of  stream-wise  vortices  in  the  upper  layer,  cause  a 
wave-like  variation  of  U  velocity  in  the  lateral  direction.  For  our  convenience,  we  shall 


introduce  transverse  subdivisions  such  as  the  high-speed  region  (HSR)  and  the  Icw-spced 
region  (LSR),  according  to  the  U  velocity  in  the  upper  layer.  In  the  HSR,  the  lower  layer 
tends  to  be  thin  because  of  higher  shear  stress,  Le.  higher  entrainment  at  the  density  interface. 
In  this  region,  the  volume  of  entrained  salt  water  is  much  larger  than  that  of  the  back  flow  in 
the  lower  layer,  therefore  mass-balance  is  not  valid  in  a  two-dimensional  sense.  Similarly,  in 
the  LSR  the  velocity  profile  indicates  less  inteifacial  shear  stress,  which  causes  less 
entrainment  than  back  flow.  By  summing  the  fluxes  of  the  HSR  and  the  LSR,  the  salt  wedge 
maintains  its  stationary  position,  i.e.  mass  is  conserved.  Therefore,  transverse  subdivisions 
must  be  considered  when  the  experimental  data  are  analyzed  and  interpreted. 
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Figure  2.  Experimental  apparatus.  ‘Die  bed  slope  of  the  charnel  can  be 
adjusted  with  the  hydraulic  Jack.  The  conductivity  probes,  wave  sensors  and 
LDA  optics  are  bcated  in  the  test  section. 


Figure.  3.  Three-dimensional  flow  structure,  velocity  profiles  and  interfacial  waves 
created  mainly  by  the  secondary  flow  (steam-wise  vortex  pairs)  in  an  experimental 
channel.  X,Y,Z  are  Cartesian  coordinates  corresponding  to  the  longitudinal,  lateral 
and  vertical  directions.  U  in  this  Figure  is  velocity  in  the  X  directioru  Note  that  the 
infUction  point  of  the  velocity  profiles  is  located  above  the  density  interface  in  the 
High  Speed  Region  (b),  and  below  in  the  Low  Speed  Region  (c). 
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Flow  visualization  also  revealed  the  existence  of  two  different  kinds  of  interfacial 


waves.  These  waves  arc  known  as  Holmboc  instabilities  (Holmboe  1962),  consisting  of 
positive  and  negative  instabilities  of  equal  strength  traveling  at  the  same  speed,  but  in 
opposite  directions  with  respect  to  the  mean  flow  (Tsubaki  et  aL  1969,  Murota  and  Hiiata 
1978,  Yosbida  1980).  Our  study  differs  from  previous  work  in  tliat  the  positive  and  the 
negative  waves  appear  in  different  locations  on  the  salt  wedge.  This  is  the  one-sidedness 
phenomenon  in  salt-wedge  flows.  The  positive  waves,  which  are  induced  by  vortex  tubes  just 
above  the  density  interface,  cusp  upwards.  They  are  observed  most  of  the  time  in  the  HSR 
near  the  tip  region,  and  propagate  in  the  downstream  direction.  The  negative  waves,  wliich 
cusp  towards  the  lower  layer,  can  be  found  in  the  LSR  near  the  exit  region,  and  propagate 
slowly  upstream.  Interaction  between  these  two  waves  occurs  somewhere  in  the  quasi- 
equilibrimn  region. 


Figure  4.  (a)  Observed  Velocity  profiles  and  (b)  definition  of  velocity  and  length  scale. 
The  interfacied  displacement  £  is  removed  in  (a).  Notations  are:  x,  z  =  Cartisian 
coordinatye  system  heated  at  the  density  interface  with  u,,  U2  =  veheity  in  upper  and 
lower  layer;  Pj,  pj,  =  density  in  upper  and  lower  layer;  ZR  -  the  lower  layer  thickness; 
L,  U  =  the  characteristic  length  cmd  velocity  scales;  £=  the  displacement  of  the  centre 
of  shear  layer  and  density  interface  (non-dimensionalized);  T}  =  the  density  interface 
thickness. 


Vertical  velocity  distribudons  measured  in  both  tlic  HSR  and  the  LSR  are  shown  in 
Figure  4.  In  Figure  4(a),  length  and  velocity  scales  arc  non-dimensionalized  based  upon  the 
definidon  given  in  (b),  and  the  displacement  e  is  removed.  The  results  in  Figure  4(a)  indicate 
that  velocity  profiles  can  be  approximated  by  the  TANH  function  very  well,  and  therefore  tiw 
non-dimeusionalizadon  by  the  length  scale  L  and  velocity  scale  U  is  justified,  me  non- 
dimensional  parameters  are  defmed  as: 

Re-Jf.  (1) 

where  Ri  is  the  overall  Richardson  number.  Re  is  the  Reynolds  number,  a  is  the  wave 
number,  X,  is  the  wave  length,  v  is  the  kinematic  viscosity  of  water  and  g  is  gravitational 
acceleradon. 


Figure  5  shows  observations  of  interface  displacement  e  with  the  Richardson  number 
Ri  and  the  lower  layer  thickness  ZR.  These  plots  imply  that:  1)  most  of  the  positive  waves 
occur  where  the  values  of  e  are  positive,  2)  the  Ri  for  positive  waves  U:nds  to  be  large  when 
the  corresponding  e  is  large,  3)  the  negative  waves  have  very  small  Ri  and  relatively  large 
ZR,  and  4)  there  is  no  specific  value  of  e  tor  the  negative  waves.  It  is  especially  interesting 
that  some  positive  unstable  waves  have  much  lyiger  Ri  than  1 ,4,  which  is  predicted  as  the 
stabibty  boundary  by  Nishida  and  Yoshida  (1987), 
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Figure  5.  Interfacial  displacement  evs.  Richardson  number  Ri  and  lower 
layer  thickness  ZR. 


It  can  be  concluded  that  the  tnterfacial  waves  on  the  salt  wedge  flows  must  be 
analyzed  by  appropriate  models  based  upon  more  realistic  velocity  profiles  and  boundary 
conditions  than  have  been  used  in  existing  theories.  The  following  theoretical  analysis  is 
therefore  designed  to  evaluate  the  effects  of  interfacial  displacement  and  rigid  boundaries  on 
the  stability  characteristics  of  two'layeied  stratified  flows. 


3.  THEOKBTICAL  DEVELOPMENT 


Hino  and  Hung  (1982)  analyzed  the  stability  characteristics  of  salUwedge  flows  by 
solving  equations  for  viscous-diffusive  systems,  with  realistic  velocity  (TANH  function  for 
tile  upper-layer  velocity  profile  and  second-order  polynoinial  function  for  the  lowei -layer 
velocity  profile)  and  density  piofiieg  (p(r)  =  exp  [■  Y  tan(J?z)//f]  where  R  is  the  ratio  of  shear 
layer  to  density  interface  thickitess),  ?ad  having  a  rigid  bottom  boundary.  Their  analysis 
failed,  however,  to  provide  any  unstable  solutions,  and  it  could  not  distinguisri  the  effects  of 
viscosity,  difi'usivity,  rigid  boundary  and  velocity  profiles,  owing  to  their  complicated 
models. 

In  the  model  described  here  we  employed  relatively  simple  and  realistic  velocity 
(TANH  function)  and  density  (two-layer  approximation)  profiles  to  avoid  any  fiinhcr 
complexity,  then  evaluated  tire  effects  of  the  ngid  boundary'  and  the  interfacial  displacement 
separately.  Two  models  are  examined  by  the  linear  stability  theory.  Doc  of  them  was 
designed  to  test  tiie  effects  of  a  rigid  boundary  aid  the  other  to  investigate  the  interfacial 
displacement.  Their  velocity’  and  density  profiles  rue  shown  in  Figures  6  and  7.  The 
governing  equation  is  derived  by  applying  infinitesimally  small  monochrmnatic  peiturbatioas 
to  the  two-  dimensional,  incompressible  flow  system.  A  two-layer  approximatior.  of  density 
dislvibution  is  marie  for  simplification,  tlhe  stream  function  of  the  perturbation  is  defined  as 
<!i(z)  exriiaqx-ct)] ,  where  is  tire  complex  amplirudc.  This  sucam  function  is  governed  by 
the  OiT-SonamcifeliJ  (0-S)  equation: 
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.  (2) 


where  i  is  .  The  lower  and  upper  boundary  conditions  arc  given  by: 

=  ^  =  0  atz  =  -ZR,«.  (3) 

The  matching  conditions  at  the  density  interface,  Le.  the  continuity  of  both  normal  and  shear 
stress,  can  be  written  as: 

du/dz  du/d? 

dz"“  u-c  ~  dz  “  ii-c 
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7  a  [Re  (u-c)  -  3i  a]^  -  7  a  Re  = 


i^^  +  ot[Re(u-c)-3ia]^-aRc^<[>i-^fffi<l>2  , 

at  z  =  0,  (4) 

where  subscripts  1,  2  correspond  to  the  upper  and  lower  layer,  respectively.  Details  can  be 
found  in  Nishida  and  Yoshida  (1987).  The  Runge-Kutta-Gill  numerical  integration  and  the 
filtered  method  (e.g.  Betchov  and  Crirainalc  1967,  Gersting  and  Jankowski  1972)  have  been 
employed  to  solve  the  .system  (2),  (3),  (4).  The  eigenvalues  c  are  obtained  by  the  shooting 
method.  The  results  are  plotted  along  with  the  experimental  data  in  Figures  6  and  7.  Re=100 
is  chosen  as  a  typical  value  to  match  the  range  of  experimental  data  (29. 4<  Re  <549.0). 


Figure  6.  ZR  effects  on  the  stability  of  positive  and  negative  waves,  (a)  Growth  rate 
ocCi  and  phase  velocity  Cr  ofRe=100,  Ri=0.4,  a~0.8  solutions,  (b)  comparison  of 
the  neutral  boundaries  ((xCi=0.0)  for  Re=100  and  experimental  results. 


Figure  6  shows  that  the  presence  of  a  rigid  boundary  greatly  stabilizes  hhe  negative 
instabilities  when  ZR<  2.0.  By  contrast,  the  positive  instabilities  are  only  weakly  influenced 
by  variations  of  ZR.  For  the  positive  instabilities,  the  only  noticeable  difference  between  the 
un-bounded  case  {i.e.  ZR==«')  and  ZR<  5.0  is  that  the  wave  number  of  the  ino,st  unstable 
waves  tends  to  be  smaller  (longer  wave  length)  as  ZR  decreases.  Similar  results  were  found 
in  the  iaviscid  theories  (Yoncmitsu  1991).  For  the  case  Re=100,  the  stability  criteria 
predicted  by  our  analysis  for  positive  and  negative  waves  are  ZR=0.46  and  1.10,  respectively. 
This  means  that  no  wave  can  be  found  for  0<ZR<0.46,  only  positive  waves  can  exist  for 
0.46<ZR<1.10,  and  botli  positive  and  negative  waves  may  be  observed  for  1.10<ZR  cases.  In 


salt-wedge  flows,  the  tip  region  (where  ZR  is  very  small)  shows  no  waves;  then  positive 
waves  appear  as  the  lower  layer  thickness  increases.  Further  downstream,  where  ZR  is  large 
enough,  both  positive  and  negative  waves  are  observed.  Therefore  these  observations  are 
consistent  with  a  theoretical  analysis  which  includes  consideration  of  rigid  boundary  effects. 


Figure  7.  Stability  boundaries  with  interface  displacements  (Re-100)  and 
experirtiental  results.  Ric*  atid  Ric  correspond  to  the  critical  Richardson 
number  for  the  positive  and  negative  instabilities,  respectively. 


Nishida  and  Yoshida  (1987)  show  that  the  critical  Richardson  number  Ric  (which  is 
defined  as  the  maximum  Richardson  number  for  unstable  waves)  is  relatively  insensitive  to 
the  vaiiatica  of  the  lieynolds  number  Re  (for  20<  Re  <1000)  and  remains  constant  (Ric- 1.4). 
The  experimental  values  of  Ric  for  positive  waves  (Ric+)  are,  however,  larger  than  our 
model's  prediction  as  shown  in  Figiue  6.  This  problem  can  be  clarified  by  consideiing  the 
effects  of  the  interfacial  displacement  e.  In  Figure  7,  e=0.0  and  e=0.25  arc  chosen  as 
examples,  Similarly  to  the  results  of  Lawrence  et  al.  (1991),  the  stability  boundaries  for  the 
positive  and  negative  uisrabilities  bifurcate  and  stability  characteristics  change  drastically  as  e 
increases.  Ric+  gets  larger  as  s  increases  (for  example,  Ric+<»2.2  when  e=0.5)  and  therefore 
the  relatively  large  Ric  for  positive  waves  from  our  experiments  can  be  understood  as  a  result 
of  the  interfacial  displacement  In  a  somewhat  similar  way,  the  negative  waves  with  large 
wave  numbers  can  be  unstable  when  inteifacial  displacement  effects  are  included. 

Analyses  of  both  rigid  boundary  effects  and  displacement  eflects  indicate  that  the 
positive  instability  always  has  the  greater  predicted  growtli  rate  for  any  given  Ri.  It  means 
that  the  Holmboe  (1962)  instability  can  occur’  only  when  2R=<»  and  e=0.  For  salt- wedge 
flows,  'onc-sidcducss'  is  therefore  the  natui-al  state  of  the  wave  phenomenon  because  of  the 
existence  of  rigid  boundarie-s  and  interfacial  displacement 


4.  CONCLU.SIONS 


The  "one-sidedness"  phenomenon  is  explained  by  a  hydi’odynamic  stability  theory 
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show  the  significant  details  of  the  salt-wedge  flows  such  as  the  critical  Richardson  number 
(Ric)  and  unstable  wave  numbers.  In  the  case  of  Re=100,  the  stability  criteria  are  given  as 
ZR-0.46  for  positive  waves  and  ZR=1.1  for  negative  waves,  i.e.  0<ZR<0.46  means  no  waves, 
0.46<ZR<l.iO  means  only  positive  waves,  and  1.10<2^  means  both  positive  and  negative 
waves  can  be  found.  Also  the  critical  Richardson  number  is  determined  as  Ric=1.6  for 
e=0.25  and  Ric=2.2  for  e=0.5.  Our  experimental  data  verify  these  theoretical  results. 
Because  the  characteristics  of  Holmboe  instabilities  are  very  sensitive  to  the  parameters  ZR 
and  e,  experimental  data  must  be  analyzed  and  interpreted  carefully.  For  salt-wedge  flows. 


'one-sidedness'  is  the  natural  state  of  the  wave  phenomenon  because  of  the  existence  of  rigid 
boundaries  and  interfacial  displacement 
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Abstract 

The  dilution  of  negatively  buoyant  discharges  released  into  a  turbulent  current  has  been 
studied  both  in  the  laboratory  and  by  means  of  advanced  numerical  models.  The 
experiments  showed  that  the  dilution  is  mainly  due  to  vertical  turbulent  mixing  and  depends 
on  a  buoyancy  induced  dispersion  og  the  plume.  These  findings  have  been  incorporated  into 
a  calibrated  integral  description  of  the  dilution.  A  3-D  numerical  model  with  a  k-e 
parameter.isation  of  the  turbulent  mixing  has  been  applied  to  the  problem  and  a  comparison 
between  this  model  and  the  experiments  been  made.  The  conclusions  are  that  the  dilution  can 
be  realistically  described  by  the  model. 


1  Introduction 

Co-flowing  negatively  buoyant  plumes  may  be  formed  when  dense  waste  water  is  continously 
released  from  point  sources  near  the  bed  into  a  turbulent  current,  as  for  example  when 
industrial  waste  water  with  large  concentrations  of  salts  are  released  into  marine  environ¬ 
ments.  Although  the  density  difference  between  the  discharge  and  the  receiving  water  may 
be  relatively  small,  when  seen  from  a  hydrodynamical  point  of  view,  the  nature  of  these 
wastes  often  require  tltat  concern  is  given  to  the  dilution  in  the  immediate  vicinity  of  the 
discharge.  The  propagation  and  dilution  of  dense  bottom  plumes  may  also  be  of  theoretical 
mterest  as  the  situation  with  a  continous  release  of  negatively  bouyant  water  constitutes  one 
of  the  simpler  steady  experiments  with  turbulent  raking  across  a  density  interface. 

Dense  bottom  plumes  have  traditionally  been  studied  in  the  context  of  spills  of  heavy  gases 
in  the  atmosphere  (Puttock  et  al.,  1984;  Zumsteg  and  Faunelop,  1987),  while  the  opposite 
situation  with  a  light  surface  plume  is  more  often  encountered  in  the  marine  environment 
(Petersen,  1992;  Thomas  and  Simpson,  1985;  Weil  and  Fischer,  1974);  a  situation  which  has 
some  similarities  with  dense  bottom  plumes. 

The  aim  of  the  present  study  is  to  investigate  the  dilution  of  dense  bottom  plumes.  First,  a 


Fig.  1  Dense  bottom  plume. 

series  of  laboratory  experiments  is  discussed  using  an  idealized  integral  theory  that  describes 
the  dilution  of  the  plume.  Next,  a  3-D  numerical  model  is  established  and  the  results  are 
compared  to  the  experiment  in  order  to  validate  the  models  in  this  specific  case  and  to 
incorporate  die  data  in  a  more  general  frame.  Finally  are  the  conclusions  summarized. 

2  Dense  bottom  plumes 

To  guide  the  analysis  of  the  experiments  an  idealized  theory  where  the  dilution  depends  on 
a  bouyancy  induced  spread  and  vertical  turbulent  mixing  is  developed  below.  The  distribution 
of  buoyancy  in  each  cross  section  is  characterized  by  a  plume  height  and  width,  that  both  are 
defined  as  integral  scales.  If  the  local  time  average  density  difference  is  denoted  the 
excess  mass  m  in  the  cross  section  may  be  defined  from 

m=  j  I  Ap;  dyck  (1) 

where  y  and  z  are  lateral  and  vertical  cartesian  coordinates,  respectively. 


The  plume  height  h  and  widtli  b  may  be  defined  from  the  second  moments  of  the  density 
difference  distribution  as  for  example 

I  j  Ap,  z^dfdz  (2) 

for  the  pliune  height  and  similarly  for  the  width.  The  dilution  of  the  plume  can  now  be 
described  in  terms  of  the  downstream  development  of  these  cross  sectional  characteristics. 
Assuming  that  the  plume  is  conveyed  downstream  with  the  ambient  velocity  the  lateral 
expansion  some  distance  from  the  source  may  be  approximated  by  a  bouyancy  induced  front 
(Larsen  and  Sorensen,  1968)  with  celerity 

V^^a^/ghAfilp  (?-) 

where  x  is  the  streamwise  coordinate;  g  is  gravitational  acceleration;  p  is  the  density;  o;  is  an 
empirical  correction  and  Ap=m/(8  m  h).  Applying  continuity  and  assuming  the  dilution  to 
follow  a  Fickian  diffusion  law  and  postulating  that  the  dispersion  and  the  frontal  motion  are 
independent  the  two  processes  can  be  combined  to 
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where  Ky  and  are  turbulent  dispersion  coefficients.  The  vertical  dispersion  is  assumed  to 
depend  on  the  stability  through  a  Richardson  number  as 

where  (6) 

P  Uf 

is  the  dispersion  coefficient  in  the  neutral  situation;  Uj  the  friction  velocity  and  0  is  an  em¬ 
pirical  factor. 


3  Laboratory  experiments 

The  experiments  were  carried  out  in  a  recirculating  hydraulic  flume,  20  m  long  and  1.5  m 
wide,  with  a  flat  epoxy  painted  bed.  A  dense  bottom  plume  was  established  by  vertically 
discharging  colder  tap  water  with  low  velocity  through  a  2.8  cm  diameter  nozzle  located  5.0 
m  from  the  downstream  end  of  the  flume  and  in  level  with  the  bed.  The  metered  discharge 
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Fig.  2.  Measured  (open  symbols)  and  calculated  by  numerical  model  (filled  symbols)  relative 
plume  width  as  a  function  of  a  relative  downstream  distance  from  the  source.  The  full 
line  coitesponds  to  data  from  (Weill  and  Fischer,  1974).  Here  D  is  a  virtual  source 

diameter  and  l^gDAp/p  . 

went  through  a  storage  tank  and  bad  a  temperature  at  6  -  7  '’C.  The  ambient  temperature  in 
the  flume  was  app.  18  'C  with  a  drift  during  experiment  at  0.5  ®C/hour. 

The  temperature  difference  between  the  plume  and  the  ambient  water  was  measured  by  means 
of  a  vertical  array  of  8  thermocouples,  connected  to  a  PC  through  an  AD  converter.  The 
thermocouples  were  mounted  on  a  step-motor  controlled  carriage  which  could  automatically 
traverse  the  plume.  The  resolution  of  the  tem[)erature  measurement  was  0.02  "C  and  the 
accuracy  of  the  order  0.05  ®C.  By  means  of  a  standard  table  implemented  on  the  PC  each 
measurement  of  temperature  was  converted  into  a  density-difference  in  order  to  allow  for 
non-linearities  in  the  conversion  when  the  temperature  fluctuates.  Further  details  of  the  setup 
can  be  found  in  (Petersen,  1994;  Petersen  and  Larsen,  1992). 


4  Results 

In  each  experiment  the  time  average  density  difference  in  15  verticals  evenly  distributed  over 
the  plume  cross  section  was  measured  in  6  cross  sections  located  with  0.5  m  intervals.  These 
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^  0  (cm/s) 

(cm) 

(C) 

(l/min) 

(C) 

1 

1  7.1 

17.0 

18.7 

4.4 

7.1 

2  7.1 

17.2 

18.4 

2.1 

7.2 

3  9.4 

17.0 

19.0 

3.0 

7.6 

4  9.4 

17.0 

19.0 

4.8 

7.5 

5  15.0 

17.2 

18.5 

4.8 

6.5 

6  15.0 

17.2 

18.3 

lA 

6.4 

7  20.5 

17.0 

18.0 

9.4 

6.6 

8  20.5 

17.0 

17.5 

2.7 

6.0 

Table  1.  Experimental  conditions 

data  allowed  for  a  direct  estimation  of  the  integral  scales  the  excess  mass,  the  width  and  the 
height  previously  defmed.  A  number  of  8  experhneut  were  carried  out,  covering  a  range  of 
ambient  velocities,  discharges  and  density  differences  as  shown  in  Table  1.  These  values 
ensures  that  the  flow  and  mixing  processes  appear  as  fiiUy  turbulent.  The  downstream 
development  of  the  plume  widths  are  shown  in  Figure  2  in  a  fonn  suggested  by  Weill  and 
Fischer  (1974),  which  is  suitable  for  imnuscible  surface  plumes  (full  line).  It  appears  that  due 
to  the  turbulent  dispersion  tlie  measured  plumes  are  wider  than  predicted  by  the  simple  theory 
and  that  the  development  of  dense  bottom  plumes  largely  follows  the  pattern  seen  for  surface 
plumes. 

The  experimental  results  ate  reduced  by  means  of  a  calibration  of  the  integral  relations  (4) 
and  (5).  The  transverse  dispersion  coefficient  is  found  to  Ky  -  0.12  from  a  tracer 
experiment  and  the  vertical  dispersion  coefficient  is  estimated  using  a  numerical  model  of  the 
downstream  development  of  a  neutral  plume  in  a  logarithmic  boundary  layer  to 
h  (0.57-/I/H).  Summing  the  difference  in  the  calculated  and  measured  change  in  dilution 
between  two  cross  sections  the  error  as  a  function  of  the  two  empirical  constants  can  be 
estimated.  The  combination  of  the  constants  q=1.2  aixl  0—1.0  minimises  this  error  and 
agreement  between  the  calibrated  model  and  the  experiments  illustrated  in  terms  of  the 
average  density  difference. 

5  Numencal  experiments 

The  dilution  in  the  near  field  is  the  result  of  a  3-dimensioual  and  fully  tui'bulent  flow  with 
pronounced  buoyancy  effects.  The  mathematical  model  consists  of  the  3-dimensional 
hydrodynamical  equations  where  buoyancy  effects  arc  included  through  an  equation  of  state 
and  a  transport  equation  for  temperature.  Turbulent  stresses  and  transports  are  described 
using  an  eddy  viscosity  concept.  Boundary  conditions  are  symmetry  conditions  at  the  surface 
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Fig.  3.  Density  difference  obtained  from  measurements  (open  squares)  or  numerical  model 
(filled  squares)  vs.  integral  description. 

the  two  sides,  prescribed  distributions  of  velocity  (logarithmic  law)  and  temperature  at  the 
upstream  end,  simple  outflow  at  the  downstream  end.  The  bottom  boundary  layer  is 
described  using  a  logarithmic  wall  law.  The  discharge  is  here  described  as  a  point  source  of 
flow  and  buoyancy,  thus  the  complex  details  around  the  discharge  is  not  resolved. 

The  resulting  set  of  equations  are  solved  using  the  system  Phoenics  which  is  based  on  a 
Simple  type  coupling  between  pressure  and  momentum  and  an  iterative  solution  procedure 
(Rosten  and  Spalding,  1987)  and  here  used  in  combination  with  a  standard  k-e  turbulence 
closure.  The  influence  of  buoyancy  on  the  turbulence  is  in  the  k-£  model  incorporated  as 
additional  sinks  in  the  equations  for  k  and  e  (see  Rodi,  1987).  The  resolutions  used  are  .06 
X  .03  X  .01  m  in  the  tluee  cartesian  directions. 


6  Results  of  the  numerical  experiments 

The  theoretical  basis  for  the  model  has  been  extensively  tested  in  turbulent  boundary  layers 
and  also  in  some  cases  where  buoyancy  is  important  (Rodi,  1987)  so  only  dense  bottom 
plumes  will  be  discussed  here.  A  number  of  calculations  with  the  k-e  model  set  up  as  close 
as  possible  to  the  conditions  in  the  experiments  has  been  made  and  the  results  treated  in  a 
similar  manner  as  the  results  from  the  experiments.  In  Figure  2  are  the  plume  widths  from 
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the  numerical  calculation  displayed  where  it  appears  that  the  transverse  propagation  is 
reasonably  reproduced.  In  order  to  verify  the  dilution  the  plume  scales  obtained  from  the 
numerical  model  are  used  to  recalibrate  the  integral  description  discussed  previously. 
Following  the  same  procedure  as  above,  this  yields  0  =  1.2  and  /3=1.25.  In  Figure  3  is  the 
agreement  between  the  numerical  model  and  the  calibrated  integral  description  shown;  the 
variance  is  in  this  case  not  due  to  randomness  but  can  only  be  attributed  to  differences 
between  the  theories.  If  the  two  empirical  factors  summarize  the  experimental  data  the 
recalibratioii  indicates  that  the  numerical  model  slightly  overestimates  the  vertical  mixing  as 
a  larger  damping  factor  ^  is  needed. 


7  Discussion  and  conclusions 

The  study  has  examined  the  dilution  of  co-flowing  dense  bottom  plumes  in  a  turbulent 
boundary  layer  and  shown  tlrat  the  dilution  can  be  described  as  the  result  of  two  important 
factors  that  are  a  buoyancy  induced  spread,  which  in  principle  changes  the  area  subject  to 
mixing,  and  a  vertical  turbulent  mixing  that  is  attenuated  by  the  density  gradient. 

It  has  also  been  demonstrated  that  a  3-D  hydrodynamical  model  can  reproduce  these 
processes. 

A  general  comment  r  that  tlie  study  has  shown  that  the  dilution  depends  on  a  few 
fundamental  processes  and  as  the  problem  as  posed  here  is  steady  and  has  relatively  well- 
defined  boundaries  it  may  be  well  suited  as  one  benchmark  case  for  testing  of  models  for 
mixing  across  density  gradients. 

Tlie  more  specific  conclusions  may  be  summarized  as  follows  : 

i)  Within  the  range  of  ambient  velocities  and  density  differences  used  here  the  dilution  of  a 
co-flowing  dense  bottom  plume  can  be  described  using  the  mtegral  model  discussed  above, 
with  two  constants  a  =1.2  and  j3=1.0  both  empirically  derived  in  the  laboratory. 

ii)  The  numerical  model  with  a  k-e  turbulence  closure  gives  a  realistic  description  of  tlie 
dilution. 
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The  density  front  bounding  a  gravity  current  is  usually  highly  unstable  and  this  leads  to  mix¬ 
ing  between  the  fluid  of  the  gravity  current  and  that  of  the  surroundings.  We  describe  a  new 
experimental  technique  to  determine  the  synoptic  density  stmeture  of  gravity  currents,  and  to 
exanrine  these  mixing  processes.  We  find  that  substantial  mixing  occurs  in  the  early  stages  of 
the  evolution  of  lock-release  gravity  currents  and  that  this  results  in  a  complex  internal  density 
structure.  We  present  analyses  of  three  experiments,  for  three  different  values  of  lock  aspect 
ratio.  By  comparing  these  gravity  currents  wc  build  up  a  picture  of  the  processes  of  mixing 
and  detrainment.  We  also  quantify  the  mixing  and  determine  the  overall  enuainment  rate. 

1 .  Introduction 

Gravity  currents  are  produced  when  fluid  of  a  given  density  is  released  into  fluid  of  a  dif¬ 
ferent  density  at  a  horizontal  boundary.  The  buoyancy  forces  are  constrained  by  the  boundary 
to  produce  a  horizontal  pressure  gradient  which  drives  a  flow  along  the  boundary.  The  sim¬ 
plest  configuration,  often  refeired  to  as  a  'lock-release',  consists  of  two  fluids  of  different 
densities  initially  separated  by  a  vertical  barrier.  When  the  barrier  is  removed  the  denser  fluid 
flows  along  the  boundary  underneath  the  less  dense  fluid. 

This  flow  occurs  in  many  situations  of  practical  interest.  For  example,  when  a  door  is 
opened  between  two  rooms  containing  air  at  different  temperatures,  the  air  from  the  colder 
room  enters  the  waraier  room  and  flows  along  the  floor  as  a  gravity  current.  Another  example 
occurs  when  a  dense  gas  is  released  (possibly  accidentally)  from  a  storage  container.  While 
dicsc  two  examples  closely  resemble  tire  lock-release  flow,  other  naturally  occurring  gravity 
cunents  demonstrate  similar  dynamics,  for  example  the  sea  breeze  and  turbidity  cunents 
(Simpson  1987).  An  understanding  of  the  simpler  lock-release  flow  is  also  an  essential  pre¬ 
requisite  to  modelling  a  wide  range  of  more  complex  flows. 

An  aspect  of  tlrese  flows  which  is  of  much  practical  interest,  and  which  is  poorly  under¬ 
stood,  is  the  mixing  of  the  current  with  the  ambient  fluid  and  the  consequent  dilution  of  the 
fluid  within  the  gravity  current.  Simpson  &  Britter  (1979)  quantified  the  bulk  mixing  rates  for 
steady  state  currents,  but  did  not  determine  tire  details  of  tlie  density  structure.  Recent  work  by 
Hallworth  et  al.  (1993)  suggests  that  the  fluid  v/ithin  the  head  of  the  gravity  current  is  well 
mixed,  and  that  the  mixing  rate  depends  on  the  phase  of  the  evolution  of  the  current.  When  the 
barrier  is  removed  the  current  quickly  accelerates  and  enters  a  constant  velocity  ‘slumping 
phase’ .  During  tills  phase  die  fluid  is  still  draining  from  the  lock  and  the  current  effectively 
has  a  constant  supply  of  fluid  from  the  rear.  Once  all  the  fluid  has  drained  from  the  lock,  and  a 
bore  on  the  interface  reflected  from  the  back  of  the  lock  reaches  the  front  of  the  cunent,  the 
flow  enters  a  ‘similarity  phase’  in  which  the  velocity  decreases  with  distance.  Hallworth  et  al. 
(1993)  claim  that  no  mixing  takes  place  during  the  slumping  phase,  and  that  all  dilution  takes 
place  downstream  of  the  transition  to  the  similarity  phase. 

In  this  paper  wc  use  a  new  experimental  technique  to  measure  the  density  structure  within 
gravity  cunents  generated  by  lock-release  in  a  channel  by  use  of  a  passive  dye  and  image 
processing  techniques.  These  measurements  provide  a  synopdc  picture  of  the  dye  concenira- 
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tion  averaged  across  the  channel.  The  molecular  diffusivities  of  the  dye  and  of  salt  are  compa¬ 
rable,  so  dye  concentrations  may  be  taken  to  be  equal  to  salt  concentrations.  From  these  meas¬ 
urements  we  are  able  to  determine  the  internal  structuie  of  the  gravity  cuaents  and  to  investi¬ 
gate  how  the  ambient  fluid  is  entrained.  We  examine  tlie  dependence  of  the  mixing  atid  the 
internal  sUircture  on  the  aspect  ratio  of  the  lock,  contrasting  tall,  narrow  locks  with  shallow 
wide  ones.  In  §2  the  experiments  and  the  measurement  technique  are  described,  and  in  §3  (he 
results  arc  presented.  The  results  are  discussed  and  the  conclusions  given  in  §4. 

2.  The  experiments 

The  experiments  described  in  this  paper  were  carried  out  in  a  rectangular  perspex  channel 
205  mm  wide,  500  min  deep  and  3480  mm  long.  On  one  side  of  the  channel  four  fluorescent 
strip  lights  were  mounted  horizontally  behind  a  diffusing  screen  to  provide  back-lighting. 

Each  expeiiiuent  was  performed  as  follows.  The  charmel  was  filled  with  tap  water  to  a 
depth  H.  A  vertical  perspex  gate  was  then  positioned  at  a  distance  xq  from  one  end  of  the 
channel  to  form  a  lock.  A  quantity  of  salt  was  dissolved  into  the  water  in  the  lock  to  create  the 
density  difference.  A  measured  quantity  of  dye  was  also  added  to  the  water  in  the  lock  to  en¬ 
able  flow  visualisation.  The  gate  was  then  smoothly  withdrawn,  leaving  the  dense  fluid  to 
flow  out  along  the  floor  and  form  a  gravity  current.  The  progress  of  each  experiment  was  re¬ 
corded  using  a  video  camera  and  video  tape  recorder.  For  practical  reasons  the  camera  was 
kept  at  a  fixed  position  for  all  the  experiments,  and  the  field  of  view  was  restricted  to  the  first 
half  of  the  channel.  For  different  experiments  the  aspect  ratio  R  -  H/xq  of  the  lock  was  vai- 
ied  by  changing  the  distance  xq  of  the  gate  from  the  end  wall  and  the  height  H  of  the  water  in 
the  channel.  For  the  three  experiments  reported  here  the  values  of  tlicse  parameters  were  i)  xq 
MSOOmra,  iF/  =  200mm,  R  =  0.78;ii)jco  =  400  mm,  H  =  400  mm, /?  =  1 .0;  ii)  xo  =  150  nun, 
H  =  267  mm,  R  ~  1.78.  The  reduced  gravity  was  120  nun  S'^  for  all  the  experiments. 

Measurements  of  density  structure  were  made  by  digitally  analysing  the  video  tapes  using 
Dig/mnge,  an  image  processing  sy.stem  developed  at  DAMIT  (Dalziel  1993).  The  attenuation 
of  the  back-lighting  was  measured  and  related  to  the  cross-channel  dye  concentration.  The 
measurement  process  involved  two  stages  of  processing. 

The  first  stage  is  to  measure  the  attenuation  of  the  background  lighting.  If  Iq  is  the  light  in¬ 
tensity  of  a  point  in  the  video  image  when  no  dye  is  present  in  die  flow,  and  I  is  tlie  intensity 
at  the  same  point  when  dye  is  present,  the  attenuation  is  ilefincd  to  be  the  ratio  UIq.  The  image 
processing  system  digitises  a  frame  of  video  tape  by  recording  the  light  intensity  at  512x512 
pixel  points  across  a  video  frame,  and  can  be  used  to  measuie  I/Iq.  Due  to  the  nature  of  the 
measuring  system  the  digitised  intensities  do  not  correspond  directly  to  actual  light  ini>'.nsities 
but,  if  I  represents  actual  light  intensity  and  i  represents  digitised  intensity,  there  exists  a 
smootli,  single- valued  function/ such  that 

/=/a)  (1) 

and  tlie  system  may  be  calibrated.  The  calibration  was  carried  out  by  using  a  grey  scale  for 
which  the  optical  transmittance  of  each  level  of  grey  had  been  determined. 

The  second  stage  of  the  measurement  process  is  to  infer  the  concentration  of  dye  in  the 
flow  from  the  attenuation  measurements.  If  the  flow  is  taken  to  be  two-dimensional,  i.e.  there 
are  no  variations  in  the  cross-channel  direction,  and  the  light  received  by  the  video  camera  is 
assumed  to  h£  ve  passed  through  the  flow  in  a  direction  perpendicular  to  the  channel  walls, 
then  the  concentration  of  dye  is  constant  along  each  ray  of  light  received  by  the  camera.  The 
attenuation  per  unit  width  of  the  channel  is  therefore  also  constant,  and  the  cross-stream  dye 
concentration,  C,  can  be  related  to  the  attenuation  by  an  equation  of  the  form. 
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where  Co  a  reference  concentration  To  ileteiTainf,  the  function  g  in  (2)  the  chaimeJ  was 
filhd  witli  water,  measured  voluiiies>  oi  dye  v/ere  added  and  the  ratio  /Ao  was  deterniined  for 
each  Goncontratioa  of  dye  sotudoi*. 


rijture  1:  Evolution  of  iso-soncenusuon  cunlcuii;  (oi  I'st'cr.t  ratio  i?  -  0.7^,  at  values  cf 
non-dimensional  front  iwsisioii  I  (xrxoyxo  <>)  t^.4V,  to)  i-d  '<3,  (c)  /.-:2.20,  (d) 

(e)  M.30. 
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the  intensity  of  the  back-lighliag.  'iliis  was  Coi'n'i  to  be  the  case,  to  ati  eiror  within  the  noise 
level  of  the  system  (±  2%'t.  In  order  to  checK  tlie  dye  t'alilu'ation  function  in  (2),  the  toial 
amount  of  dye  in  the  flow,  which  is  conserved,  was  determined  from  tlic  digitised  images  at 
successive  times  during  an  experiment.  It  was  found  that  the  total  quantity  ol  dye  remained 
constant  to  within  10%. 

Measurements  were  also  made  from  the  digitised  images  of  die  speed  v>f  advance,  ot  the 
gravity  current  along  the  channel,  and  of  the  height  of  the  head.  The  spatial  resolution  was  ±  5 
ram  and  the  temporal  resolution  was  ±  0.04  s. 

3.  Results 

Figures  1  to  3  show  iso-concentration  contours  for  tlie  three  experiments  with  aspect  ratios 
R  a  0.67,  1.00  and  1.78,  respectively.  Iso-concentration  contours  are  plotted  in  each  figure  for 
concentration  values  of  0.8,  0.7,  0.6,  0.5,  0.4,  0.3,  0.2,  0.1,  and  0.05  of  the  initial  concentra¬ 
tion.  Figures  1  and  2  show  the  evolution  of  the  current  over  a  propagation  distance  of  ap¬ 
proximately  four  lock  lengths,  while  figure  3  shows  the  evolution  of  the  larger  aspect  ratio 
lock  as  it  propagates  to  nearly  ten  lock  lengths. 

The  initial  development  of  the  flow  is  quite  similar  for  all  three  cases  with  the  vertical  in¬ 
terface  released  by  the  withdrawal  of  the  lock  gate  collapsing  downwards  and  pTOducing  an 
outflow  along  the  floor  of  the  channel.  The  collapse  is  initiated  at  the  base  of  the  column  of 
dense  fluid,  where  a  formative  gravity  current  'head'  develops,  which  is  bounded  downstream 
by  a  sharp  front.  The  head  immediately  rolls-up  to  form  a  vortex-like  structure  which  engulfs 
less  dense  fluid  from  the  rear.  Above  the  outflow  tire  contours  are  spread  horizontally  with  the 


i 


ai«a  of  mixed  I'luid  increasing  with  increasing  lock  aspect  ratio.  This  increased  mixing  may  be 
due  to  the  increase  in  influence,  at  higher  aspect  ratios,  of  the  initial  disturbance  produced  by 


the  v/ithdrav/al  of  the  lock  gaxe. 

Corresponding  ro  the  outflow  of  dense  fluid  at  the  base  of  the  tank  there  is  counter  flow  of 
fesh  fluid  towards  the  rear  wall  at  the  higher  levels.  This  causes  the  interface  to  be  sheared 
over  towards  the  horizontal  as  can  be  seen  in  figures  l(a)-(c),  2(a)-(c)  and  3(a)-(c).  Note  tlrat 
the  density  front  bounding  the  head  of  the  counter  flow  is  much  weaker  than  that  bounding  the 
outflow.  By  the  time  the  current  has  propagated  approximately  2-3  lock  lengths  (figures  1(c), 
2(c)  and  3(c))  the  fresh  water  has  reached  the  end  of  the  wall  of  the  lock  and  the  whole  vol- 
urue  of  the  dense  fluid  is  now  propagating  along  the  tank.  Tliis  transition  represents  the  end  of 
tlie  slumping  phase  during  which  the  gravity  cuirent  is  evolving  from  the  lock  and  behaves  as 
though  the  lock  were  infinite  in  horizontal  extent.  After  this  phase  the  finite  volume  of  the 
lock  becomes  important. 

Figures  1  to  3  (c)-(e)  show  the  subs<'.quent  evolution  of  the  flow,  which  is  quite  different 
tor  each  of  the  three  aspect  ratio  cases.  The  low  aspect  ratio  case  (figure  1)  develops  a  classi¬ 
cal  gravity  cunent  shape  witn  a  raisea  head  and  thin  trailing  flow  (Simpson  1987).  The  whole 
volume  of  the  flow  moves  downstream  with  the  front  moving  faster  than  the  rear,  so  that  the 

length  of  the  current 


(a) 


(b) 


(e) 


Figure  2:  Evolution  of  iso-concentration  contours  for  aspect  ratio  /?  =  1.00  at 
values  of  non-dimensional  front  position  /  =  (xpXo)/X(i  (a)  /=0.60.  (b)  I  =1.1 1.  (c) 
1=2.10,  (d)  1=2.56,  (e)  1=3.08. 


extends.  Waves  form 
and  break  at  the  rear  of 
the  head  (figure  1(d)) 
Uiid  this  causes  ambient 
fluid  to  be  entrained. 
The  mixed  .fluid  is  left 
behind  the  head  and  a 
region  of  stratification 
develops  in  the  trailing 
part  of  the  current.  In 
figure  1(e)  it  can  be  seen 
that  a  stratification  has 
developed  over  almost 
the  complete  length  of 
the  current,  although  the 
region  in  the  head  re¬ 
mains  well  mixed.  Fluid 
which  is  mixed  and  left 
behind  at  the  head  is 
replaced  by  dense  fluid 
from  the  rear,  so  that  ttie 
concentration  of  the 
fluid  in  the  head  re¬ 
mains  fairly  constant 
over  the  propagation 
distance  shown  in  this 
figure. 

The  evolution  of  the 
flow  for  unit  aspect  ra- 
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(C) 


(d) 


tio,  shown  in  figures  2(c)-(e)  is  quite  different.  When  the  fresh  water  reaches  the  rear  of  the 
lock  (figure  2(c))  a  large  vortex  occurs  at  the  trailing  edge  of  the  current.  The  origin  of  this 
vortex  is  a  shear  instability  that  grows,  from  an  initial  disturbance  caused  by  the  gats,  on  the 
sU'ongly  sloping  interface  of  the  slumping  dense  fluid  (figure  2(b)).  This  vortex  is  seen  to  per¬ 
sist  throughout  the  re¬ 
mainder  of  the  experi¬ 
ment.  Dense  fluid  is 
drawn  upwards  into  the 
vortex  resulting  in  a 
large  amount  of  mixing 
within  this  structure 
(figures  2(c)-(e)).  The 
leading  edge  of  the  cur¬ 
rent  is  again  bounded  by 
a  sharp  front,  but  the 
structure  of  the  current 
is  different  from  that 
shown  in  figure  1  as  the 
trailing  flow  is  of  com¬ 
parable  depth  to  the 
head.  Waves  form  at  the 
head  and  evidence  can 
be  seen  of  these  break¬ 
ing  in  figure  2(d). 
Rather  than  leading  to 
the  formation  of  a 
stratified  trailing  flow, 
as  in  figure  1,  the  wave 
breaking  leads  to  the 
formation  of  a  stratified 
region  between  the  vor¬ 
tex  structure  and  the 
head  (figure  2(e)).  The 
fluid  within  the  head 
region  itself  remains 
relatively  unifonn  and  at 
the  inidal  concentration 
of  the  lock  over  this 
small  propagation  dis¬ 
tance. 

The  high  aspect  ratio 
case  is  shown  in  figure 
3.  The  frontal  structure 
again  has  the  form  of  a 
sharp  tiansition  and  a 
distinct  head,  but  the 
internal  structure  of  tlie 


(g) 


(h) 


(i) 


(j) 


Figure  3;  Evolution  of  iso-concentration  contours  for  aspect  ratio  R  =  1.78.  at 
values  of  non-dimensional  front  position  I  =  (xrx,>yxo  (a)  /=1.33,  (b)  i=2Al.  tc) 
.'=3,00,  (d)  /=3.73,  <e)  IM.53,  (f)  1=5.21,  (g)  /=6.80.  (h)  I  =8.13,  (i)  1=8.93,  (.j)  I 
=9.60. 
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current  is  different  again.  Cnee  the  counter  flow  has  reached  the  bacL  wall  of  the  lock,  the  re¬ 
gion  of  fluid  of  initial  concentration  in  the  head  is  of  horizontal  entent  comparable  to  its  depth 
(figure  1(c)),  so  that  there  is  no  longer  a  supply  of  dense  fluid  from  tlie  rear.  The  waves 
formed  at  the  head  now  break  directly  into  mixed  fluid  and  this  produces  a  strong  horizontal 
stratification,  which  can  be  seen  developing  in  figures  3  (d)-(e).There  is  tittle  evidence  of  the 
strong  vortex  structure  observed  in  figure  2.  This  may  be  a  result  of  tlie,  increased  mixing  in 
the  earliest  phase  of  the  flow  (figure  3(b)),  which  produces  a  diffuse  density  structure  behind 
the  head. 

By  the  time  the  current  has  progressed  about  five  lock  lengths  (figure  3  (&))  all  of  the  fluid 
in  the  current  has  been  mixed  to  some  extent  with  the  ambient  fluid  and  there  is  virtually  none 
remaining  at  the  initial  concentration.  The  densest  fluid  in  the  current  is  now  confined  to  the 
immediate  region  of  the  nose  and,  consequently,  the  flow.'  is  no  longer  frontogenic.  The  hori¬ 
zontal  density  gradient  in  tiie  lear  of  the  current  is  now  tending  to  weaken  the  horizontal 
density  gradients,  rather  than  to  sharpen  them.  Since  fluid  detrained  from  the  head  is  now  re¬ 
placed  by  less  dense  fluid  from  the  rear,  tlie  head  now  becomes  prr.-  rssivsly  diluted,  as  can 
be  seen  in  figure  3(f)-(i).  The  stratified  region  continues  to  develc'  n  a  similar  way  to  tliai 
desciibed  in  the  case  of  the  low  aspect  ratio  lock.  However  it  can  be  seen  in  figure  3(i)  tliaf.  by 
the  time  the  current  has  propagated  ten  lock  lengths,  the  region  of  str.atification  extends  almost 
up  to  the  front,  with  appreciable  vertical  stratification  within  the  head. 

Despite  these  diffci'ences  in  the  internal  stiucture  the  velocities  of  propagation  of  the  three 
currents  were  very  similar,  and  constant,  over  the  common  propagation  range  of  the  tliree  ex¬ 
periments,  with  the  Froude  numbers  based  on  the  total  water  depth  H  taking  the  values  0.45, 
0.4-5,  0.44  for  aspect  ratios  of  0.67,  1.00,  1.78,  respectively.  These  values  agree  closely  with 
tlie  'universal'  value  of  0.46  determined  by  Barr  (1967),  in  the  high  aspect  ratio  experiment, 
the  cuireut  began  to  decelerate  after  it  had  propagated  approximately  8  lock-lengths.  The  head 
heights  also  behaved  in  a  similar  fashion  for  each  flow.  The  maximum  height  of  the  0.05  iso- 
concentradon  contour  within  the  head  increased  to  a  value  somewhere  between  0.45  and  0.55 
of  the  total  depth  for  each  experiment ,  Tltis  value  was  maintained  for  a  time  and  then  began 
to  slowly  decrease,  it  is  worth  noting  that  a  steady  dissipationiess  current  would  occupy  half 
the  total  depth,  and  ,>t  w  'd  not  be  possible  to  produce  such  a  flow  with  greater  fractional 
depth  (Benjamin  1968). 

We  can  furtiier  quantify  the  mixing  by  examining  in  more  detail  the  amounts  of  fluid  at  dif¬ 
ferent  concentrations  as  the  flow  develops.  Figure  4  shows  the  total  area  (the  volume  per  unit 
width  of  channel)  of  the  current  below  a  given  concentration  level,  for  the  three  different  as¬ 
pect  ratio  lock-release  flows  shown  in  figures  1  to  3.  The  areas  are  non-dimensionalised  with 
respect  to  the  initial  area  of  tb.e  lock.  The  concentrations  are  non-dimensionalised  with  respect 
to  the  initial  concentration  of  the  fluid  in  the  lock.  The  lowest  set  of  points  on  each  graph  cor¬ 
respond  to  a  concentration  threshold  equal  to  the  initial  concentration,  with  further  sets  of 
points  plotted  at  0.8,  0.6,  0.4,  0.2  and  0.05  of  initial  concentration.  We  shall  refer  to  each  set 
of  points  as  an  isocline.  The  ordinate  values  of  the  1.0  isocline  then  correspond  to  the  amount 
of  fluid  remaining  at  the  initial  concentration,  wliich  is  fluid  that  has  not  undergone  any  mix¬ 
ing.  The  0.05  isocline  may  be  taken  to  nominally  define  the  boundary  of  the  current,  so  that 
the  ordinate  values  of  the  points  correspond  to  the  total  volume  of  the  current,  and  the  slope  of 
the  isocline  corresponds  to  the  rate  of  entrainment. 

As  can  be  seen  from  the  figures,  at  the  initial  instant  all  the  points  lie  on  the  value  of  1 .0 
(with  slight  scatter  due  to  experimental  enor)  indicating  that  the  total  volume  of  fluid  in  the 
lock  is  at  the  initial  concentration.  As  the  current  progresses  and  mixes  witli  the  ambient  fluid. 
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fluid  with  concenUaiion  between  1.0  and 
0.05  is  fomied  and  so  die  isoclines  diverge. 
The  divergence  of  the  isoclines  is  con¬ 
strained  by  the  condition  that  the  total 
amount  of  salt  in  the  flow  is  cotiserved.  For 
example  the  mudng  of  a  given  volume  dense 
fluid  could  either  result  in  the  production  of 
a  large  amount  of  dilute  fluid,  and  so  strong 
convergence  of  low  concentration  isoclines, 
or  in  the  production  of  a  smaller  volume  of 
highei-  concentration  fluid,  and  so  less  diver¬ 
gence  of  higher  concentration  Lsoclines. 

Considering  the  three  graphs  in  figure  4 
we  can  see  that  in  each  case  the  'total  vol¬ 
ume'  of  the  current  increases  almost  linearly 
with  distance  propagated,  which  indicates 
that  the  initial  'slumping  phase'  and  the  sub¬ 
sequent  flow  produce  very  similar  rates  of 
overall  entrainment  of  ambient  fluid.  The 
slopes  of  the  0.05  isoclines  are  comparable 
in  all  three  cases  witii  the  common  value 
being  approximately  0.17  AoX,  '.The  graphs 
also  show  that  there  are  qualitative  and 
quantitative  differences  in  the  way  in  which 
the  mixed  fluid  is  distributed  across  the  con¬ 
centration  range. 

In  the  low  aspect  ratio  experiment  (figure 
4(a))  most  of  the  mixed  fluid  is  of  concen¬ 
tration  between  0.05  and  0.43,  with  progres¬ 
sively  less  fluid  at  higher  concentrations. 
This  indicates  that  the  mixing  occurred  pri¬ 
marily  at  tlie  edges  of  the  current  to  produce 
dilute  fluid.  In  the  unit  aspect  ratio  experi¬ 
ment  (figure  4(b))  most  of  the  mixed  fluid 
has  concentration  between  0.6  and  0.4,  with 
there  being  progressively  less  fluid  at  lower 
concentrations.  This  indicates  that  ambient 
fluid  was  mixed  more  deeply  into  the  cur¬ 
rent,  which  is  consistent  with  the  qualitative 
features  of  the  mixing  due  to  the  strong  vor- 
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Figure  4,  Fractional  areas  A/Aq  below  given  concen¬ 
tration  thresholds  as  a  function  of  non-dimensional  front 
position  (XrX«)/x«,  for  different  values  of  lock  aspect 
ratio  R:  (a):  i?=0.78;  (bl :  /?=1.00  ;  t,c):  R=1.78.  Non- 
dimensional  concentration  thresholds  denoted  by:  A. 
0.05;  0,  0.2;  ,  0.4;+,  0.6;  x,  0.8;  V,  1.0.  (Note  the 
differences  in  the  scales  of  the  axes.) 
tex  and  deep  wave  breaking,  shown  in  figuie  2.  In  the  high  aspect  ratio  case  (figure  4(c))  the 
mixed  fluid  is  evenly  distributed  across  the  whole  range  of  concentrations  indicating  that  the 
mixing  is  deeper  still  in  this  case.  This  is  consistent  with  the  iruxing  due  to  the  wave  breaking 
in  the  horizontal  stratification,  shown  in  figure  3.  hi  this  case  the  lower  concentration  isoclines 
decrease  sharply  and  it  can  be  seen  that  there  is  no  fluid  remaining  at  the  initial  concentration 
after  the  current  has  propagated  five  lock  lengths,  and  almost  none  at  0.8  of  initial  concentra¬ 
tion  after  the  current  has  propagated  9.6  lock  lengths. 
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4.  Discussion  and  conclusions 

In  this  paper  we  have  presented  a  new  experimental  technique  to  determine  the  cross- 
stream  averaged  density  structure  of  gravity  currents.  The  three  cases  described  in  §3  indicate 
that  there  is  a  broad  range  of  structure  associated  with  the  initial  development  of  lock-release 
gravity  currents,  and  that  this  structure  is  influenced  by  the  aspect  ratio  of  the  lock.  A  common 
underlying  process  by  which  the  fluid  of  the  current  is  mixed  with  the  ambient  fluid  is  the  de- 
trainment  of  dense  fluid  from  the  head  by  wave  breaking,  which  leads  to  the  production  of  a 
stratified  following  layer.  As  the  current  progresses  the  fluid  mixed  at  the  head  is  displaced 
upwards  and  back  into  the  following  stratified  fluid  by  dense  fluid  moved  forward  into  the 
head  by  frontogenic  motions.  Once  all  of  the  initial  dense  fluid  of  the  release  has  been  mixed 
in  this  way  the  wave  breaking  continues,  but  the  fluid  mixed  out  of  the  head  is  now  replaced 
by  less  dense  fluid  from  the  tail,  so  that  tlie  head  becomes  progressively  diluted. 

The  fractional  height  of  the  head  was  similar  in  the  three  cases  considered,  so  one  conse¬ 
quence  of  the  changes  in  aspect  ratio  was  that  the  higher  aspect  ratio  currents  had  relatively 
shorter,  higher  heads.  This  resulted  in  more  rapid  dilution  of  the  head  in  these  cases.  Further 
exploration  of  the  parameter  space  will  be  needed  in  order  to  quantify  this  effect,  and  the  other 
features  discussed  in  §3.  It  is  thought  that  some  of  the  features  described,  such  as  the  persis¬ 
tent  vortical  structure  in  the  unit  aspect  ratio  case,  are  not  a  direct  result  of  change  of  aspect 
ratio.  Changes  in  the  overall  height  of  the  lock  may  be  important  since  these  influence  tlie 
amount  of  baroclinic  vorticity  introduced  into  the  flow,  and  the  relative  importance  of  the  ini¬ 
tial  disturbance  produced  by  removal  of  the  gate.  It  will  also  be  interesting  to  determine 
extent  to  which  gravity  currents  originating  from  different  lock  geometries  develop  setr- 
similar  behaviour  at  large  times. 

Since  the  experimental  technique  used  here  can  only  resolve  cross-stream  averaged  struc¬ 
ture,  we  are  not  able  to  direcdy  investigate  the  role  played  by  the  three-dimensional  structures 
important  in  the  mixing,  such  as  the  'lobes  and  clefts'  which  form  at  the  nose  (Simpson,  1987). 
We  have  only  considered  lock-releases  where  the  initial  height  of  the  dense  fluid  equals  the 
depth  of  the  ambient  fluid,  but  we  expect  that  differences  in  initial  fractional  depth  will  effect 
the  mixing.  Another  class  of  gravity  current  are  currents  generated  by  constant  flux  releases  of 
dense  fluid.  In  constant-flux  gravity  currents  the  process  of  replenishment  of  dense  fluid  at  the 
head  will  persist  as  there  is  always  a  supply  of  dense  fluid  from  the  rear.  We  would  expect  the 
density  structure  to  consist  of  a  homogeneous  head  and  tail,  with  stratified  fluid  lying  above 
the  tail.  In  naturally  occurring  situations  the  form  of  gravity  currents  often  lies  somewhere 
between  the  lock  releases  case  and  the  constant  flux  case,  and  so  the  mixing  and  the  density 
structure  produced  will  be  correspondingly  influenced. 
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